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Preface

ABOUT THE SUBJECT

Mathematics is a language in which every symbol and every combination has specific meaning which
can be known by applying logical rules. This is the most challenging and important subject in all the levels
of student education. The mathematic skills are not only required in various work environments ranging

from services to manufacturing, but they are also must if you want to continue your education

At the basic level, mathematics education begins with learning skills such as identifying different shapes,
measuring space, counting things using operations such as addition, subtraction, multiplication and division.
It also introduces time, which measures duration of a complete day from sunrise to sunset and sunset to

sunrise.

Based on this ground knowledge of mathematics, more advanced concepts are developed. At the higher
secondary level, courses introduced will briefly revise the mathematic fundamentals, which are studied

at schooling level.

Mathematics-I course introduced in the 1% year 1-Sem (R18) B.E will briefly revise the mathematical
concepts, which are studied at the intermediate level. In this course, you will learn the new concepts
such as Sequences and Series, Calculus of one Variable, Multivariable Calculus (Differentiation),

Multivariable Calculus (Integration), Vector Calculus .

ABOUT THE BOOK

An attempt has been made through this book to present both theoretical and problematic knowledge of
“Mathematics-1. This book covers the complete syllabus of the subject as prescribed by Osmania
University. The content or matter is prepared as per examination point of view (i.e., for both internal
and end examinations). The concepts or topics are explained in simple and easy language, so that even

an average student can easily grasp the subject knowledge.

It is sincerely hoped that this book will satisfy the expectations of students and at the same time helps

them to score maximum marks in exams.

Suggestions for improvement of the book from our esteemed readers will be highly appreciated and

incorporated in our forthcoming editions.

For Further Queries or Complaints Mail us at, support@siaedugroup.com



Syllabus

UNIT-1
Sequences and Series

Sequences, Series, General properties of series, Series of positive terms, Comparison tests, Tests of
convergence D’Alembert’s ratio test, Cauchy’s n'" root test, Raabe’s test, Logarithmic test, Alternating series,

Series of positive and negative terms, Absolute convergence and conditional convergence.
UNIT-2
Calculus of One Variable

Rolle’s theorem, Lagrange’s, Cauchy’s mean value theorems, Taylor’s series, Curvature, Radius of curvature,

Circle of curvature, Envelope of a family of curves, Evolutes and involutes.
UNIT-3
Multivariable Calculus (Differentiation)

Functions of two variables, Limits and continuity, Partial derivatives, Total differential and differentiability,
Derivatives of composite and implicit functions (Chain rule), Change of variables, Jacobian, Higher order
partial derivaties, Taylor’s series of functions of two variables, Maximum and minimum values of functions of

two variables, Lagrange’s method of undetermined multipliers.
UNIT-4

Multivaraible Calculus (Integration)

Double integrals, Change of order of integration, Change of variables form Cartesian to plane polar coordinates,

Triple integrals.

UNIT-5
Vector Calculus

Scalar and vector fields, Gradient of a scalar field, Directional derivative, Divergence and Curl of a vector field,
Line, Surface and volume integrals, Green’s theorem in a plane, Gauss’s divergence theorem, Stoke’s theorem
( without proofs) and their verification.



FAQs & 1Qs FOR INTERNAL AND FINAL EXAMINATIONS

UNIT-1

SHORT QUESTIONS
Q1. Define limit.

Answer :

For answer refer Unit-1, Q.No. 2.

Q2. Define convergent sequence and give an ex-
ample.

Answer :

For answer refer Unit-1, Q.No. 3.

Q3. Discuss the convergence of the series
2

o) 1_n
2w

Answer : Dec.-16, Q3

For answer refer Unit-1, Q.No. 7.

Q4. State Leibnitz’s test.

Answer : June/July-17, Q4

For answer refer Unit-1, Q.No. 14.

Q5. Define the terms (a) absolute convergence and
(b) conditional convergence of a series with
arbitrary terms.

Dec.-16, Q4
OR

Define the terms (a) absolute convergent series
and (b) conditionally convergent series.

Answer :

For answer refer Unit-1, Q.No. 16.
ESSAY QUESTIONS
Q6. State and prove comparison test.

Dec.-17, Q4

Answer :

For answer refer Unit-1, Q.No. 25.

Q7. Discuss the convergence of the series

y[inttzi)

Answer :

Dec.-16, Q17(a)
For answer refer Unit-1, Q.No. 30.
Q8. Discuss the convergence of the series

Jn
—— X", x> 0.
1\/n2+1

Answer :

M

n

JunelJuly-17, Q17(a)

For answer refer Unit-1, Q.No. 37.

Q9. Test the convergence of the series

i 1.4.7....(30 - 2)
24258 ....Gn-1)"

Answer :
For answer refer Unit-1, Q.No. 50.

Dec.-16, Q12(a)

> n
Q10. Test the following « series Z(—1 )™ pr for

n=1
conditional convergence.
Answer :
For answer refer Unit-1, Q.No. 59.

Dec.-17, Q12(b)

Q11. Prove that the series Z(—1)"-15i:#
converges absolutely.

Answer :
For answer refer Unit-1, Q.No. 60.
Q12. Examine whether the series

JunelJuly-17, Q12(b)

is absolutely
convergent or conditionally convergent.

Answer : Dec.-16, Q12(b)

For answer refer Unit-1, Q.No. 61.

UNIT-2

SHORT QUESTIONS
Q1. State Rolle’s theorem.

Answer :

For answer refer Unit-2, Q.No. 1.

Q2. Find the c value of Rolle’s mean value theorem

2
for the function f(x) = log(%)on [a, b].

Answer :

For answer refer Unit-2, Q.No. 3.

Q3. Show that between any two roots of e* cos
x = 1, there exists at least one root of e* sin
x=1.

Answer :

For answer refer Unit-2, Q.No. 6.

Q4. Find the Taylor’s series expansion of f(x) = 2*
about x = 0.

Answer :
For answer refer Unit-2, Q.No. 11.

Dec.-13, Q1
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Q5. Find the radius of curvature of the curve x* + y*
= 2 at the point P(1, 1).
Answer :
For answer refer Unit-2, Q.No. 12.

May/June-18, Q6

Q6. Find the radius of curvature at the origin of the
curve x*—4x*-18x2-y = 0.

Answer :
For answer refer Unit-2, Q.No. 13.

June/July-17, Q5

Q7. Obtain the equation of envelope of the family of

straight lines % + % =1, where the parameters

a and b are connected by the relation ab = 4.

Answer :
For answer refer Unit-2, Q.No. 23.

ESSAY QUESTIONS

June/July-17, Q6

Q8. Verify Lagrange’s Mean Value Theorem for

f(x) =x(x-1) (x—-2); x € [0,%].
Answer :
For answer refer Unit-2, Q.No. 35.

Q9. State Cauchy’s mean value theorem and verify
if for the functions f(x) = e* and g(x) = e* in
[a, b].

Answer :
For answer refer Unit-2, Q.No. 36.

Q10. Find the circle of curvature of the curve ay? =
x3 at p(a, a).

Answer :
For answer refer Unit-2, Q.No. 48.

Determine envelope of one parameter fam-
ily of curves of f(x, y, o) = 0 where a is the
parameter. Also find the envelope of the
straight lines x cosa + y sina = | sina cosa, o
being parameter.

Dec.-17, Q13(a)

Dec.-16, Q13(a)

Q11.

Answer :
For answer refer Unit-2, Q.No. 54.

Q12. Show that the whole length of the evolute of
the ellipse x?/a? + y?/b? = 1 is 4(a%b - b?a).

Answer :
For answer refer Unit-2, Q.No. 60.

UNIT-3

SHORT QUESTIONS

I|m x? Xy
Q1. Evaluate im_ (12)x+y

Answer : June/July-17, Q7

For answer refer Un it-3, Q.No. 1.
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3

Q2. Show that lim LG doesn’t exist.
(xy)~ (0,0 X ty

Answer : Dec.-16, Q7

For answer refer Unit-3, Q.No. 2.

2

Xy
Q3. Determine Mo 57 7 i it exists.
Answer : Dec.-15, Q5
For answer refer Unit-3, Q.No. 3.
Q4. Determine Lim x%-y?
(x,y)—(1,-1)
Answer : April-16, Q5

For answer refer Unit-3, Q.No. 4.

Xy,

Q5. Show that f(x, y) = {xzy’ V#0054
0; (x,y)=(0,0)

discontinuous at the point (0, 0).

Answer : Dec.-12, Q7

For answer refer Unit-3, Q.No. 5.

Q6. Find du/dt whenu=x?y,x=t?andy =e".
Answer :

For answer refer Unit-3, Q.No. 12.

uau ou

d
Q7. lfu=fly-z,z-x,x-Y), flnd ay 2z

Answer :

For answer refer Unit-3, Q.No. 15.

ESSAY QUESTIONS

2 —
Q8. Iff(x,y)= %yzy) (x, y) # (0, 0) , show that
0 (x,¥)=(0,0)
*f _ 9%f
axdy # Jyox at (0, 0).
Answer : June/July-17, Q14(a)

For answer refer Unit-3, Q.No. 27.

Q9. Show that the function

x2
f(x,y)=1 x2 +y 2! (x,y) #(0,0) .

0 (x,y)=(0,0)

is notdifferentiable

at (0, 0).
Answer : Dec.-16, Q14(a)

For answer refer Unit-3, Q.No. 28.
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X2+y2

, 0,0
Q10. Showthatthefunctionf(x,y)=1 x— (x.y) (0.0)
0 (X, Y) = (0’0)

is not continuous at (0,0).
June-13, Q14(b)
OR

Xz-i-y2

, 0,0
Show that f(x,y) =] X- () #(0.0) is
0 (X,Y) :(0!0)

not

continuous at (0, 0).
Answer : June-11, Q12(b)

For answer refer Unit-3, Q.No. 29.

Q11. Prove that u = xy/1-y? +yy/1-x2, v = sin"'(x)
+ sin!(y) are functionally dependent and find
the relation between them.

Answer :

For answer refer Unit-3, Q.No. 48.

Q12. Obtain the Taylor series expansion of the
function f(x, y) = e**Y about (0, 0) upto third
degree terms.

Answer : June/July-17, Q14(b)

For answer refer Unit-3, Q.No. 55.

Q13. Find the absolute maximum and minimum
values for the function f(x, y) = x2 — y2 -2y in
the closed region R: x2 + y2< 1.

Answer : Dec.-16, Q14(b)

For answer refer Unit-3, Q.No. 66.

Q14. Find the shortest and longest distances from
the point (1, 2, — 1) to the sphere x? + y? + 22 =
24,

Answer :

For answer refer Unit-3, Q.No. 70.

UNIT-4
SHORT QUESTIONS

1x
Q1. Evaluate IJGXWd}IdX
00

Answer :
For answer refer Unit-4, Q.No. 2.

n sind

Q2. Evaluatef/
00

rdrdo.

Answer :

For answer refer Unit-4, Q.No. 6.

Q3. Find the area bounded by the lines x=0,y =1
and y = x, using double integration.

Answer :

For answer refer Unit-4, Q.No. 11.

Q4. Find the area bounded by the lines x=0,y =1,
x=1andy=0.

Answer :
For answer refer Unit-4, Q.No. 12.

Q5. Change the order of integration in

jl/yf(x,y)dxdy.
0 0

Answer :

For answer refer Unit-4, Q.No. 14.

ESSAY QUESTIONS
Q6. Find the valuesffxy dx dy taken over the

2 2
positive quadrant of the ellipse % + % =
Answer :

For answer refer Unit-4, Q.No. 29.

Q7. Find the area of r2 = a?2cos?0 by double integra-
tion.

Answer :
For answer refer Unit-4, Q.No. 30.

Q8. Usingdouble integral find the area bounded by
the parabolas y? = 4ax and x? = 4ay.

Answer :
For answer refer Unit-4, Q.No. 35.

Q9. Change the order of integration for the given
a 2/ax

(x3)dy dx and evaluate it.

integral
Answer : 00
For answer refer Unit-4, Q.No. 39.

Q10. Evaluate by changing to polar coordinates

a a
X
ffszyzd“'y
0 vy

Answer :
For answer refer Unit-4, Q.No. 49.

Q11. Transform the integral into polar coordinates
a\/az_xz
and hence evaluatef / Vx?+y?dydx.
0 0
Answer :

For answer refer Unit-4, Q.No. 53.
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Q12. Evaluatefff(x_'_d:iyzd:1)3 where V is the

region bounded by x=0,y=0,z=0and x +y

+z=1.

Answer :
For answer refer Unit-4, Q.No. 62.

Q13. Find the volume of the region bounded by the
paraboloid z = x2 + y? and the plane z = 4.

Answer :
For answer refer Unit-4, Q.No. 65.

UNIT-5
SHORT QUESTIONS

Q1. Compute the gradient of the scalar function
f(x,y,z)=e¥ (x +y +2)at (2, 1,1).
Answer :
For answer refer Unit-5, Q.No. 3.

Q2. Find a unit normal vector to the surface x2?+
y? + 222 = 26 at the point (2, 2, 3).

Answer :
For answer refer Unit-5, Q.No. 9.

Dec.-16, Q9

Q3. If f=xy*i+2x*yzj-3yz’k then find divf at
(1 H -1 3 1 )'

Answer :
For answer refer Unit-5, Q.No. 11.

Q4. Iffis a differentiable scalar field, then show that
Vx Vf =

Answer :
For answer refer Unit-5, Q.No. 16.

Q5. Showthatthe vectore*v-%(j +]j + k) is solenoidal.

Dec.-16, Q10

Answer :
For answer refer Unit-5, Q.No. 17.

June/July-17, Q10

Q6. If F=(5xy — 6x?) i + (2y — 4x) j then evaluate

f?.d7R along the curve y = x® from the point
(1, 1) to (2, 8).

Answer :
For answer refer Unit-5, Q.No. 26.

ESSAY QUESTIONS

Q7. Find the directional derivative of f (x, y, z) = x?
+ y2+ 22 at (1, 2, 3) in the direction of the vector
2i+3j+6k.

Answer :

For answer refer Unit-5, Q.No. 38.

Dec.-17, Q17(b)
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Q8. Find the normal vector and unit normal vector
to the surface z2 = x2—y2at (2,1,/3).

Answer : June/July-17, Q9

For answer refer Unit-5, Q.No. 40.

Q9. Show that the vector function V= (x2 — yz)
i +(y?—2zx)j + (22 - xy)k is irrotational and find
its scalar potential.

Answer :

For answer refer Unit-5, Q.No. 53.

Q10. If F=(5xy - 6x?) i + (2y —42) ] , evaluatef?.dr,

Dec.-16, Q15(a)

along the curve c in the xy - plane given by y =
x3 from the point (1, 1) to (2, 8).

Answer :
For answer refer Unit-5, Q.No. 55.

Dec.-17, Q15(b)

QM. Evaluate | | F.ids where F=6zi-4j+yk and
s
S is the portion of the plane 2x + 3y + 6z=12 in
the first octant.
Answer : June/July-17, Q15(b)

For answer refer Unit-5, Q.No. 58.
Q12. Use Green’s theorem to evaluate the line

integral f(xy +x?)dx + (x2 +y?)dy, where C is
[+

the closed curve of the region bounded by y =
x and y = x2

Answer :
For answer refer Unit-5, Q.No. 62.

Dec.-16, Q15(b)




LIST OF IMPORTANT FORMULAE

UNIT - 1

Sequence

A sequence is defined as an ordered set of real numbers such
as, u, Uy, Uy .. U

1?72 n

Limit
A sequence tends to a limit ‘/’ if for every positive number
(e >0), a value N of n can be obtained.
Such that,
lu,~l|<eVn=N
A limit can be represented as,

Lim(u,) =1

n — oo

(or)

(u)—>lasn— o
Convergent sequence
A sequence is said to be convergent sequence if it has finite
limit.
Divergent Sequence

A sequence which is not convergent is called as divergent
sequence.

(or)
Let {s,} be asequence. Then {s } is said to be divergent
sequence if Lims, = %oo (or) —oc.
Compariso:l t:st
Comparison Test-1

If Zu and Zv are the series of positive terms such that,
u, <v V nandseries Zv is convergent, then other series
Zu  is also convergent.

Comparison Test-11

If Zu and Zv are the series of positive terms such that,
u >v V nandseries Zv is divergent, then Zu is is also
divergent.

Comparison Test-I11

If Zu and Zv, are the series of positive terms such that
u
lim — = finite (¢ 0), then Zu and Zv both converge
n—oo Yy

or diverge together.

P-series test
1 .
Let, X— be a series, P € R,
n?

1
Then, 2 —
n?

10.

11.

(i) Converges ifp>1

(ii) Divergesif0<p<1.

D-Alembert’s ratio test

Let Zu_be a series of positive terms such that

Cu
Lim—2tL =7
n—oo ul’l

Then Zu,

(i) Convergesif/<1
(ii)) Divergesif/>1
(iii) Test fails if / = 1.
State Raabe’s test

If 3, is a series of positive terms and lim r{ ::1 —1) =k
Then,

(i) Series is convergent for k> 1

(i) Series is divergent for k£ < 1

(ii1) The test fails for k= 1.

Cauchy’s root test

If Zu is a positive series such that im w " = A then,
n—oo

(i)  Xu, is convergentif A <1
(i) Zu is divergentif A > 1
(iii) Test fails if A = 1.
Alternating Series

A series which contains alternative positive and negative
terms is known as alternating series. The expression for
an alternating series is given as,

-1
U —uy Uyt SR G U LR 77 S
(or)

Zl(—l)”_lun

Leibnitz’s test for convergence of an alternating series
If £ (- 1)"" u, is an alternating series then it is
n=1

convergent if,

@ w2u,>u2..2u2u,..

(b) lim u =0.

n—>o0
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13.
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Absolute Convergence

Let Zu be a series of positive and negative terms.
Then Zu is said to be absolutely convergent if | Zu | is
convergent.

Conditionally Convergent

Let Zu, be a series of positive and negative terms, then
2u is said to be conditionally convergent if,

(i)  Zu, is convergent

(i) |Zu, |is divergent.

UNIT - 2

Rolle’s theorem.

If ¢(x) is any function in the closed interval [a, b] such
that,

(i)  ¢(x) is continuous in [a, b]
(11)  ¢(x) is differentiable in (a, b)
(i) ¢(a) = ¢(b)

Then there exists at least one point x = ¢ in (a, b) such
that a <c¢ < b and ¢'(c) = 0.

Lagrange’s mean value theorem

If f(x) is a function defined in [a, b] such that,

(i) f(x) is continuous in [a, b]

(11) f(x) is derivable in (a, b)

Then, there exist atleast one point ¢ €(a, b) such that,

):f(b)—f(a)
b-a

fe
Cauchy’s mean value theorem
Iff:[a, b] > R, g : [a, b] = R are such that,
(1) fand g are continuous on [a, b]
(i) fand g are differentiable on (a, b) and
(i) gx)#0 Vx € (a,b)

Then, there exists a point ¢ € (a, b) such that,

r© _ fb)-1@)
g© "~ gb)-gla)

Taylor’s theorem

When f(x), f'(x), f"(x) derivatives are continuous in [a,
a + h] and the n" derivative of x exists in (a, a + &), then

anumber 0 lies between 0 and 1, such that the following
series represents Taylor’s theorem with Lagrange’s form
remainder.

n

h h? h
Ra+hy=fa)y+ —fa) + — f “(a)+... — f"(a+ Oh)
1! 2! n!

Where,

n

h_' Sf"(a+0h)=R (Remainder)
n

Radius of curvature for curve in parametric form

3
Gy ET
ddy] dy|dx
dt| dr* | dt|dr

Radius of curvature

Envelope

The curve which touches all the members of family of
curves is defined as the envelope to that family of curves.

Expression for circle of curvature
@ -x)+ -1’ =py

Centre of curvature

X=x— [mwn]
Y2

1+(y1>2]

=y+
Yy[yz

UNIT - 3

Limit
A function f{x, y) is said to have limit L as ‘x’ tends to
‘a’and ‘y’ tends to ‘b’ i.e,
lim = f(x,y) =
(x,y)—(a,b) L

Continuity

A function f{x, y) at a point (a, b) is said to be continuous,
if it is continuous at each point such that,

lim  f(x,y) =fla, b)

(x,y)—(a.b)
Derivatives of Composite Function

Ifu=f{x,y) where x = ¢(f) and y = ¥(¢), then ‘u’ is called
a composite function of two variables and is expressed
as,

du_du dv du dy
dt  ox dt 9y dt
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4. Derivatives of Implicit Function

A function of the form f{x, y) = C is known as implicit function.
Where,
C - Constant

5. Taylor’s series for the functions of two variables

(x-a) ()

1
fx,y)=Aa, b)+ [ fe(a,b)+——=F,(a b):| + o o [(x—a)f (a,b) + (y - b)?}iy(a, b)+2(x—a)y— b)fvy(a, b+ ...

UNIT - 4

1. Double Integrals

The generalized integral of a definite integral to two dimensions is known as double integral.
Properties

Jj(f+g)dxdy = ij dxdy+Jjg dx dy
R R R

(ii) j j k fdxdy= kj j £ dxdy, where kis a constant
R R

(iii) “fdxdyzﬂf dxdy+”f dx dy
R R, R,

Where,
R, R, - Two distinct regions of R and R, U R, = R.
(iv) Mean value theorem for double integral

The region ‘R’ consists of atleast one point (x,, y,) such that,

J. J-f(x, y)dxdy= f(x,,y,)A (for continuous /" in R)

RZ
Where,
A — Area.
2. Jacobian of the coordinate transformation

ox ox
9 o v
d(u,v) dy Iy
ou dv
3. Triple Integrals

The generalized integration of a definite integral to three dimensions is known as triple integral. In this case, the definite
integral of a single variable function is extended to a function of three variables.

UNIT - 5

1. Gradient
The gradient of scalar point function f'is defined as,

grad f= Vf—zaf f kf
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2. Divergence

The divergence of a continuously differentiable vector point function ‘F” can be defined as,

JoF | .OF oF
div F= VF—la—+ 8y+ P

3. Curl
The curl of a continuously differentiable vector point function ‘F” can be expressed as,

Curl F=V xF= lx%_F+ X%I;Jrk %1;

4. The laplacian operator (V?) is defined as,

{70 g 990,590, 9%
V'V¢(lax+]8y kaz]{l +j—+ ]

5. Solenoidal
A function F is said to be solenoidal if it satisfies the condition,
V.f=0
6. Irrotational
F is irrotational if VxF =0
7. Angle between the surfaces
Let 0 be the angle between ¢, and ¢,, then,

. m
|n1||n2|

cosH =

8. Green’s theorem

If “S” represents a closed region in xy plane bounded by a simple closed curve ‘C” and if M, N are continuous functions
of x and y, then,

jde+ Ndy — -U[ aN oM J dx dy

9. Stoke’s theorem

Let ‘S’ be a surface bounded by a closed non-intersecting curve C. If F is any differentiable vector point function,
then

§ﬁ.d}7 = J.curl F.N dS

Where “C” is traversed in positive direction and N is outward drawn unit normal vector.

10.  Gauss’s divergence theorem

Gauss’s divergence theorem states that, for a continuously differentiable vector function located in the region £ bounded
by the closed surface S, then,

j F.NdS — Jdiv Fdv
E
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SEQUENCES AND SERIES

N\

PART-A
SHORT QUESTIONS WITH SOLUTIONS

Q1. Define sequence with an example.
Answer :

A sequence is defined as an ordered set of real numbers such as, u, u,, u, ... u,.

n
[T T}

Basically, a sequence is represented as “u .
Example

1,3,5,7...2n-1).
Q2. Define limit.

Answer :

A sequence tends to a limit ‘/” if for every positive number (¢ > 0), a value N of n can be obtained.
Such that,
[u,~l|<eVnzN
A limit can be represented as,
Lim(u,) =1

" on

(w)—>lasn— oo

Q3. Define convergent sequence and give an example.

Answer :
A sequence is said to be convergent sequence if it has finite limit.
Example
(L1
>4°9° 167 42

Q4. Define divergent sequence with an example.
Answer :
Divergent Sequence
A sequence which is not convergent is called as divergent sequence.
(or)
Let {s } be a sequence. Then {s } is said to be divergent sequence if Lims, = oo (or) —oo.

n— oo

Example
Let {s } = {n’}
= 5=
Lim s, = Lim n?
n—oo n— oo

= +o0

{s } is divergent.
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Q5. Define the convergence of an infinite series.

Answer :

An infinite series Zun is said to be convergent if

n=1

Gl n

,,Z::'un =;um =nI:)thn =1.

=1

Where / is a finite value and S is the »" partial sum of
the series.

Q6. State the necessary condition for a positive
series Za_ to be convergent.

Answer :

The necessary condition for a positive series 2a, to be
convergent is,

lima, =0
n—oo

ie,asn—o0,a — 0.

Q7. Discuss the convergence of the series
2

o3} 1_n
nZ=:1(1+n2> .

Answer : Dec.-16, Q3

Given series is,

()
n=1 n2

Let,
. 1 nZ
= (1+-5
o= (1)
1V
lim un=nli_)mm <l+?) =e

= lim u =e#0
n—> oo n
Yu is divergent
n
2

Hence, the given series z (1 +#) diverges.

n=1
n?+1

Q8. Discuss the convergence of the series 2
Answer :

Given that,

Z n*+1
n2
Let,
B n*+1
T2
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Apply limits on both sides,

] ) n?+1
= Lim u = Lim 3
n—yoo n—oo n
1
nz 1"‘72 1
. n .
= Lim u= Lim > = Lim 1+—2
n—oeo ' n—oeo n n—eo n
Lim u =1
n—eo

By theorem, if Lim u #0, then Z u is divergent

n—co
z:n2+l
n2
Q9. State comparison test.
Answer :

is divergent.

Comparison Test-1

If Zu and Zv, are the series of positive terms such that,
u <v_ V nand series Xv _is convergent, then other series Zu_
is also convergent.
Comparison Test-11

IfZu and Zv are the series of positive terms such that, u,
>v V nandseries 2v is divergent, then Zu is is also divergent.
Comparison Test-II1

If Zu and Zv are the series of positive terms such that

u
lim —* =finite (% 0), then Zu_and v _both converge or diverge

n—ooVy

together.

1
4l

Q10. Test the convergence of 2

n=l1

Answer :

Given series is,

— 1
2 241

n=1 11
Let,
1
W n*+1
1
v, =T

From comparison test,

1
Uy _ n*+1
1
v, =
SO
v n +1
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1.3

2

u, n
= — =
v, n(+1/n%)
u, 1
= =
v, 1+1/n
LNy R -
noey o= l41/n
1
S
=120
But, 2v =X — is convergent.
n
Hence, 2v _ is also convergent by comparison test.
Q11. State P-series test.
Answer :

1
Let, X — be a series, P € R,
n?

1
Then, X n_p

(1) Converges if p > 1

(i)  Divergesif0<p<1.

Q12. Find whether the series

convergent or divergent.

z'n\/nz -1 'S
Answer :

Given series is,

1
> T ()
Applying integral test,
1 : : .
f (X)=T\/2—_1 is a decreasing sequence in [2, o]

9= [— A
2 X )Cz—l

g |
=8S€C X
2

=[sec!t—sec!2]

= Lt[sec' t—sec™' 2]

—00

=secloo—sec!2

b T on fini
2_376_> nite

The given series,

1

S is a convergent series.
nyn —1

Q13. State Raabe’s test.

Answer :

z

. . ... . u,
If Zu is a series of positive terms and ,!]inm r{u —1] =k

n+l

Then,

(1)  Series is convergent for k> 1
(i) Series is divergent for £ < 1
(iii) The test fails for k= 1.

Q14. State Leibnitz’s test.

Answer : June/July-17, Q4

If £ (- 1)""u, is an alternating series then it is
n=1

convergent if,

@ uzu,>u,2.2u zu

ntl™""

(b) lm u =0.

n—yo0

Q15. Define an alternating series.

Answer :
Alternating Series

A series which contains alternative positive and nega-
tive terms is known as alternating series. The expression for an
alternating series is given as,

U — w7t —u, o FED u
(or)
(-1)""u,
n=1

Q16. Define the terms (a) absolute convergence and
(b) conditional convergence of a series with
arbitrary terms.

Dec.-16, Q4
OR
Define the terms (a) absolute convergent series
and (b) conditionally convergent series.
Answer : Dec.-17, Q4
Absolute Convergence

Let Zu_be a series of positive and negative terms. Then
2u is said to be absolutely convergent if | Zu | is convergent.

Conditionally Convergent

Let Zu, be a series of positive and negative terms, then
2u_is said to be conditionally convergent if,

(i)  Zu, is convergent

(ii) | Zu, |is divergent.
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1.4
Q17. Show that the series Zsmg X converges
n
absolutely.
Answer :

Given series is,

sin n x
2

n

oo

A series Za” is said to be absolutely convergent, if

n=1

2| a, | converges.
n=l1

sin nx . . sin n x
X —— is convergent if X 7 | converges.
n n
sin n x 1 )
As 1 <% [~ |sinnx|<1]
n n

1
And as X —- is a power series with power =2 which is > 1
n

sin n x

n2

1 .
». £ —- is convergent, and hence

B 2 converges

) ) sin n x
.. The given series X——
n

is absolute convergent.

Q18. Show that the series zsmsnx converges
n
absolutely.
Answer :

Given series is,

sin nx
2

n

By definition, a series X a, is absolutely convergent if
n=l1

Z1|a”| converges.
n=

Zsin nx _ |sin ] . Jsin 2x] . lsin 3x] .

n’ 1’ 23 23
|sin nx|
‘”n| = n3

Let,

1

Vn - n_3

Then,

=M<L (- |sinnx| < 1)

oo ' -
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Also,

I . . .
X — is a power series with power =3 > 1.

1 . |sin nx|
X — isconvergentand hence X ——
n n

converges.

) ) |sin nx|
The given series X ——
n

is absolute convergent.

Q19. Show that series Zcosznx is absolutely
n
convergent.
Answer :

Given series is,

Z cosnx
2

n

=

A series Zan is said to be absolutely convergent, if

n=1

Z|an | converges.
n=1
2 cos nx
2

cos nx

2
n

cos nx
> converges.

is convergent if Z ‘
n

1
s
n

1
X —5 is a power series with power ‘2°, which is > 1.
n

1

. cos nx
. 2— is convergent, and hence 2
n

converges.

2
n

COSHX .
is absolutely convergent.

*. The given series 2
n

Q20. Discuss the convergence of the series 212 .
n

Answer :
Given that,

Here,
1 1
2 n? N Z n?
P=2>1 [+ P>1 the series is convergent by P-test]

1 .
Z—P is convergent by P-test
n

1
Hence, 2—2 is convergent by P-test.
n
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PART-B
ESSAY QUESTIONS WITH SOLUTIONS

1.1 SEQUENCES, SERIES, GENERAL PROPERTIES OF SERIES, SERIES OF POSITIVE TERMS

Q21. Define the following terms,

(a) Sequence

(b) Limit

(c) Convergent sequence
(d) Divergent sequence
(e) Bounded sequence

(f) Monotonic sequence.

Answer :
(a) Sequence
For answer refer Unit-3, Q1.
(b)  Limit
For answer refer Unit-3, Q2.
(¢) Convergent Sequence
For answer refer Unit-3, Q3.
(d) Divergent Sequence
For answer refer Unit-3, Q4.
(¢) Bounded Sequence
A sequence of the form u, <k (where & is any number) is known as bounded sequence.
® Monotonic Sequence
A sequence which increases or decreases with respect to u, , 2 u, (or) u ,, <u is termed as monotonic sequence.
Examples
i) 1,4,7,10,...
(1) 1 LI
1273747
A sequence which satisfies both monotonic and bounded sequence is known as convergent sequence.

Q22. Define and explain about oscillatory sequence.

Answer :

Oscillatory Sequence

Let a, be a sequence. If'a sequence {a, } neither converges to a finite number nor diverges to +oo or —oo, then a, is called

as an “oscillatory sequence”.

(@

There are two types of oscillatory sequences. They are,
(i)  Oscillate finitely and

(i) Oscillate infinitely.

Oscillate Finitely

If a bounded sequence does not converge, then it is said to oscillate finitely.
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For example,
Consider the sequence {(-1)"}.
Let,

a,= (-1y
It is a bounded sequence,

= Lt ay,= Lt (-1)*"=1

and
= Lt ay,,= Lt ()=
Where,

n=1,2,3,... 0.

For the given sequence Lt {a, } does not exist.

n— oo
The given sequence does not converge. Hence, the
given sequence oscillates finitely.

(ii)  Oscillate Infinitely

If an unbounded sequence does not diverge, then it is
said to oscillate infinitely.

For example,
Consider, the sequence {(-1)".n}.
Let,

a=(1)y.n

It is an unbounded sequence,

= Lt ay,= Lt (-1)*"2n
n— oo n— oo
n— oo
Lt a,,=+oo
n— oo
and

Lt ay,, = Lt (-1)*'2n+1

n

— Lt —-n+1)

n— oo

=—

Lt ay,, =—o

n — oo
The given sequence does not diverge.

Hence, the given sequence oscillates infinitely.

Q23. Write about the following,
(i) General properties of series
(ii) Series of positive terms.
Answer :

(i) General Properties of Series
Property 1

The addition or removal of finite number of terms from
series, does not have any affect on the nature of the series (i.c.,
convergence or divergence of an infinite series).
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Property 2

For a series containing positive and negative terms and
all the positive terms are convergent, then the series remains
convergent. Moreover, the presence of negative terms does not
affect the nature of series.

Property 3

The multiplication of finite number to the terms of
infinite series does not affect the nature of the series.

(ii)  Series of Positive Terms

An infinite series which contains all the positive terms
after few particular terms is called series of positive terms.

Example: - 1-2-3+4+5+6+7+8+ ...
Condition for Convergence

The necessary condition for convergence of a positive
term series Xu_is given as,

X Limu, =0

n—eo

Q24. Define the convergence of an infinite series.
Show that the nt" term of a convergent series
tends to zero. Is the converse true?

Answer :

An infinite series Zu,, is said to be convergent if

n=l1
ZM,, = Zum = Lt S, =/, Where [ is a finite value and

n—sco
n=1 m=1

unique and S is the n™ partial sum of the series.

n—seo

If Lt S does not exist, then the series Zun is said
n=l1

to be divergent.

If the series Xu_is convergent, then Lt u =0.Itis
n—oo

only a necessary condition and not sufficient so, the converse
is not true.

If Zun is a sequence and if § and S | are its nth and

n=1
(n — 1) partial sums.

Then, S-S  =u,

1

Lt u= Lt (S-S )=1-1=0
n—eo n—soco

Lt u =0
n—oo

.. Converse is not true.
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1.2 COMPARISON TESTS, TESTS OF CONVERGENCE D’ALEMBERT’S RATIO TEST
Q25. State and prove comparison test.
Answer :
Comparison Test I

If Zu_and Zv _are the series of positive terms such that, u <v_V n and series Zv _is convergent, then other series Zu_is
also convergent.

Proof
Consider two series of positive terms,
u=u +u +u +... +u and
n 1 2 3 n
v =y Tty tv+t... +tv
n 1 2 3
Foru <v
n n

limu, < limv,
n—eo n—oo

Since, Zv is convergent, lim v is finite
n—yeo

Therefore, lim u, also has a finite value and it is also a convergent series.
n—eo

Comparison Test I1
If Zu and Zv _are the series of positive terms such that, u > v V n and series Zv _1is divergent, then Zu also divergent.
Proof
Consider two series of positive terms,
u =u +u, tu +... +u and
v=vty, vt tv

Foru >v
n n

limu, = lim v,
n—eo n—eo

Since, 2v is divergent, lim v = oo
n—eo

Therefore, lim u = oo and Xu  also divergent
n—soo

Comparison Test II1

If Zu and v, are the series of positive terms such that lim —* = finite (# 0), then Xu_and Xv_both converge or diverge

n—oo Vn
together.
Since,
. u
lim 2= =/
n—e y,
By the definition of limit,
un
L ]| <e forn>m
n
Where,
€ — Positive number
(or)
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u
—e<2t—-]<e ; forn>m

Vi

(or)

u
l-e<<]+e; forn>m

Vi

By eliminating the first ‘m’ terms of both the series,

I—e<Y <lte foralln (1)

Vi

Thus, there exist two cases.
Case(i): When Zv is Convergent

If v is convergent, then,

Iim, +vy, +v3+...+v,) =k .. (2)
n—seo
From equation (1),

u
L <]+e

Vi

= u <(+g)v,  Foralln

Im (uy +uy +.ccoou, ) <((+€) im (v +v, +......+v,) = (I+€)k [~ From equation (2)]
n—o0 n—yo0

2u_is also convergent
Case(ii): When Zv_ is Divergent
If 2v is divergent then,
lim (v, +v, +v3+....+v,) = NE)
fi—so0
From equation (1),

u
l—e< X+

= u >(-¢)y, ~ Foralln

m (uy +uy +.cooctu,) > (=) Im (v, + v, +oooctv,) = 00 [ =+ From equation (3)]
— n—oo

n—oo

Therefore,Zu_is also divergent.

Q26. Test the series E(Vn" +1-+/n* —1) for convergence.

Answer :

Given series is,

" [m_m}([\/n“ +1++/n* —1:|
]
! Int +144n* -1
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n4+1—n4+1 ljnlu" A,Lhn___l___ x”
U = e 5 n o, -n"
"oNnt +1+4nt -1 nse Vyoonoe XU+ X
) 1
2 = Lim G axr "
u =" 57— n—e (X" +x )X
"m0t -1
1
__Highest power of 'n'in numerator = Lim —,
Ya Highest power of 'n'in denominator i x—n+x_2"
X
n° 1
= v, = = Lim —;
\jn4 n—oe 1+ X n
1 — L — 1 - 20 —0
= =3 = P=2>I “1ro0 [-2x*"=0asn— o]

2 v is convergent by P-Test

2
. u .
Lim 2 = Lim
n—e Y, n—deo vt +1+4n* =1
1

7’12

. 2n?
= Lm "

o At 1440t -1

2y is convergent.
2u is also convergent.
Case (ii): When x <1
Comparing the given series Xu with Xv = 3x".

noe Y, oo | X" 4 x7T" X"

Lim Un _ Lim ;L)

1 1
2 = Lim|—— | = Lim
. 2n n—eo o xn n—co (XZn +1 )
= Lim | N X7+
n—oo n
A 1
=——=1 -rx=0asn— o
B 2 0+1 [ "ol
VI1+0+41-0 2v is convergent.
2 2 2u is also convergent.
TS 1#0
+ - Case (iii): When x=1
Lim=" %0 Su =24l te
n=e Vy 2 2
= z u, Z v are convergent by limit comparison test. Which is divergent.

u = Z I:\l n*+1-+n* —1] is convergent.

2u is divergent when x = 1 and convergent for x
<landx>1.

Q27. Testthe convergence of the series Z
n=1
Answer :
Given series is,
N 1
P

n=1 X

x—n
Case (i) : When x> 1

Comparing given series Xu with Xy =Zx™,

Q28. Test for convergence of the series

1 2 3 4 5
x"+x™" 1_p 2_p 3_p 4_p .......
Answer :

Given series is,

2 3 4 5
St —+—+....
117 217 317 4[7

n+1
Let, u,= 7 andv, = Py
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Then, By comparison test, #_and v, convergent or divergent
together.
u, n+1 '
= = N/ u
Yy n’ v is convergent, —* is also convergent.
n
1
n|l+! . . n+1)(n+2) .
n 4 The given series ZM is also convergent.
= n? n*n
n?
Q30. Discuss the convergence of the series
1+—
on o pl 3 Yn+1-y/n
=— N nZ .
n
Answer : Dec.-16, Q17(a)
u_” =1+ — . . .
Given series 1s,
% n

()
=[l+—|=a+0=120

By comparison test Xu and Xv_are convergent.

(n+1)(n+2)

nd/n

Q29. Test for convergence of Z
Answer :
Given series is,

_ (n+D)(n+2)

u, —n3 \/;

n(1+:l}n(l+i)
= u = N
n2(1+i) (1+i)
n’\In
[1+rll)(l+i) i (1+i}(l+i)

n\/; 032
1 1

3
Let,v = = — where P= —>1
n n3/2 np 2

v is convergent by P-test.

10+

| AP 5 S/

n—oo vn n—oo 1

1 2 |
Lt [I+=— ||I+—Jasn—o, —0
n—oo n n n

(1+0) (1+0)=1 (finite)
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"y = Jn+1-yn
n 2
n

_aEidn a4
a n’ \/n+l+\/;

_(Wn+ 1P (/n)

P2t 1 )

_ ntl-—n
L)

_ 1 _ 1
nz.n%<\/l +%+ 1) n%(\/”liﬂ)

_ Highest Power of 'n' in numerator
Vn Highest Power of 'n' in denominator

Highest power of n in denominator

|
Lt Un _ [t
n— o Vn n— oo n%(\/l-l-l;-H)
15
n
L
e ST
1
J+0+1
__1 _1
“T+1 270

2u ; Xy are convergent.

w1

is convergent.




UNIT-1 Sequences and Series 1.11
Q31. Test for convergence of the series,
1 3 5
+ +— + ...
123 234 345
Answer :
Given series is,
1 3
123 234 T
. 2n+1)
L., Zu = —_———
> n(n+1)(n+2)
2n+1
: = — “es 1
T )+ 2) O
Numerator is a linear factor and denominator is a polynomial of degree 3.
n 1
L= DY —== ) —
D
1
= v o= .. (2)
n

Dividing equation (1) by equation (2),

u, (2n+1) n’
= @ —=———"""X—
v, nm+h(n+2) 1
n*n 2+l
_ n
n3(1+lIl+2)
n n
2+ 1
U . n
Vn (1+111+2)
n n
!2+1l
Lt[”—"J— Lt L ;
AT )
n n
240
© (1+0)(1+0)
2
== =220
1

Therefore, Zu, and Zv converge or diverge together by comparison test.

1 1. .
2y, =X— isaP-series with P=2>1 ( 2y, = Z—p is a P-series

n n
A P-series with P> 1 converges
2y is convergent

Similarly, Zu_is also convergent.
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Q32. State and prove D-Alembert’s ratio test.

Answer :

If Xu is a series of positive terms such that,

u

lim —L =3
n—e U,
(1) If A <1, Zu is convergent
(i) IfA>1,Zu is divergent
(ili) IfA =1, test fails.
Case (i) : When Limh =\<l1

n— oo u

n

From the definition of a limit, a positive r(< 1) can be determined such that,

Up+1

<p;,foralln>m
n

By eliminating the first ‘m’ terms, the series is given as,

Then, u tu, Fugtu, oo

u u u u u u
=u [+ 2+ 2 X2+ A2t oo < (1 47+ 72+ + .. )
Uy Uy U Uz Uy U

= ( Sum of Geometric series, S, = a(i;r)]
—-r

2u_is convergent.

Case (ii): Where Linr =1>1

L Bkl u"

From the definition of limit, ‘m’ value can be determined, such that == >1 for all > m

u,

By eliminating the first ‘m’ terms the series is given as,

u, + u, -i-u3 + ...

Where,
u u u
2>, 3>1,-4>1....
U U us

U, Uy u
u tu,tugtu o = 1+2+2 24 2u(1+1+1+...n)
' LIS

=nu

1

wolmo (u tu, )2 im (nu))
n—yoo

As lim (nu,) — oo, Zu is said to be a divergent series
n—oo
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Case (iii) : When A =1
1

Consider a series Xu = Z—p
n

A= lim g | — L
n—eo U n—oo (n+1)p

n

1 1
= lim n? | =
Pl 1Y Y%
n?| 1+— 1+—
n [e5e)
1 1
= — - -
(1+0) 1

. 1 . .
Therefore, the series z—p is convergent for p > 1 and divergent for p < 1.
n

For p = 1, it is not possible to find the nature of the series thus test fails at A = 1.

Q33. E ine th f th i 1+X+X2+ + X" +
. Examine the convergence of the series — + — + — +.. .+ ——— + ...
g T (2n—1)P
Answer :
Given series is,
! + ol + x + + x"
| ARG T GO ) ) o
Consider,
xn—l
Su =2x———
" 2n-1y"
xn—l xn—l
Ym0 1Y
=17 (1
n
xn+1—1 xn xn
Then, .= Qu+D-1" 2n+1)? (. 1Y
n+1)- +
(2n+D) np(2+T
n
By D-Alembertz ratio test,
B S P
o Hpw n” (2+1/n)" n
n—1
w, > (1
n’ (2-1/n)? n
X<2 1)1) P P
u “n 2-0 2
-~ It ZH:LI 1np:x(Jr )p:x(p):
n—oo Uy p-oo <2+7> (2+0) 2
n

2u_converges when x < 1, diverges when x > 1 and fails when x = 1.

By limit comparison test for n = 1.
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1
v =
n np
I
T Ol Vi) L R S
n—ey 1 n—yeo (2 - l/n)p
n
1 1
Lt - Lt —— — ~ (finite)
noey oo (2=1/n) 2

2u converges when x < 1 and diverges when x > 1.

2

. . ~h
Q34. Discuss the convergence of the series Z—n
n=1
Answer :
Given that,
u =y =
Z n o 3"
n2
= u,= 3
C(n+1)?
= U= 3n+1

By applying D-Alembert’s ratio test,

(n+1)?
un+l B 3n+1
w, |l
3}1
(n+1)* 3"
= 3n+1 _2
3T 5l
n (1+n> 3_: no(l+
33 n? 3n?
1 2
Up+l _ <l+;>
u, 3
Applying limit on both sides,
1 2
2 1+5)
Lim =L — Lim "/
n—e Yy, n—>oo 3
1+0)* 1° [ 1 0]
= == |["n—-o0,——
3 3 ’
1 1
=—<
3
Lim n+l <1
n—ee

By D’ Alembert’s ratio test, the given series Z u
is convergent.

n
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n

X
Q35. Test for convergence of _,
J zn(n—1)(n—2)
Answer :
Given that,

2 ~
nn—1) (n—2)
Let,

xn

YT n—1) (n-2)

xn+l

y o =—-
" (n+)(n)(n-1)
Applying D-Alembert’s ratio-test

n+l

x
e n(n—1)(n+1)
u, x"
n(n—1)(n-2)
x
_nt+l _x(n=2)
L (n+))
n-2
xn 1—g
L Zet_ gy L

1y
n—yoo u n—oo
" n(1+)

n

By D’Alembert’s ratio test,

2 u converges whenx <1, diverges when x> 1 and fails
when x=1

When x = 1, by comparison test,
1

ie, u= —n(n—l) =2
1 1
v =— =—;3;P=3>1
n n?

v is convergent by P-test.

1 1
B

u, nn=-hHn-2) n’
v, RS 1
n’ n

Ly oo @ =1 (finite)

n—oo
vn

v converges.
n

n

b
2u,= Zm converges when x <1

and diverges when x > 1.
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Q36. Discuss the convergence of the exponential

2 x3
+X+ — + — +
series 1 +x 21 3l
Answer :
2
3

Givenseries | +x+ — + — +
2! 3!

Let the given series be,

$u-%
u =
n=l1 ! n=lI (n_l)'
xn—l - xn
n (n 1)' > a1 T n'
u, " al

] — (=D %"

n
=— forx =0

x|
u
Lt 2 = Lt —=0>1Vxz0
n—e 1y n—>oo|x|

n+l

oo

. By D-Alembert’s ratio test, the series 2

u,| is

n=1
convergent for x # 0.

When x = 0 the given series is,

1+0+0+....which is convergent.

Hence, Z|un| is convergent V x.

n=1

*. The given series is absolutely convergent for all x.

Q37. Discuss the convergence of the series

i::\/Lx" x> 0.

Answer : June/July-17, Q17(a)

Given series is,

n=1 n°+1
n
Let, u = [ X o= X
n-+1 n°+1
ntl n+l

= u =—F————X
n+l /(n+1)2+1

_ nt+1l ot
(n+1)%+1

1.15
By applying D-Alembert’s ratio test
n xn
Un _ I’l2+1
Un+1 n+1 RS
(n+1)*+1
Un _ _ n_ n’+2n+2 1
Un+1 ntl p241 "x
u AR 1
. n_ . n 1 — 1
= Lim o, = Lim I L x ~xM7y
n— oo Cat A VAR S et

By D-Alembert’s ratio test,
2u converges if% >11ie,x<1

Zu diverges if % < li.e., x> 1 and the ratio test fails

whenx =1
Whenx =1,
u,= )= 1y
n

1
Let, v = —
Vn
1 1
VL
Un n2 . 1
Lim 3, = Lim Lim =1
- n 1 - 1
n o) n— oo = n o) 1 +_2
Jn n
Lim 1 I # 01i.e., it is a finite value.
n— oo 1 +_2
n

According to comparison test, Zu _and v converge
or diverge together.

As Xv =2L which is of the form ZLP with
n ‘\/; n
p=y <l
Xv diverges

= Zu diverges
n

Therefore, the series converges when x < 1 and
diverges whenx = 1.
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Q38. Test for convergence of the series,
1, x2 . x4 . x® .
21 302 avs sy

Answer :
Given series is,
2 4 6

1+x+x+x N
RN APV AT e

2n—-2

X
ie, u=———— .
T T+ )
2m+)-2
Then, u ., =
T () + D+l
x2n+2—2
. S
" (n+2)Wn+1
x2n

u = — .2
" (n+2)Wn+1 @
Dividing equation (2) by equation (1),

u X" Jn(n+1)

n+l

u, (n+2n+l x

__(+Vn
C (m+2)Wn+l1

n+l( n /2 2
| n+2|l n+1

1
nfl1+— 2
L et =gy . .

. X=x
A P
n(l+n)n (1+l’ll/2)

Hence, Zu converges when x*< 1 and

x2n+2—2n)

2u, diverges when x* > 1

When,
x*=1
1
Y- ——
" (m+1Dn
__ 1
(n+1n"?
1 1
- =5
n
and,
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1
p o= ——
n n3/2
1 3/2
Llu—n: Lt—n—zl

n—e y, n—)oon3/2 ’ 1+l
n

. Zv _is convergent series, and
2u_ is also convergent.

The given series converges when and x*> 1 it diverges,
when x> > 1.

1.3 CAUCHY’S n* ROOT TEST, RAABE’S
TEST, LOGARITHMIC TEST
Q39. Write about Cauchy’s root test.

Answer :

If Zu, is a positive series such that lji)nm u " = A then
@A) Zu is convergent if A <1 '
(i)  Zu, is divergentif A > 1
(iii) Test failsif A =1

Case (i): A <1

If lim u =<1

n—»oo
From the definition of limit, the value of a positive

number 7 (A < r < 1) can be determined, such that,
(u)""<rforalln>m
= u,<r'foralln>m
r <1 then Xr" is convergent.
Hence, by comparison test, Zu, is also convergent.

Case (ii): A>1

If im (u)"™=A>1
n—soeo
From the definition of limit a positive number ‘m’ can
be determined, such that,
(u,)">1foralln>m
(or)
u >1foralln>m
By eliminating the first m terms, the series is given as,

u, tu, tu + .. owhereu > 1,u,>1,u,>1

And lm (u, +u,+ .. Tu)—>eo

n—o0

Thus, Xu is divergent.
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Case (iii): A=1

When A =1 Cauchy’s root test fails and other tests are
to be applied.

Q40. Discuss the convergence of the series,

2‘[(n+1)x]n

nn+1

Answer :
Given series is,

> [(n+ 1)x]"

nn+l

L ((n+1)x)"

n n+l

n
[[(n + )] T "

Lim (un)l/n = 7 1
n .n

n— o0,

Lim

n—>c0

. (n+D)x
= Lim= 55—

n(l + l)x

oo n1+%

~Lim——5
(1+0)x
= =x
Lim (u,)"" =x

n—

By Cauchy’s root test, u,

(i) Converges, ifx <1

(il) Diverges, if x> 1

(iii) Atx =1, Root test fails then
By applying limit comparison test,

[((n +1)x)" ]
el T

n

n" 1+l i
(n+1)" n
u = -

n n+l n 1

= (D)

()

Dividing equation (1) by equation (2) and applying limit.

Lt U, _ Lt —n
ey, woe (L)
1 n
|1+l
n
= Lt .I/l:e;é()
n—soo n

If nI:)tw u # 0 then Zu is divergent.

. Zu, is divergent for x = 1 .. (2)
Combining equations (1) and (2),

Hence, Zu,

(i) Convergesifx<1

(ii) Divergesifx 1.

1 n
Q41. Test the series 2(1 +H] for convergence.

Answer :

Let, u = (1+l] (1)
n

Taking 7" root on both sides of equation (1),

{0

n
” 1/n
1
e [(]]
n
n — 1
= )" =1+— )
n

Applying limits on both sides of equation (2),

1
Lt (u)" = Lt |1+—
n—yoo n—yo0 n

&

Therefore, according to Cauchy’s root test,

(e o}

=1+0

Lt (un)l/n =1

n—seo

03

Yu, is convergentif x <1 and}

2u, is divergentif x >1

Here, x = 1, Cauchy’s root test fails.

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.



1.18 MATHEMATICS-I
Now, applying some other test such that, Q42. Test for convergence of the series
31
1y 1\"
u, = 1+— 1+ —
. 3 5)
r Answer :
_n¥?
1 1
=|— u=1+—
= u o . (@ n \/;]
1+—
L n 1 S 'l
I/n " 1
u =|1+— = —
Applying n' root test on equation (4), (t) \/; J (1 * \/; J
o 1/n 1
. (un )l/n = | Jn
= (u )l/n = — 14—
n ( 1 ) n J;
1+—
L n n 1 1
Lt ()" = Lt ———-1
- — n—o0 n—>o0 1 1 (1 + 0) n e
n
1
= (w)" = 1 " By Cauchy’s n" root test, Xu_converges.
1yl
1+— 2 3
L n ] Q43. Testthe convergence of the series [g)x + (Z]
1 X2 + 4 X3+, ..
= ()" = (5 5
1+l Answer :
n Given series is,
Taking limits on both sides of equation (5), 2 3 4
x| =12+ = P+
1 3 4 5
Lt (u)"= Lt V1
n—oo " n—yoo 1+ 1 - +1
— n
n = z "
=\n+2
= Lt 1+l
e n Let, u = ntl)
"t o\n+2
=1+— v
oo ( )]/n _ n+ 1 ¥
=140 n n+2
a
=1 ] 1
n’ (1 + )
ngtoo (un)l/" 730 Lt (un)l/n _ Lt n y X
n—oo n—»oo 2 n
% 1 +—
If Lt (u)" # 0 then Zu is divergent. n ( n)
n—>o0
Therefore, the given series is divergent. ( 1 )%
I+—
Since, 2u =1 .. (6
! © = Lt ALV X=X

Thus, from equations (3) and (6),

Zu, converges if x <1 and diverges if x > 1.
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By Cauchy’s n' root test, the series converges if x < 1,

diverges if x > 1 .. (1)
Forx=1,
n+1
u}l =
n+2
1
1+—
Lt (u,) = Lt g —1#0 ()
n—o0 n—o0
1+~
n

From equations (1) and (2), the given series converges
if x <1 and diverge if x > 1.

Q44. Discuss the convergence of the series

2(1+1) x",x >0.
n
Answer :

Given series is,

Z(Hl) x", x>0
n
Let,

u = 1+l) .)Cn
n n
r e
1 n
N (1+;) .x":|
1+l)x
n

1
Lt ul =Lt (1+—]x
n—oo n—yoo n

=X

Lt ul = (D)

n—sco

From Cauchy’s n" root test, if Xu_is a series of positive
terms such that Lt u/ = p, then,
(@) Zu, convgr_)g; ifp<l1
(b)  Zu, divergesifp>1and
(c) Test fails to decide nature if p = 1
From equation (1),

2u is convergentifx <1, divergentifx> 1 and test fails
ifx=1

Whenx=1

1
u = (1+—]x
n
” 1
Lt u)" = Lt |1+— [x
n—yo0 n—oo n

=e#0
2u is divergent

Hence the series is convergent if x < I and divergent if
x=1.

Q45. Discuss the convergence of the series
n
Z(n+2) ey
n+3
Answer :

Given series is,

n+2Y ,
Z(n+3) ¥

Let,

X[

l/n: (n+2) ﬁ
n+3

[
VY
S (S
+ |+
[SSH N ]
\_/

lim = lim
n—oo N0 1+§
n

1+0
=l—|x

1+0
=X

By Cauchy’s n” root test, Zu converges if x < 1 and
diverges if x > 1 and fails if x = 1

Forx=1,
_ n+2)n
“y n+3
n
n" (1+2)
_\ n;
n" (1+3)
n
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lim u, = lim
n—oo

n
lim (1+— =¢?
62 n—eo n
= _3 n
€ 11m(1+—) =¢°
n—oo n
1
=—%0
e

% u, is not convergent.
Thus, X u is divergent.

Therefore, the series is convergent if x < 1 and divergent
ifx>1.

Q46. State and prove Raabe’s test.
Answer :
Raabe’s Test

IfZu is a series of positive terms, and lim n[ Un__ 1]
= k. Then, me \ U

(1)  Series is convergent for k> 1

(i) Series is divergents for k£ < 1

(ii1) The test fails for k= 1.

Proof
Consider the two series 2u_and Zv,

1
Where, 2v = Z—p and it is convergent for p > 1.
n

Case (i) : Fork>1

Assume a number p such that,

k=2p<1
Comparing Xu, with v , which is convergentas p> 1,
Up 5 Vn
Upt Vit
1
ie, Mo >_ n”
Upi1 1
(n+1)?

P
Z(HLJ
n
=1+ L p(p' b1 — t.

n 2! n?

[.- From binomial theorem]
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Uy s p pp-D 1

2
Uy n 2 n

N Lpp-D 1
Uy 2! n

fim n| 21 Zlim|: Fp=b1, }
T n—soo 2! n

If k> p then Zu_is convergent.
Case (ii) : Fork <1
Select a number p such that,
k<p>1
Comparing Xu, with Zv , which is divergent as p < 1,

<

P p(p
n 2! n

D1
2+

[.- From binomial theorem]

o eI I P <p+ pp=1) 1)1 .....
Uy 2! n

Limn[ ] IJSLim[p +p(p—l).l+ ...... :|
n—e | U

n+l n—ee)

Therefore, if k£ <1, then Zu_is divergent.
Case (iii): Fork=1

If k£ = 1, the test fails because it is not possible to
determine whether series is convergent or divergent.

Q47. Discuss the convergence of the series

Y 4710......(3n+1) ,
1.2.3.c..n

Answer :

Given series is,

47.10.....3n+1) ,
= X
D) 123..m
4700 Gn+1)

= X
- " 123.m (1)
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4710 G130 +4)
_ L@
=t 123 n(n+l) @

Dividing equation (2) by equation (1),

Uy 4.7.10....... (Bn+1)(3n+4) ol
= —_—
u, 1.23. n(n+1)
123 n 1
X P
4.7.10......... @Bn+1) x"
Uit _ (3n+1)(3n+4)
=
u, (mn+DHGBn+ l)x
Uy (Bn+4)
— e
u, (n+1)
n 3+ﬂ
u n

n+l

:> =
Un n(1+1)
n

Applying limit on both sides,

X

3+i
u
= Lt —L — Lt ;l x
= HW(H)
n
Lt un+l 73
n—oe U,
(or)
Lt un+1 — L
n—oo Y 3x

By ratio test,

@) Converges, if 3x < 1
. ]
ie., -

3

(ii)  Diverges, if 3x>1

. >1
ie., -
e, X 3

1
(iii) Atx= 3 ratio test fails

By applying Raabe’s test.

U,y (3n+4)x

w,  (n+1)
_Gn+d 1
 (n+1) 3

1.21
U,y _ GBn+4
- u,  (3n+3)
u, (Bn+3)
T L (n+d)

n+l

Substituting ‘1° on both sides

oM 3n+3_1

u,., 3n+4

u, 3n+3-3n—-4
= U, T 3n+4
- - -1

u 3n+4

Multiplying ‘n’ on both sides,

n

u, -n -n
n -1]= =
(”"“ ) (Bn+4) n(3+4)

u
Lt n| —*
=0 un+l

By Raabe’s test the given series is divergent, for x = —

.. The given series is convergent if x < 3 and divergent

) 1
ifx>—.
3
3 3.6 3.6.9
Q48. Test for convergence —x + x2 +
gence ZX* 710" T 71013
s 3.6.9.12
+ ————— x4+
7.10.13.16
Answer :
Given series is,
3 36 5 369 ;3 36912 ,
7 710" T7103F T71003.06°
Numerator Elements Denominator Elements
3,6,9,12 ... 7,10, 13, 16 ...
a=3 a="17
d=6-3=3 d=10-7=3
t=a+n-1d t,=a+n-1d
=3+(n-1)3) =7+(n-1)(3)
=3n =3n+4
3.6..3
£ o
7 7. 10 7.10.. (3n+4)

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.



1.22

MATHEMATICS-I

3.6..3n
P AL
" 7.10...3n+4)

C3.6.303(n+ D"
1 7.10..Gn+H[B(n+1)+4]

x" . (D)

3.6..3n(3n +3)]x" x!
= u, = .. (2)
7.10..3n+4)(Bn+7)

Dividing equation (2) by equation (1),

3.6..3m)(3n+3)]x" x'

un+1

L 710..(3n+4)

u, 7.10...3n+4)(3n+17) (3.6..3n)x"
U, (Bn+3)x

- =
u, 3n+7

Applying limit on both sides,

Lt U1 = Lt n<3+%)x
)
)

= (34 1)

n

u
= Lt n_H:x

n—oeo
un

By Ratio test, Zun
(1) Converges if x < 1
(i)  Diverges ifx > 1
(iii))  Atx =1, ratio test fail.

Applying Raabe’s test for x =1,

U, @Bn+3)x

u, (Bn+7)
u,  3n+7
u,, @Gn+3)x
Substituting x= 1,
u, 3n+7
U,, 3n+3

Substituting ‘1’ on both sides,

u, 3n+7

Uy T 3n+43

U, 3n+7-3n-3
Uyl 3n+3
Uy b

u 3n+3
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Multiplying ‘n’ on both sides,

u, | 4n
n — =
U, 3n+3

u 4
Lt n n__1|= Lt 3
n—soo u n—ee 34+ 2
n
4

s
4

=— >1
3

By Raabe’s test, Zun is convergent for x = 1

The given series converges if x < 1 and diverges if x > 1.

a(a+1)

Q49. Test for convergence 1 + a + 12

aa+1)fa+2)
23
Answer :
Given series is,
a(a+1) N a(a+1)a+2 +
1.2 23
_yalatD(a+2).a+n)
Let, Xu, = 2 1.2.3..n(n+1)
a(a+1)..(a+n)

= YT 123 n(n+1) - @)

1+a-+

_a(a+D..(a+n)a+n+l)
1 123 n(n+1)(n+2)

- (2)

Dividing equation (2) by equation (1)

u,,, ala+.(a+n)a+n+l)
T T, 123.am+h(n+2)
1.2.3...(n+1)
a(a+1)...(a+n)
~ M atntl
u n+2

n

Substracting ‘1’ on both sides,

- u”“,l: n+2 _
u, at+n+1
- u, _n+2—a—n—1
U, a+n+1
I T
u at+n+1
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Multiplying ‘n’ on both sides,

[un 1 a-am
-~ n 1| = —
a+n+1

Applying limit on both sides,

1-—
= Lt n U _q|= Lt &
n—>co U, n—yoo n[d 1]

—+14+—
n n

1-a
L (I-a)
a 1

T 4l —
n n

1-a
0+1+0

=1-a
By using Raabe’s test, Zu”

(1) Converges if 1 —a>1
—a>0
a<0
(i)  Divergesifl —a<1
-a<0
a>0

Q50. Test the convergence of the series

i 14.7.....3n - 2)

2.5.8..... GBn-1)"
n=1

Answer : Dec.-16, Q12(a)

Given series is,

i 1.4.7...03n-2)
n=1

258...3n-1)
147...061n-2)
Let, U= 558, (3n-1) - ()
1.47...3n-2)3(n+1)-2)
YT 258 .. Gn-1)Bm+1)-1)
147...G3n=2)(Bn+1)

= 41~ 258...3n-1)(3n+2) -2

Dividing equation (1) by equation (2),

147  (3n-2)
u, 25877 (3n-1)
untl 147 (Bn+1)

2587 (3n+2)
Un 3n+2

Substracting ‘1’ on both sides,

Un _3n+2 . _3n+t2-3n-1_ 1

T el P e e S T
. Un oy n
= nL_l,'fon<un+1 71)7,[1‘_1,"; 3n+1

. n _1
Ay T
n

By Raabe’s test, the series Z u, is divergent.

+X

a
Q51 Text for the convergence of series,

(a+2x)2  (a+3x)°
2 T3 T
Answer :

Given series is,

2 3
a+x N (a+2x) . (a+3x) .
1! 2! 3!

By inspection it is clear that the given series is a series
of positive terms.

Consider,

(a+nx)"
y=2r

n

n!
(a+(n+Dx)""!
y == T
n (n+1)!
Consider,
(a+nx)"
un — n'

Uy [a+(n+1)x]"!

(n+1)!

Applying limit on both sides,

(a+nx)"
n!
— Lim

n=e | (a+ (n+1)x)"!
(n+1)!

. u
. Lim| X
n=eol Upy

] n
Lim (n+D!(a+nx) 1
n—e pl(a+(n+1)x)""

' n
Lim (n+1).n!(a+ nx) 1
n—e pl(a+(n+1)x)""

Lim (n+1)(a+ n)c)”1
noe (g + (n+1)x)""
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(n+ 1)|:nx(a + 1):| (n+Dn" x" (a + IT
= %ir)g = PES I E‘gg = n+l
a n+l _n+l a
[(n + l)x( (n+1D)x + l):| (n+1)"" x ((n D + 1]

(n+1)n”.x"(a+1)

. nx
— Lim

n+l
(n+1)".(n+ 1).x"“(“ 1)

(n+1Dx "

a n
. (+1)
- Lim ( ? ).—. T
noel\n+l) x a
I (n+1)x
(a+1) 1 (+1)
= Lim ! = n+l1 = Lim n = n+l
(e ;{HJ e it 44
| n (n+1)x n (n+1)x
1 1 4
_ Lim| — | « Lim(—) x Lim| —"2 1
n—ee 1Y n—eo| x n—eo a i+
1+ — +1
n (n+1)x

. ( a >n+l
Lim W+ 1

n—oo

alx G
e . [ a
= 1 X —— ~Lim| —+1| =%~
ex e” nee| nx
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. . L o1 . 1 L 1 .
By ratio test, the given series is convergent if — > 1 i.e., x < — and the series is divergent if — <1 i.e., x> —.
ex e ex e

1
If x = — then test fails.

e
1
When x = —,
e n
2 41
1
nl =
u, 1 1 (e )
= X X
U, 1 7 1 n+1
1+— °
n
% +1
(n+ 1)()
e
u, e n
= n x n+l
u
n+l 1 + 1 ae + 1
n (n+1)

Since involves ‘e’, we apply logarithmic test.

Uy

Applying log on both sides,

ae 3
e{+1)
u n
= log( z ]—log - e
TR f R
n)l(n+1)
u n 1 n n+l1
= log| — [=loge+log € 1 —log|1+—| —log € 41
Uy n n (n+1)
= log n =1+ nlog | —nlog 1+l —(n+1)log © 11
Upi n n (n+l)

u, ae a’*e’ a’e’ 1 1 1 ae a’e’ ae’
= log sltn|———5+t——F5.|-nl———5t+t—=.. |-+l - >+ T
Uy n  2n 3n n 2n° 3n (n+1) 2(m+1D° 3(r+)

n+l

“, PR T I | 1 a2e? PN
= log =1 +ae- + 7 el = -t —ae - 7 T
U, 2n 3n 2n  3n 2(n+1)  3(n+1)

i u, —a’e’ N ae’ N 1 1 N a’e’ a*e’ N
= lo = — t— - — -

8lu, 2n 32 20 30 2(n+1)  3(n+l)

I u, 1-a’e? N a’e’ N
= =

%, 2 2n+l)

Multiplying ‘n’ on both sides,

1 u, 1-a%e’ N na’e’ N
= nlo =
Sl 2 2n+1)
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Applying limit on both sides,

. [ u, .| 1—-a%*  na’e’
= Lim| nlog| — =Lim + +...
n—soo | U, | n—oo 2 2(1’1 + 1)
i '] C 1—q2e? . 2.2
= Lim| nlog Uy ~ Lim—%°¢ + Lim e e + ...
n—yoo Uy n—seo 2 n—e 2(n+1)
| u, | 1-a%? . na*e’ )
= Lim| nlog = 5 )+ I;gg— + ... ['.'L]m(l)zl]
n—> | un+1 | 2n(1+] n—o0
n
i | 1= 422 ‘ 22
= Lim| nlog ST | 4+ Lim—%—
noe| Upir ] 2 n—eo 2(1 + 1)
n
. [ u \ 1-a?e? a’e?
= Lim| nlog| — = + + ...
n—yee L Uy /] 2 2(1 + 1)
= Lim—nlog Uy ﬂ = 1-d’¢" + a’e’ +
noe| Upir ] 2 2(1+0)
i ] 2.2
= Lim| nlog i | 1_ace + ﬁ +
n—seo Uy 2 2 2y 7
Li [ ! u, | 1 &% N a’e’ .
= m|nlo =— - .
e )2 2 2
a u, \| 1
= Lim| nlog| — =—<1
ni}m_ Uy /] 2

Since, the value obtained is less than one, by logarithmic test the given series is divergent.

. . 1 . . 1
Thus the series converges if x < — and diverges if x = —.
e

Q

Q52. Test the following series for the convergence,

| 1
1+ 1+£x2 +ix3 +...
2 32 43
Answer :

Given series is,

2! !
1+ f+—2x2 +i3x3 Fo.
2 3 4

From the given series,

nlx"

u =
" (n+1)"

(n+1)1x"!
y =tT)X
n+1 (n +2)n+1
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Consider,

nlx”"
w, |+

Uyl |:(n+1)!x”+1:|

(n + 2)n+1

n+l

u, nx".(n+2)

Uy (n+)"(n+ )"

u, nlx".(n+2)""!

Upy - (n+D)".(n+Dn!x" x

u, (n+2)""!

U, (n+D.(n+1)"x

u _(}1+2)"Jrl 1

n

p (nD™ T

w, [@+2]" 1
Uyt L (I’l + 1)

u

T x

w, [@+n+1]" 1
'x

Upsi | (n+])

n+l1
- =
Upi n+l X

Applying limit on both sides,

. u )
Lim "= Lim 4|1+
n—oo MnJrl n—>c0
. u
Lim " |=—Lim |1+
n—>oo un+1 X n—oo
. u 1
Lim |[— [=—.c
n—eo un+1 X
. u e
Lim | — |= —
n—eo \ Uy X

n+1
u, _ n+l1 n 1 l
Uy n+l (n+1) “x

(n+1)

5}

. . L . € . . . € . .
By ratio test, it is clear that the series is convergent if — > 1 i.e., x <e and diverges if — <1 i.e., x> e and the test fails
X X

e
when — =1=x=e.

X

When x = e,
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since —2_ involves e we apply logarithmic test. Applying log on both sides,
u

n+l

1 1 n+l
u
1 | =log|—|1+
P e( (n+1)J
1 1 n+l
= log ol =log— +log|1+—
Upyl e n+l
Uy, | _ L 1
= log =loge!'+(m+1)log|l+——
Upsl n+l
u 1 1 1 23 A
log| —— | =—loge + (n + 1 - + | fotog(tam=x- X4 224
= log - oge + (n ){n+1 2n+1)> 3(n+1)’ J log(1+x)=x— 75 +%5 75
1 ol 1+m+1 ! + ! +
= =- -
° Upiy b (n+1) 2(n+1)? 3(n+1)’
log| — RIS S N S
= Y =— - wee
¢ Upty 2(n+1)  3(n+1)?
1 . -1 + : +
= o =
o |~ 204D 7 3001)?

Multiply ‘n’ on both sides,

log | Lz L
= =
T ) 204D 3k 1)?

u
znlog(

- 2
Ut ) 2n(1+1) 3n2(1+1)
n n

Applying limit on both sides,

-1 1
= Lt |:nlog( Un II = Lt 7 + >+
n—eo U, n—oo 2(1+] 3n(1+1)
n n

[e o)

u ~1 1
= Lt |nlog| — ||= 1 + 5+
o U 2(1+) 300(1+1]
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u -1
Lt log| — ||= +0...
= Lt ln og(un+l )] 2(1+0)

Lt | nlog| = L
= nlo =— = —
e | T 20 T 2

The series is divergent series.

Thus, the series converges if x < e and diverges if x = e.
1.4 ALTERNATING SERIES, SERIES OF POSITIVE AND NEGATIVE TERMS

Q53. State and prove Leibnitz’s test.

Answer :
If El (= 1" ' u, is an alternating series then it is convergent if,
n=

@ wu2u,>u,2..2u>u

1 2 3 n ntl Tttt

by Lty =0

n—oo 1N
Proof

1 = —1

Consider s =u, —u, tu, —u, + ... (= 1y u

And,s, =u, —u, tu,—u, ..o tu,  —u, .. (1)
Sy T U Uy T U U, T ..(2)
Uy, = Uy, Tl — Uy, - (3)

By substracting equation (3) from equation (2),

S S, =Uu

iy~ oy S Uy Uy o2 0 [ From condition (a)]

>
SZV!+2 - SZn v n

The subsequence {s, } of {s } is an increasing sequence.
From equation (2),
sy, = = [y —u)+ o+ (uy, ,—u, )tu,]

= u, — a positive number [ u—u

Uy e U

m-2 u2n71’u2n are pOSlthe ]
S2n < u] " n
{s,, } is bounded above

{s,,} converges.

Assume y}l_fg S, )
S2n—l = S2n + uZn
fim g, = lms,, + imy,
=1+0

[ From equation (4) and condition (b)]
{s,, ,} also converges to /

{s,} converges to

Hence, an alternating series ¥ (—1)"' u also convergent.
n=1
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Q54. Discuss the convergence of the series Z cozsnn .
n“+1
Answer :
Given that,
icosnn N D7
“~ptyl e+l
-1 1 1 -1)"
=—+ 55—t +(2 )
2 2°+1 3741 n°+1

1 1 1
R TR T AR

U > u, > Uz, > U

:>u1>u
n

n—

= un<unfl
1
And Lt u= Lt ———=0
n—e " noep” 4]

From Leibnitz’s test the given series is convergent.

oo

CosnT .
2 5 is convergent.
‘ont+1

Q55. Discuss the convergence of the series

X X2 X3 X4

- - +...(0<x<1
1+x 1+x2 1+x® 1+x* ( )

Answer :

Given that,

2 3 4 x"
X X X X -1
S S A =Y Sy

l+x 1+x2 1+x° 1+x* I+x

n

Let,u =
14+ x"
Since,
L+xmI<l+x"
1 1
-1 > n
1+x" 1+x

-1
x" x"

,1>
1+x" 1+x"
= u >u

n—1 n

=

=

= un <unfl
xn x" 1
Lt u = Lt = Lt = =0
n—seo n—e 14 x" n—0o0 xn(1n+lj oo +1
X

From Leibnitz test the given series is convergent.

2
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1 1 1
. E ine th f the al i ies ———+——...
Q56. Examine the convergence of the alternating series 12 34 56
OR
4 . . 1 1 1 1 .
By Leibnitz’s test, verify the series —-—+————... is convergent.
12 34 56 7.8
Answer :
Given series is,
1 1 1
12 34 56
First Elements Second Elements
1,3,5... 2,4,6,8 ...
a=1, a=4
d=3-1=2 d=4-2=2
t=a+tn-1)d t=a+(mn-1)d=2+m-1)(2)=2n
=1+m-1)(2)
=2n-1
1 1 1
— et — L =) ————
1.2 34 5.6 (2n-1)(2n)
Let,
1
R
" (2rn-1)(2n)
B 1
YT @n=3)(2n-2)
Consider,
B 1 1
Lot 2n—1)2n) ~ 2n-3)(2n-2)
_ (2n-3)2n-2)-(2n-1)(2n)
2 (2n-1)2n-2)(2n-3)
<0
u—u <0
uﬂ < un—l
1 1
Lim u = Lim ————=—=0
n—seo " n—yeo (2}'2—1) (2n) ol

From Leibnitz test X (—1)"! is convergent.

1
(2n-1)(2n)

Q57. State Leibnitz test and use it to test the convergence of the series 2(_1)“ 2 n T
n+

Answer :

Leibnitz Test

For answer refer Unit-1, Q14.

Given series is,
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The terms of the series are alternatively positive and (=1)" o
negative. = T . 1
Let (n+1).2"2 =D".(-1)~
’ n B n _n(=D
" 2nt1 2+ (=) 2(n+1)
Y T (e )+l 2043 uy,  2An+l) D |
. n n+l Then, Upr| _ |~
u,—u,., n+l 2n+3 u, 2(l’l+1)
_2n2+3n—2n2—2n—n—1 — Lt “n+1|:
(n+1)2n+3) v |ty | no 2Ant D
n
_ -1 = Lt 1
(2n+1)2n+3) ”*mzn@+nj
<
un unﬂ 1 1
" = Lt 1 = 1
Limu, = Lim = Lim ——— | 21—
noeo | n—e 2p+l  noee I’l(2+%) n oo
1 1
. 11 = =—<1
_r{irﬁz_'_% —5;60 2(1+0) 2
Both conditions of convergence are not satisfied. — 1Lt | Ut | <1
By Leibnitz test, the series is not convergent. It is oy |

oscillatory.

1.5 ABSOLUTE CONVERGENCE AND
CONDITIONAL CONVERGENCE

Q58. Test the series X(—1)"' Ln for absolute
convergence. n2

Answer :

Given series,

E 71 n—1
D Y

1
Let, u, = (-1 —

n2"
1 =D"
= — 71 n+1-1 —
tpy =D (n+12"" (n+1)2""
Consider,
(=D"
Uy _ (412"
u, (_anl
n2"
_ (=" N n2"
(n+1)2n+1 (_Dn—l

2u_ is absolute convergent.

Q59. Test the following series Z(—1 )+

n=1

n
2 for
n“+1
conditional convergence.

Answer : Dec.-17, Q12(b)

Given series is,

>ent -

n+1
Let,
n-1 N
u,= D n?+1
= u =1y,
Where,
n
" n*+1

2u is an a alternating series.

i.e., It contains terms which are alternatively positive
and negative.
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n+1
vn+1: 2
(n+1)” +1

v >y Vn

n ntl

n

Also, Lt v,= Lt

noe " s p? 4

Since,v >0,v >v and Lt v,=0
n n n+l n—s00

Thus, by Leibnitz’s test the alternating series is a convergent series.

2u is convergent

Test for Absolute Convergence or Conditional Convergence

n
u = (71)}1—1.
" n®+1
n
= ju,|= [=D". ‘
‘ n?+1
u,|= —-
= u|=
"n? 41
Let,
SH SR
Vﬂ n
2
Lt |M”|= t zn — = Lt 1
n—eo noe gt 41 1 noe 2 4]
n
2
= Lt " — Lt 11
nseo "2(1+12) oy L
n n

=1#0
". By comparison test, 2v is divergent

Hence, Zfu | is also divergent.

. Zv is convergent but not absolutely convergent i.e., it converges conditionally.

Q60. Prove that the series Z(— 1)1 s':% converges absolutely.

Answer :

Given series is,

S Tyt sm;wc
n

A series Zan is said to be absolutely convergent, if ZW‘ converges.

n=1 n=1

June/July-17, Q12(b)
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3= 1yt S i convergent if B ‘ -n"! SIE? * | converges.
n
sin% SLZ [ |sin nx| < 1]
n n
)y % is a power series with power = 2 which is greater than 1.
n
z # is convergent, and hence X(-1)"" sm? L s absolutely convergent.
Q61. Examine whether the series
1+ 1411 4. isabsolutel t ditionall t
- 22 32t 25z e is absolutely convergent or conditionally convergent.
Answer : Dec.-16, Q12(b)
Given series is,
1 1 1 1
-1+ ?—3—2 + F—? + ...
S D" 11,1 1
=—1l+F5——5+t-5—"5+...
- ; n 27 37 4752

Let

Y= =3 v
n=1 n=1 n=1

Where, v = Lz >0 Vn
n

_ 1
vn+]_ (n+ 1)2

Since < (n+1)* ;
= v >v Vn
n n+l

- It v= 1t Lzzo

n—oo M n—o0 pn

By Leibnitz’s test, the given series is convergent
Asu = (- 1)”%;

n
=7

" n

By p-test, [u | = Lz is convergent with p = 2.
n

As |u | is convergent, Zu is absolutely convergent.

1 1
2252

Hence, the given series — 1 + 1L

22 32"

+ ... is absolutely convergent.
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UNIT

CALCULUS OF ONE VARIABLE

PART-A

SHORT QUESTIONS WITH SOLUTIONS

Q1. State Rolle’s theorem.
Answer :

If ¢(x) is any function in the closed interval [a, b] such that,

(i)  ¢(x) is continuous in [a, b]

(i)  ¢(x) is differentiable in (a, b)

(i) - ¢(a) = (D)

Then there exists at least one point x = ¢ in (a, b) such that a < ¢ < b and ¢'(c) = 0.
Q2. Verify Rolle’s theorem for f(x) = x2in [-1, 1].
Answer :

Given function is,

Sfr)y=x%in [-1, 1] .. (1)

) To Check Continuity of f(x)

fx) is a polynomial in x, therefore f{x) is continuous in closed interval [-1, 1].
(ii)  To Check Differentiability of f(x)

fx) is differentiable in open interval (-1, 1). Since f''(x) = 2x is defined in (-1, 1).
@iii) To Check f(a) = f(b)

fi-l) =1y
=1
=@y
=1
f-D=A1)
Hence, f(x) satisfies all the three conditions of Rolle’s theorem.
A point ¢ exists and ¢ € [—1, 1] such that f“(¢) =0
= f(¢)=2c=0
= 2c=0
¢ =0 lies in the range [-1, 1]

Hence, Rolle’s theorem is verified.
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3. Find the c value of Rolle’s mean value theorem .
Q i valu 2. valu Q5. Showthat%<%<1,0<x<%_
for the function f(x) = log( ;‘(a +al?) )on [a, b]. Answer :
Answer : .
Let, fix) = > (D)

Given function is,

2+ab .
fx)= 10g< ;C(a +ab) >1n [a, b]
(1) To check continuity of f{x)

fx) is a composite function of continuous functions
in [a, b], therefore f{x) is continuous in closed interval
[a, b].

(i1))  To check differentiability of f{x)

o1 [ x@x)—(P+ab) | x(x+b)
S @ =4 x* x*+ab
__x*-ab
x(x*+ab)

fx) is differentiable in open interval (a, b).
To check f'(a) = f(b)

2
fa) = log( s )

= 10g<7a2+ab )
a’+ab

(iii)

b*+ab
Jb) = 1°g< b(a+b) )
b2+ab>
b*+ab

=log (

= logl

=0
fla)=fb)

Hence, f(x) satisfies all the conditions of Rolle’s theorem.
A point ¢ € (a, b) exits such that f'(c) =0

>~ ab —0
£ 40 -
c(c™+ab)
= 2-ab=0
= c*=ab
= c=i«/%

c= tyab €(ab)

Q4.
Answer :

If /' (x) is a function defined in [a, b] such that,

(1) f(x) is continuous in [a, b]

(11) f(x) is derivable in (a, b)

Then, there exist atleast one point ¢ €(a, b) such that,

f’(c) — f(bb)_f(a)
—a

State Lagrange’s mean value theorem.
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X
Since, lim f(x)=1
x—0
Then f{0) =1 ..(2)
Differentiating equation (1) with respect to ‘x’,
XCOosX — sinx

S = 2

X

Since for x € (0, %)

= x<tanx

sinx
cosx

=

=  xcosx <sinx
S'x)<0

From Mean value theorem,

Ifx (0, %) then S0 =10 ; 10 _ f'(c)<0
S = /0) _ 0
X
= flx)-f0)<0
=  flx)<A0)
si;vc <1 [.- From equations (1) and (2)]
..(3)
Consider,
T
o) flx
f(i? = /(e <0
(3)-»
T
M)
i
5 — X
= A5)-rw=o
= A3)<s/w
sin : :
2 sinx
= T X
2
1 sinx
= TS
? .
- %< S (4
From equations (3) and (4),
2 sinx
—<—<1
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Q6. Show that between any two roots of e* cos
x = 1, there exists at least one root of e* sin
x=1.

Answer :
Given function is,
ecosx =1 . (D)
Let, fix) = e* cosx —1

Let the two roots of equation (1) be a and b

Then,
e‘.cosa=1 ; ebcosbh=1
_ 1 . _ 1
= cosa= — ; cosb= —
e e
= cosa=e" ; cosbh=e?

= e%—cosa=0...2); e’—cosb=0..(3)
From equations (2) and (3),
f(x) can be rewritten as,
flx)=e " —cosx
flx) = e™ — cosx is continous on [a, b] and differentiable
on (a, b)
flay=e“*—cosa=0
Ab)= e —cosb=0
Hence, f{(x) satisfies the conditions of Rolle’s theorem,
A point ¢ € (a, b) exists such that /'(c) =0
f'(x)=—e™ —(-sinx)=0
f'()=0=> —e“—(-sinc)=0
= —e “+sinc=0
=sinc=¢e*
= sinc=1/e
= e‘sinc=1

e‘sinc-1=0 ; c€(a b)

Q7. State Cauchy’s mean value theorem.
Answer :
Iff: [a, b] > R, g : [a, b] > R are such that,
(i) fand g are continuous on [a, b]
(i) fand g are differentiable on (@, b) and
(i) g'x)#0 Vx € (a,b)
Then, there exists a point ¢ € (a, b) such that,

[ _ SB)=f(a)
g  gb)-gla)

Q8. Prove using mean value theorem, |sinu - sinv]|
<|u-=v|.

Answer :

Let, f(x) = sin x and g(x) = x

Among the two limits  and v because of the unawareness
of which one is greater we consider modulus.

According to Cauchy’s mean value theorem,
fb)=fa) _ f(e)
gb)—gla)  g'(c)

|sinb—sina| cosc
= Jb-a| 1
Isinb-sinal _ ()
|b-al|

Maximum value of cos x is 1 therefore maximum value
of cos(c) can be lesser than or equal to 1.
Hence, cosc< 1

From equation (1),

|sinb—sin a|
— <1
|b—al
= |sind — sina| < |b — af

| sinu —sinv | < |u—v|

Q9. State Taylor’s theorem.
Answer :
When f(x), f'(x), f "(x) derivatives are continuous in

[a, a + k] and the n™ derivative of x exists in (a, a + k), then a

number 0 lies between 0 and 1, such that the following series
represents Taylor’s theorem with Lagrange’s form remainder.

n

h h? h
Ra+hy=flay+ —f(@) + — f"(@)+... — f"(a+06h)
1! 2! n!

Where,

n

h_, f™(a+6h)=R_(Remainder)
n!

Q10. Find the Taylor series of f(x) = sin x about
X = 7/4.
Answer : June-13, Q5
Given that,
flx) = sinx, x = /4
The Taylor’s series expansion for function f{x) is,

_ - 2
o=+ S p@+ e )

Here,
flx)= sinx

a=m/4
d
= S'&)=—[f(x)]
dx
= %[sin x]

f'(x)=cosx
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Similarly,

d ]
FM(x) = E[f ()]

d
= —[cos x
dx[ ]

f"(x) =—sinx

I % =— sin(%)

S = =

NG|

On substituting the values of f(g), S (

N e W [

sinx = —2 T >

Is the requirement Taylor’s series expansion.

) and f ”(%J in equation (1), we get,

Q11. Find the Taylor’s series expansion of f(x) = 2x about x = 0.

Answer :
The given function is,
fx)=25x=0

From Taylor’s series expansion, we have,

(x—a)’ (x—a)’

S)=fa)+ (x—a)f'(a) + Tf “a) + T S@)

Here,
fix)=2"anda =0
= Aa)=f0)=2=1
On differentiating f{x), we get,

= 1@ =2"log 2, (0)=2"log 2 =0.6931 |- A g log, a
dx

= 1) = 2¢ (log 2)% £ "(0) = 2° (log,2)? = 0.4804

= 1) =2* (log 2)', £ (0) = 2° (log 2)* = 0.3330
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Substituting the corresponding values in equation (1),

= f)=A0)+(x - O)f’(0)+( - ) ”(0)+( _ ) S 0)

2 3
X X
=1+x(0.6931) + 5(0.4804) 3 (0.3330) + .....

x%(0.4804)  x°(0.3330)
=1+0.6931x + + + .

2 6
fx)=1+0.6931x +0.2402x* + 0.0555x° + ......

o f(x)=2" = 1+40.6931x + 0.2402x" + 0.0555x" +....

Q12. Find the radius of curvature of the curve x* + y* = 2 at the point P(1, 1).
Answer :

Given curve is,
x4 + y4 — 2

= p=2-x

The radius of curvature for a curve at a point P in Cartesian form y = f{x) is given as,

()]

()
dxz P

Differentiating equation (1) with respect to ‘x’

d
4y d“; — 4y

3 3
= Do ( )
dx y y

= (Zﬁ)m 4

-1

Differentiating equation (3) with respect to ‘x’

&y _d @)3
3(3x2)° (3 2><ﬂ>
__ |7 Y\ dx
)
(»*)
3
el )
_ | 3xy Yars 3
y6
_ 3x2y +3x3y2<( ))
y6
33yt 43
=_ y7
ciziy |3 44 3x
dx? )

May/June-18, Q6

(1)

. (2)

(3

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.



2.6 MATHEMATICS-I

(dzy) __[3(1)2<1)4+3(1>6 - B3] --s
dx* a1 0’ 1

Substituting the corresponding values in equation (2),

2P 3
e e,

wn - -
The radius of curvature of the curve x* + y* =2 is — 0.47.

Q13. Find the radius of curvature at the origin of the curve x* — 4x3 - 18x> -y = 0.

Answer : JunelJuly-17, Q5
Given curve is,
X =4y —18x*—y=0
= y=x*—4x - 18x? (D)
Dividing equation (1) on both sides by y,

l,x“ 4% 18x?
y

Ty y

Applying limit as x — 0 to above equation,

1= Lt |x*_ 4 187
x—=>0 |y y y
o 1= Lo | A g gy (2
x—=>0 1y x—>0 y x—0
2
= 1:0—0—18[2Pa/<o,m] xh_f)noy 2Pa(0,0)
par(OO) 36

Q14. Find the radius of curvature at the origin for the curve x*—y* + x3 —y* + x2—y2+y = 0.
Answer :
Given curve is,
X =P - +y=0 .. ()
The radius of curvature for a curve at origin is given as,

(1+d%)?
Py = b .. (2)
Let,
+ bi+_3+ (3)
y=ax ) 3

Substituting equation (3) in equation (1),
4 b | exX’ > 3< by’ | exX’ ) 2( b’ o )2 < b | exX’ )
x(ax+2+3+ +x ax+2+3+ +x ax+2+3+,,.+ax+2+3+ 0

Comparing coefficients of ‘x’ on both sides,

a=0
Comparing coefficients of ‘x>’ on both sides,
b _
1—-a*+ 7 =0.
b _
= 1-0+5=0
= 2+b=0
b=-2
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Substituting the corresponding values in equation (2), 3a 3a
s P s 1 @ Q16. Show that the curvature of the point ( 272 ]
3
(1+0)?
=0 -8v2
Py -2 on the Folium x3 + y3 = 3axy is 3[ .
3
(1)? Answer :
- RT2
| Given curve is,
h ™2 x*+)*=3axy
Q15. Find the radius of curvature of the curve x = a ) .. ) )
T Differentiating above equation with respect to x,
costt,y=bsintatt= .
4 d , , 5 _d
Answer : a(x +y ):a (3axy)
Given curves are, d
= 3x2+3y2d—y:3ay+3axd— .. (1)
X = acost .. (D) x x
. d dy
Y = bsint -2 = 3y2.7§ —3ax—— i =3qy —3x°
The radius of curvature for curve in parametric form is J
given as, = dic/ (3y = 3ax) = 3ay — 3x?
3
dx\* (dy 2]5 dy  3ay-3x*
=)+ (== A
_ [(dt) (dt) -0 T A 37 3ax
dx dzy dy dzx
dt|di*| dt|ar 3a(3—a} - 3[3—61]2
dy _ 2 2
Differentiating equation (1), 2 times with respect to ‘#’, dx [3“ 32"] 3 [ 3a ]2 3 [ 3a ]
i 2) 2
- a[—sint] =—a sint
94> 27a
ix  d; . _ 2 4
e E[fasmt]=fa cost 278 94
4 2
Differentiating equation (2), 2 times with respect to ¢,
18a* — 274’
d . T 972 1e.2
- %(b sin ) 27a* — 184’
- 9q>
ay _ - 2
= b(cost) 9a
=-1
cz’hy [b cost] = b[-sint] Equation (1) can be written as,
_ . . . 22 W dy
Substituting the corresponding values in equation (3), 3x°+3y P 3a|x A Ty
3
_ [a*sin’z+ b? cos? ]2 = X+ = L a[ b, y] (2
P~ “asint[- bsinf]— bcost[— a cos?] dx dx

3
_ [a?sin®¢ + b* cos?]?
ab(sin’t+ cos?1)

3
[@®sin?t + b% cos* ]2
ab

a? (%) +b2(%> ]2 B [a2+b2]%
- 2/2ab

ab

Differentiating equation (2) with respect to x,

wlEl?)
2 — | =
ety dv? ldx e dx dx?
b
[ ] 272a dx—2x—2y[
dy]z
&y dy . [dx
— 2ad 275y
dx X (y —ax)

dy
d

&y d d
Y b

@
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- 2a - 2[37“] - 2[37“] (17

)
atlgx)” e o)
I )
_ —2a-3a-3a
94 — 64*
4
_ —32a
3a?
=32
T 3a
dy _-32
dx? [i" 3&] 3a
272
&y -32
2
Curvature at [37a’ 3761] = dx 7 = 3a 3
[dy” [1+(-12]2
1+
dx
-32
_ _3a
- 3
(2)2
-32

3a(2¢2)
~8y2

3a

3a 3a)  -8V2
Curvature at [ K 2] 34

Q17. Find the radius of curvature at any point on

2

2
the curve x3 +y

2
3=a3.

Answer :
Given that,
The parametric equations of equation (1) are,
x=a cos’0 and y = a sin’0
Differentiating the equations with respect to ‘0’ on both
sides,
dx. _ 3a cos*0(—sinb) @ _ 3asin’OcosO
do > do

= Z)é = —3a c0s’0sinO

Consider,
dy
dy _ d9 _ 3asin*QcosO_
dx  dx  -3gcos’0sind
do
_ —sinB
cos6
d
v =—tan0 )
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Differentiating equation (2) with respect to ‘x’
dy do 1
el = —sec’0 x e —sec’ x s
do

d’y _ sec’@ 3)
dx*  3acos’0sin®
The radius of curvature for a curve at any point is

given as,
2
dy
1 +( e )

Ty
a2

(1 +tan?0)*?
sec’O
3acos’0sin O

[ .- From equation (2) and (3)]
_ 3a cos?0sin 0 (sec?0)>?

sec’0

3/2

_ 3acos*@sinBsec’d
sec’0

= 3a c0s’0 sin0 secO

— 2, 1 -
= in@ x
3a cos?0 sind 0O

p = 3a cosO sinf

Q18. Find the radius of curvature of the curve
x = acos’t,y=b sin’tatt= n/4.

Answer :
Given curve is,
X = acos’t .. (D)
y = bsin’t ..(2)
Differentiating equation (1) with respect to 7.

% = a.3cos’t(— sin?)

dx
= g- = —3gsintcos’t

Differentiating equation (2) with respect to ‘¢’

[
dr = b.3sin“tcost

dy -2
= a= 3bcostsin“t
- dy dyldt  3bcostsin’t  —bsint
dx = dx/dt T _3gsintcos’t @ cost
b
= —atant
d
d%c/: 7btant
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2.9

dy d( b __b d
e a(—gt%t)— 7E.$(tant)
__ b d dt
== -grtany).
__b 2 1
TS e dr
-_b sec? L
a’ "~ 3acos’tsint
_ bsec*t
3a’sint

The expression for radius of curvature is given as,

3
2

2
dy
1+<dx>
&y
dx?

Substituting the corresponding values in above equation,

2
b
1 +<—Etant>

3

2

bsec*t
3a’sint
2. 2.1 2,42, 243
b7tan’r |2 (a”t+btan’s)?
I+ e
p= = y
bsec*4 b
3atsint 3a’sint cos*t

3 .
_ (a®+ b*tan®£)2 3a®sintcos 4¢
- a’b

3
2,42, 2TW|2,5 2 . W 4T
[a +b“tan 4]3a sin4cos™ 4

plt:%: a3b
3 1V
24 2)23 2L(7)
_ (a®>+b%)23a «/5 ﬁ
3 a’b
_3(a*+b?)?
4«/§ab
3
:?)(az-i-bz)7
42 .ab

Q19. Find the radius of curvature for the curve y =

x2—6x + 10 at (3, 1).
Answer :
Given that,
Equation of curve is,

y=x*—6x+10 .. (D)

The expression for radius of curvature is given as,

]

p= d—zy .. (2)
dx®
Differentiating equation (1) with respect to ‘x’,
@
dx =2x—6 ..(3)
Differentiating equation (3) with respect to “x’,
2
% = .. (4)

Substituting equations (3) and (4) in equation (2),
[1+(2x—6)*]"
p= —— 2=

2
[1+4x +36-24x])"
- 2
[4x? —24x+37)"
p:
2
[4(3)% —24(3) +37]"
P ™ 2
 [36-72+37)"
- 2
m*
2
1
S PaE 5

Q20. Find the radius of curvature at any point of
s =c log sec y.
Answer :
Given,
s =c log secy
The radius of curvature at any point is,
_ds.
p dy
_d
= P=dy (clogsecy)

= ¢ i (log(seew)

_ 1
= Cseoy (secytany)

=ctany
Radius of curvature is,

p=ctany.
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2.10 MATHEMATICS-I
Q21. Prove that the curvature of a circle is constant. —~xda YV db _
2dt " p2rdr 0
a b~ at
Answer :
x da Y db _
= Tt T de 0 .. (4)
lda 1db _
adi T =0 .. (5)
Equating the terms of equations (4) and (5)
x
2 2
a” _b”
7 LTI
a b
x Y
- x_Y_a Y __1
Consider a circle with centre ‘O’ and radius ‘7. a b 1+1 1+1
Let P, O be the points on the circle and let arc PO = As. = _ X §2) b= @

Let L’ be the point where the tangents PT, QT * at P
and O meet.

ZPOQ = ZLTLT * = Ay
From the sector formula, /= 70
arc(PQ) = (£LPOQ) (OP)

arc(PQ)
= —oP =/ZPOQ
As _ Ay _ 1
= ro Ay = As 7
d
Let O — P so that in the limit T\V:l
s

Thus, the curvature at any point of a circle is the reciprocal
of the radius of the circle and it is constant.

The curvature of the circle is constant.

Q22. Define envelope.
Answer :

The curve which touches all the members of family of
curves is defined as the envelope to that family of curves.

Q23. Obtain the equation of envelope of the family of

straight lines % + % =1, where the parameters

a and b are connected by the relation ab = 4.
Answer : June/July-17, Q6

Given family of straight line is,

iyl (D
Where,
a, b are connected by the relation, ab =4 .. (2)

Taking log on both sides of equation (2)

log(ab) = log4
= loga +logb =2log2 ..(3)
Let a and b are the functions of parameter ',

Differentiating equations (1) and (3) with respect
to'?,
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= a=2x,b=2y
Substituting the values of a and b in equation (2)
= )2y =4

= xy=1
Q24. Find the envelope of the family of straight
lines §+% =1 where a+b =c, cis aconstant.

Answer :
The given family of straight lines is,

ﬁ+%:1 (D
Where,
at+b=c .. (2)
Differentiating equation (1) with respect to ‘#°,
-1 \da —1)\db
= X — |—+y|— |—=0
—xda y db
= ey 0
a® dt b? dt
x da —ydb
= ——=—— .3
a’dt b dt ®
Differentiating equation (2) with respect to ‘¢,
dadb
dt dt
da  —db 4
F7 .. (4)

Dividing equation (3) by equation (4) and equating it
to 1/c,

X da —ydb
atdt _ prar _1
_da  _-db ¢
dt dt
. x*_2r_1
a2 b2 C
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x 1 1

O S
a” ¢ p* ¢

= d=w,b=cy

=  a=(x)"%b=(cp)”

= g=cx2 p=c2 yl/z

By substituting the values of a and b in equation (2),
CI/Z x1/2 + cl/Z yl/Z =c (5)

Dividing both sides of equation (5) by ‘c’,

cl/2x1/2 cl/2 1/2 c

+ y =

c C

XY=
W)= 1
X2+l =12
Vx +4[y =+/c . is the required envelope.
Q25 . Find the envelope of the curve my + m?x-10=0

where m is a parameter.
Answer :
Given curve is,
my+m’x—10=0
= mx+my—10=0

The above equation is quadratic in parameter ‘m’
therefore the envelope is given by,

Discriminant = 0
= ()-4x(10)=0
= »P+40x=0

Envelope of given curve is, y* + 40x = 0.

Q26. Find the envelope of the family of the lines y =
mx + amP, parameter being m.

Answer :
Given,
y=mx+am’ .. (D
Differentiating equation (1) partially with respect to ‘m’,
0=1x+apm!
= apm'=—x
2

= mrl= ap ..(2)

From equation (1),
y=m(x+am’") .3

Substituting equation (2) in equation (3),
- X
= y= m[x + a(g)]

= :m[x—i]
Y p

@-D
p

= y=mx

= yp=mx(p—1)
= (opy ' =[mx(p -1
=Sy pi=m i (p-1y!
=y’ pr! :<%>X”‘l(p—l)"‘1
= qyPlpp Tl = 1l el
=y pP=—(p-1" x?
=@’ pP+(p-1)P k=0

The envelope is,

ay” 'pP+(p-1)" " 'x" =0

Q27. Find the envelope of the family of straight lines

x cos ot ysina = awhere o is a parameter.
Answer :
Given family of straight lines is,
xcos+ysin=a .. (1)
Where,
o. — Parameter.
Differentiating equation (1), with respect to ‘o.’,
—xsin+ycos=0 .. (2)
Squaring and adding equations (1) and (2),
(x cos +ysin)?*+ (=x sin + y cos)’ = a?
= x?cos’ +y?sin® + 2 xy sin cos + x? sin? + y? cos?
—2 xy sin cos = a?
= x?[sin® + cos?] +)? [sin® + cos?] = a?
= Xt+y=a
The required envelope of the given family of straight
lines is, x* +y* = a?

Q28 Find the envelope x? sin a + y? cos a = a2, a is
a parameter.

Answer :
Given,
x? sina. + y*cosa = a? .. (1)
Differentiating equation (1) with respect to ‘o’,
x? cosa + y*(— sina) = 0
=  x%cosa =y*sina

2
= tano= —3

< =

Figure
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2.12 MATHEMATICS-I
From the figure,
simao m . ( )
32
= 7= .3
cosa. m 3)

Substituting equations (2) and (3) in equation (1),

2 2
2 X 2 Y 2
+ —
* <x/x4+y4) Y (/x4+y4> ¢

4 4
X Y _ 2

NEAE R +«/X‘“ry“ -

1
= (x4+y4)2 = 42

=

= x+yt=g

X +y4: at

Q29. Find the envelope of the family of circles x? + y? — 2axcosa — 2aysina = c2 where a is the parameter.

Answer :
Given family of circles is,
x2+y?—2ax cos a.— 2ay sin o= ¢?
= x*+)y’—2axcoso—2aysina—c*=0
= 2axcosa+t2aysina=x+)?—c?
Differentiating equation (2) with respect to a,
—2ax (- sin o) — 2aycos 0. =0
= 2axsin a—2aycos o.= 0

Squaring and adding equations (3) and (4),

(1)
. )
. 03)

.4

= 4a%? cos’ o+ 4a” sin® o+ 8a’xy sin o cos o + 4aZx? sin’o, + 44 cos® o — 8a’xy sin a cos o= (x2 + )% — ¢?)?

= 4a® [¥* (sina + cos’a) + )7 (sina + cos’a)] = (x* + )% — ¢?)?

= 4@ (P2 +)P) = (2 +y2 — )

4a? (x* +y*) = (x? + )2 — ¢?)* is the required envelope.
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UNIT-2 Calculus of one variable 2.13

PART-B
ESSAY QUESTIONS WITH SOLUTIONS

2.1 ROLLE’S THEOREM, LAGRANGE’S, CAUCHY’S MEAN VALUE THEOREMS

Q30. State and prove Rolle’s theorem. Explain the geometrical representation of the Rolle’s theorem.
Answer :
Rolle’s Theorem

For answer refer Unit-2, Q.No. 1.

Geometrical Representation of Rolle’s Theorem

Rolle’s theorem geometrically interprets that the curve y = f(x) is such that,
(1) It is continuous in the close interval [a, b]
(i1) It has a unique tangent to the curve at every point (¢, f(c)) where a < ¢ < b and
(iii))  The ordinates corresponding to x = ¢ and x = b and equal i.e., f(a)=f(b)

By taking geometric interpretation into consideration, Rolle’s theorem states that there is atleast one point on ‘ c’in (a,b)
such that the tangent is parallel to x—axis.

Figure illustrates the diagrammatic representation of the geometric interpretation of Rolle’s theorem.

y

y=f(x)

Figure

Q31. If Rolle’s mean value theorem holds for the function f(x) = x® + ax? + bx, 1 £ x £ 2 at the point x = % then
find the values of a and b.

Answer :

Given,

Rolle’s theorem holds for the function, f{x) = x>+ ax* + bx, 1 <x < 2.

Here, x € [1, 2]

Rolle’s theorem is satisfied only when f{a) = f(b).

A@)=1) = (1 + (1) + b(1)
= Afl)=a+b+1
AB)=A2) = 2 +a(2)* + b(2)
=8+4a+2b
JM=/(2)

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.




2.14 MATHEMATICS-I
= atb+1=8+4a+2b There exists a point ce [ 3, 0] such that /' (¢) =0
= 2b-b=-8+1-4a+a f'()=0

b:—3a—7 2 —c
A . <fc J5c+6>ez -0
And,x=§
= —c+ct+t6=0
= f'(x)=3x*+2ax+b
Iy = 2-c-6=0
= f'(i :3<i +2a<i>+b:o
S\ 3 3 3 = c(c-3)+2(c-3)=0
o 16,80, = (c+2)(c-3)=0
—  16+8a+3b=0 e ¢=-2,3
Substituting the value of ‘5’ in equation (2), c=3¢(-3,0)
16+8a+3(-7-3a)=0 c=-2¢e(-3,0)

= 16+8a-21-9a=0

= -5=a
a=-5

Substituting a value in equation (1),
b=-3(-5-7

= b=8
b=38.

-X
Q32. Verify Rolle’s theorem f(x) = x(x + 3) e 2 in
[-3,0].

Answer :

Given function is,

fx) = x(x+ 3)e727x in [-3,0]
(i) To Check Continuity of f(x)
f(x) is continuous in the interval [ 3, 0]
(ii)  To Check Differentiability of f(x)
f(x) is derivable in the interval (— 3, 0)

110 =L (7 (243)
= e%x (2x+3)+(x2 +3)e%(3—1)

(—x2+x+6) =

[l = e
(iii) To Check f(a) = f(b)
ﬂ—b=—3@3+3k4§)
-0

£(0)=00+3)e 2 =0
£(0)=f(-3)=0
S0)=f(=3)

Hence, f(x) satisfies all the three conditions of Rolle’s
theorem.
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Hence, Rolle’s theorem is verified.

Q33. State Lagrange mean value theorem and give

its geometrical interpretation.
Answer :
(@) Lagrange’s Mean Value Theorem
For answer refer Unit-2, Q.No. 14.

Geometrical Representation of Lagrange’s Mean Value
Theorem

Tangent

y = f(x)

Chord
f(b)f--------
oo il i
— | : :
= B : : > x
Figure

The chord is passing through the point of graph
corresponding to the end segments a and b.

The slope (k) of chord AB = tano. = W
" (c) = Slope of tangent line at C(c, f(c))
b) —
o p= 10T

Then, there exist a point x = ¢ inside the interval [a, b]
where the tangent to the graph is parellel to the chord

_ S -f@)

tanou
b—a ’

€ [a, b].




UNIT-2 Calculus of one variable 2.15
Q34. Show that — % <tan~'v — tan'u < — < Substituting the corresponding values in equation (4),
' 1+v? 1+u®’

1

<tan*1(— —£<—

u <v and deduce that -~ +i<tan‘4<£+l 25 3) 46

25 35476 | T 1

25 <fan (?) 46"

Answer :
Consider the function as,
f(x)=tan"' x defined in [u, v] for 0 <a <b <1.

Since, f(x) is continuous in closed interval [u, v] and
derivable in open interval (u, v), we can apply Lagrange’s mean
value theorem.

Hence, there exists a point ¢ € [u, v] or ¢ € (u, v)

(V) (u)
fiw = LW ()
, 1 d 1
Here, f'(x) = 772 e x_1+x2
= flc)= e .. (2)
Equating the equations (1) and (2), we get,
L _ S
LG~ vu ..(3)
ce(uv),0<u<v<l,
= u<c<vs <<y
= Il +w<1+2<1+V?
1 1 1
= 1+12 <1+cz<1-&-u2
1 JSO)~f(u) 1
- 1+v? B v 1+u?
[" From equation (3)]
= <<
VL < tan'(v) — tan "\ (u) < 4)
1+ 2 1+ 2 see
f(x) =tan'x
f(v)=tanly
f(u) =tan'u
Letu=1,v= %
Consider,
4
v-u _ 3 1 _ 3
1+v2 16 25
1+ 9
Consider,
4
v-u _ 31! _1
1+V2 1+1 6

flv)=tan"'v=tan! <§>

fluw)= tan 'y = tan (1) = %

Q35. Verify Lagrange's Mean Value Theorem for
f(x) =x(x-1) (x-2); x € [0,%].

Answer : Dec.-17, Q13(a)
Given function is,
J) =x(x—1) (x-2)
=x(x*—3x+2)
=x*—3x?+ 2x
() /() is continuous in (0, %)
Since f(x) is a polynomial in x
(i)  f(x)is derivable in (0, 17)
Since f'(x) =3x?— 6x + 2 is defined in (O, %)
(iii)  From Lagrange’s theorem, there exists

cE(O, %) such that,

o) = f(b) f(a) -

Here,
o) = 1(%)
-4
-3
f(@) =10
-0y -
-0

J10)=0
f'(c) =3c¢*—6¢+2

%)

(3] +2(3)

3(0)2 + 2(0)

Substituting the corresponding values in equation (1),
3
2-0
37 —6e+2 =8 —
5 - 0
= 3—6c+2-3=0

= 3 —6c+5=0

~(-6)+/(36) - 4(3)5

= Cc= 6

6+4/21
6

= =
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6421 621
6 = 1.76, 6
6421

76

Q36. State Cauchy's mean value theorem and verify

if for the functions f(x) = e* and g(x) = e* in
[a, b].

~024< (0.3

Since

Answer : Dec.-16, Q13(a)
Statement
For answer refer Unit-2, Q7, Topic: Statement.
(i1))  Given functions are,
fix)=e~, g(x)=e"in [a, b]
f)=-e";g'(x)=¢
f(x) and g(x) are continuous and derivable on (a, b).

Hence, according to cauchy’s mean value theorem, there
must be some ce [a, b] such that,

£ _ fb)- fla)
gc)  gb)—gla)
—c -b —a
N —e” €& -—€
e e —e
1 1
b~ _a
- ;lc _ eb ea
e .e e —e
-1 e’ —¢b
= _
eZC ea+b(eb_ea)
-1 (&b — e
= S =
eZc ea+b(eb ea)
IS B
eZc eu+b
= 2c=a+b
= c= a;—b € [a,b].

Q37. Find ‘c’ of the Cauchy’s mean value theorem for

1 1
the functions f(x) = & and g(x) = ” in [a, b].
Answer :
The given functions are,

1

1
fo) = 7 g) = infa, b]

-2
= fW=7

f(x) is continuous on [a, b] and derivable on (a, b)
Also,

g)= =0
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g(x) is continuous on [a, b] and differentiable on (a, b).
Hence, according to Cauchy’s mean value theorem, there must
be some ¢ € [a, b] such that,

f ) _ SB)-f(a)
g gb)-gla

—2/¢8  1/b*-1/d?
- Tye o 11
b a
2 _ a*b* ab _atb
= ¢ a*bh? ab  ab
B 2ab b
¢=4p €l bl

Hence, Cauchy’s mean value theorem is verified.

1
Q38. If f(x) =vX and g(x) = Jx Pprove that ‘c’ of the

Cauchy’s generalized mean value theorem is
the geometric mean of ‘a’ and ‘b’ for any a > 0,
b>0.

Answer :

The conditions of Cauchy’s generalized mean value
theorem to be satisfied by the given functions f{x) and g(x) as
mentioned below,

Condition 1

f(x) and g(x) are continuous in [a, b] and

1
F(x)=+x and g(x) = e (D)
Condition 2
P U
f(x)= 2«/; and
by 1
FO Q)

Hence, f"'(x) and g'(x) exists in (a, b)

f(x) and g(x) are differentiable in (a, b)
Condition 3

Also, g'(x)#0 V x € (a, b)

Hence, all the three conditions of Cauchy’s mean value
theorem are satisfied.

If these conditions are satisfied then there exists a point
¢ € (a, b) such that,

f®B)=f() _ S©
g(b)-gla) & -3

By substituting equations (1) and (2) in equation (3),

V5 a

2Je

-1

1 1
b a2
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. Vb—va _ ~2cle
Ja—b e
ab

. ~Wa—b)(Jab) _
(Ja—+b)

= yJab=c

*. ¢ of the Cauchy’s generalized mean value theorem is the geometric mean of ‘e’ and ‘b’ fora >0, b > 0.
2.2 TAYLOR'S SERIES

Q39. State and prove Taylor’s theorem.
Answer :

For answer refer Unit-2, Q9.
Hypothesis

fx), f'(x), f"(x) are continuous in [a, a + /]
Proof

Consider the function,

+h— Y
000 =) + D iy D iy ) g ()
Where, K is constant (unknown).
Substituting x = @ + / in equation (1),
h h _ n
ot by =fla+ by @G i)+ S g i)
n
=fla+h)+0+0...+0 -2
Substituting x = a in equation (1),
h— (a +h—a)"
o(a) f(a)+ f()Jr(aJr f"()+ K
h 1 hz n hn
=fla) + T!f(a)+ T!f (@+... FK
K is defined by,
0(a) = (a + h)
*. Equating equations (1) and (2),
h h? "
fla+ h)=fa)+ if‘(a) + 7!f"(a) +... ;K ..(3)

The equation (3) satisfies Rolle’s theorem i.e.,
1. New function ¢ is continuous in [a, a + /]
2. Derivable in (a, a + h)

3. d@)=d(at+h)

Then there exists one number ¢ between a and a + h.
S 0'(c) =d'(a+0h)=0
K =f"(a+6h) 0<06<1)

Substituting ‘K’ value in equation (3), we get,
h* "
fa+m)=Aa)+ %f'(a) oM@ F %f”(a +0h)
SlA PUBLISHERS AND DISTRIBUTORS PVT. LTD.
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Q40.

Expand 2x3 + 7x% + x — 6 in powers of (x — 2) by using Taylor’s theorem.

Answer :

Given that,
fxX)=2x"+Tx*+x-6
f2) =16 +28+2-6=40

Differentiating equation (1) with respect to “x’, to get the required terms as /", /" and /™.

f'(x)=6x*+ 14x + 1
= f'(2)=24+28+1=53
f"(x) =12x+ 14
= f"(2)=24+14=38
S =12,
= M2 =12
By Taylor’s series,
n h* n
o) =fla) + Hef @)+ 5 @)+ A @) + .
Substituting
a=2;h=x-2

(x-2)! (x— 2) (x— 2)
1!

Jx) = f2) + 1 @)+ /"3 /@)

Substituting f{a), f'(a), f"(a), f"(a) values in equation (2),

(= 2) (53)+ 2)2 (38)+( —2y (12)

= flx)=40 +—=

flx)=40+53(x —2) + 19(x — 2)*+ 2(x — 2)°

(1)

- (2)

(1)

Q41. Write Taylor’s series for f(x) = (1 — x)%? with Lagrange’s form of remainder upto 3 terms in the interval
[0, 1].
Answer :
Given that,
f(x)=(1-x)"*in [0, 1]
Here,a=0and h=1
= f@=(-a"
= f(0)=01-0y"
= f(0)=1
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Taylor’s series is given as,
n* n
flath=Ra)+hf'a)+ 5 @)+ 5 M@+ ...
Differentiating equation (1) with respect to ‘x’
’ 5 ’ - 5
S () = 5(1—)6)3/2(—1) =/0) = EX

15
= f(x) = (‘;J(;) -0 =1 1) = ”y

= f/”(x) ( I ](1 )—1/2 (_1) :| f///(o) _ %

- (2)
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Substituting the above values in equation (2),

FO0+1)=1+1 [‘75)%(%]%[—%] [T a=0,h=1]

5 15 5
=1l-—+———+...
D=3 e

Q42. Find the taylor series expansion of f(x) = x3 + 3x2 + 2x + 1 about x = —1.

Answer :
Given that functions is,
S)=x3+3x+2x + 1
x=-1

Taylor’s series expansion of f{x) about x = a is given as,

2
A0 =fla) + (x—a) f(a) + % a)+ ..
Here,
a=-1

(x+1)2
2!

= S =f=1) + (e + D f'(=1) + S+ (D)
fxX)=x*+3x*+2x + 1
D= (1P +3(=1)*+2(-1) + 1
= 1+3-2+1=1
f'(x)=3x*+6x +2

f'=D)=3(=1)*+6(-1)+2

—3-6+2=-1
F@)=6x+6
S"ED=6(-1)+6
=0
1@ =6
/=6

Substituting the corresponding values in equation (1),

2 3
fO)=1+@x+1)(-1)+ (x;D (0)+(x;1) 6)+....

= f=l-x+H+0+(x+1)
fx)=—=x+(x+1).
2.3 CURVATURE, RADIUS OF CURVATURE, CIRCLE OF CURVATURE
Q43. Find the radius of curvature for the curve r = a(1 — cos@).
Answer :
Given equation is,
r=a(l — cos0) .. (1)

The radius of curvature is given as,

3
(2 + )

p=
r2+2r1—rr2
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Where,
ere %:a(ﬁrcost)
dr d*r p
Rl s .
todo T ge? d—J; =a(sin?)
r* = a*(1 — cos0)? [ From equation (1)] Consider,
d
_a 3 I o dy
"= a(l—cosB) = a[—(—sin®)]=asin0d @ <7> _agsing
r, = asinb, r?=a’sin’0 dx <ﬂ> a(l+cost)
dt
d o
r,= %(asme)—acose 2sin<%)cos<%)
Substituting values of 72, 72, r,,  in equation (1), - 2 cos? (L)
2
3
_ [a2(1 - cos0) + a?sin20]2 dy _ tan(L)
P a’(1—-cos0) +2a?sin’0 — a(l — cos 0)(acos ) dt 2
3 3 Differentiating the above equation with respect to x,
_ (a®)?[1+ cos?0 — 2 cos 0 +sin?0]2 i<ﬂ)=i<t <L>)
a*[1+ cos?0 — 2 cos 0 + 2sin0 — cos O + cos>0| dx\dx)” dx\"*"\2
3 d’y t\ 1dt
_ a’[2 —2cos0]2 = W=SGC2<§>35
a?[1-3cos0 + 2(sin%0 + cos>0)] i
: 7oc'(3)
_a’[20—cosO)]2 ~ a(1+cost)
- 3
a*[3(1-cos0)]2 1 1
. &y _7%()
al2(1-cos0)]2 =l 2<f>
= a.cos” (>
[3(1=cos0)]2 2
\ Cody 1
a[2(1 - cos0)]2 dx® 4acos’ <L>
- 5 2
[3(1-cos0)]= The radius of curvature is given as,
3 3
2 (1— 2 3
_ a[2]32.(1 cosez2 [1+(dl>2]2
(3)2 (1-cos0)2 p= U Nax) 1 (3
dzy
_ a2 @
33
2 [ J2 ] Substituting the corresponding values in equation (3),
= Z 432
393 2 (1 3
a5
Coa ﬁa = 1
- P 3/3 —
4acos* 5)
Q44. If x = a(t + sint), y = a(1 — cost) then show that
3
t t\\2
p =4a cos (?) _ (sec2 (5 ) _ 4a.sec’ (5)
1 1 1
Answer : 4a T T
Given curves are, cos (5) cos (5)
x=a(t + sini) (D) o= 4a'cos<%>
y=a(l —cost) ..(2) ;
. . . . p= 4a. cos<*) .
Differentiating equations (1) and (2) with respect to ‘¢’, 2
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Q45. Show that radius of curvature at any point of

the astroid x = a cos?®0, y = a sin®0 is equal to
three times the length of the perpendicular
from the origin to the tangent.

Answer :
Given parametric equations of the astroid are,

X =acos’0, y=asin’0

dy
_ 4 _do
Y17 A T dx
do
3asin?0-2(sin 0
_ asin“0-s (sinB)
d
3ac0329%(cose)

3asin’0.cos O
—3acos’0.sin0

= y =—tanb

_ &y
s
_d o do
=2 (— tan 0) g
1
= _ 2 _
sectfx —3acos”0.sin0
I
% 3acos*0.sin®

The radius curvature ‘p’ at any point of given astroid is,

2;
B (1 +y1)2
P hg)

PPN
(1+tan“0)2
1
3acos*0.sin®

3
(sec?0)2 x[3a cos*6. sin 0]

= sec’0 x 3a cos*0 sin0

= 001T6X3a cos*0sin0

= 37612 sin O cos O

= 37asin29

p= 37asin26 .. (D)

The equation of tangent at any point on the curve is,
y—a sin®0 = — tanB(x — a cos’0)

sin©
cos 0O

= y-—asin’0= - (x — acos’0)
=  ycosO +x sinb = a sinb cosb (sin’0 + cos?0)

= ycosO + xsind — a sind cosd =0 ..(2)

The length of perpendicular from origin to the tangent is,

e | 0(sin©) + 0(cos0) — asin®.cosO |

Vsin?0 + cos?0
p = asind cosO
= %sin26
p= %sinZ@ (3

From equations (1) and (3),
p=3p
The radius of curvature of astroid is 3 times the

length of perpendicular from origin to the tangent.

Q46. Find the radius of curvature of the curve x =
a(0—sin0),y=a(1-cos 6) at 0 = .
Answer :
The given curves are,
x = a(t — sin?) .. (1)
y=a (1 —cost) ..(2)

The radius of curvature for a curve in parametric form;
x =x(f), y = y(¢) is given as,

GEEI
p_(‘bcIdzy](dyId%‘] e
dt | ar? dt | dr*

x=a(t—sin t)
Differentiating with respect to ‘¢,

%:a(l —cos f) .. (4)
Att=m
dx
i a(l —cos 1)
=a-—acosm
=a—a(-1)
=ata
dx
E =2a (5)
d*x .
? =asmt
2
%:asinnzo ... (6)
Differentiating equation (2) with respect to ‘¢,
dy .
o asint
Att=m
dy .
4 asinm
dy
o 0 .. (7)
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d’y B N dy _dyldt _ atsint
o =aCOSI=acoST dx dx/dt atcost
dy
LB - (®) dx @ty - 3)
dt

From equations (5) and (7),

[fj]z + [ii]z =Qal’+0

=44°

3/2

2T o

=84’ .9
From equations (5), (6), (7) and (8),

dx o ﬁ B LZX y dy _ N
(dt) {dtz ] (dtz ] [dtj 2a) (—a)—-0
=2a° ... (10)

On substituting equations (9) and (10) in equation (3),

8 3
p= # [Neglect negative sign]
Sop=4da

Q47. Find the circle of curvature of the curve x = a

(cost+tsint),y=a(sint—-tcost)at t=%.

Answer :

Given that,
x =a(cos t+tsin¢) . (1)
y=a(sint—tcos t) .. (2)

Differentiating equation (1) with respect to ‘#°,

%:%<a<cost+tsint)>
= 4 (acost)+ 2 (atsin1)

= a%(cos t)+a%(t sin t)
=a(—sint)+a(tcost)+a(lsint)
=—asint+atcost+tasint
% =atcost
Differentiating equation (2) with respect to ‘¢,

Ay _d
dt dt

a(sintftcost)

= %(a sint)—%(atcost)

= a%(sint)f a%(t cos t)
=a(cost)—a[t(-sint)+ 1. (cost)]

=qacost+atsint—acost

d
7{=alsint
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Differentiating equation (3) with respect to “x’,

P
&y _aldy]_“ldx|ar
2 dx|dx | dt dx
d(tant) 1
- dt “atcost
_ sec’t
at cos t

sec’t xsect
at

_ sec’t
at

dzy sec’t
Y= (@

The equation of the circle of curvature is given as,
(0= X2+ (v P =p? - (5)
At (x, ),

3
(1+x)?

1+ ( tan ¢ )2

= 71 5.7 [ Fromequations(3)and (4)]

sec’t
at

3
_ (l+tan2t)7 ~ sec’t
" leet) T e

p=at .. (6)

If ( X, Y) are the coordinates of the centre then,

X=xfjj—;(1+y12> and

1
Y=yt (1)

tan ¢

X=x- (sec3t/at>(1 +tan2t)

tan ( at )
SCC3t

(tant)

sect

(seczt>

x—at

(sint/cost)
(l/cost)

= x—at

Il
S
S

=x—at(sint)
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X=a(cost+tsint)—atsint Differentiating equation (1) with respect to x,
[-.- From equation (1)] dyz d (3
=acost+atsint—atsint E:E<7)
dy 3x?
X= t . (7 @y _2x
a cos (1) S X
And,
1 2 3x? dy
Y=y+ 1+tan“¢ = 29(y)= —— ST =y
(sec? t/at)< ) ooa ax
at 2 3x°
= v+ t _ 2
Y sec3z(sec > = Y 2ay ..(2)
N at
Y7 sect Differentiating equation (2) with respect to x,
=ytatcost d()/l) d |3 x2
Y=a(sint—tcost)+atcost dx :EZT
[~ From equation (2)] d J(d
=asint—atcost+atcost - y:%ya(")‘: <$>(y)
2 a
Y=asin¢ (8 7
Substituting equations (6), (7) and (8) in equation (5), 3 |p2x- 2 dy
_ ) dx
[x —(a cos O)]* + [y — (a sin H)]* = (at)? = 2a e
= x?+a*cos’t—2ax cost+ )+ a*sin*t—2a y sin t = a’f
) i 3 [2xy — xzy1
= x?*+)?+a?(cos’ ¢+ sin? 1) — 2a(x cos ¢ + y sin {) = a*F D i B
Y
= x2+3)?+a*(1)—2a(x cos t + y sinf) = a’f
= X +)>—2a(xcost+ysinf)=af - a From equation (2),
= x*+)*—2a(xcost+ysint)=a*(f—1) (3x2> 3 3 &3
The equation of the circle of curvature of equations (1) il 2ay),  2aa 2°g% 2
and (2) is given as, 3
x> +y*—2a(xcost+ysint)=a*(£—1) y'|(“*")_%
Atr= .. = (3<2xy—x2y1))
2 2@a \2a v? (a,a)
X2+ 2—2a<xcos£+ sin£>=a2 (ﬂ) -1 3
v 4 Fysing 4 B (2(a><a)(a>25)
2( 2 " 2a e
a“(n°-16
= P4y -2a+y)= (16>
_3 4a* - 3d*
= 1622+ 16y~ 16y/2a(x +y)=a* (1> — 16) 2a\ 242
The equation of the circle of curvature is, _3 a*
2a 2a2
16x2+ 16> — 16 /2 a (x + y) = a® (n* — 16).
3
Q48. Find the circle of curvature of the curve ay? = =~ 4a
x3 at p(a, a). | 3
y a,a T 44
Answer : > @0 4a

Given curve is,
ay2 =3
Point, p(x, y) = (a, @)

x3

= V= o .. (D)

Q49. Find the circle of the curvature of the curvey =
x2—6x + 10 at P(3, 1).
Answer :

Let (x, y)be the centre of curvature. The expression for
circle of curvature is given as,

(x-x)*+@-1)’=py - (1)
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2.24
_ o)
Where, x = ¥~y
_ 1-‘1-))12
Y=yt
_ (2x—6)[1+(2x — 6)?]
X =x- 5
- 2B3)-6)[1+2(3)-6)]°
X = 3- 2
0(1+0)>
_3_00%0)
=3-0
=3
x =3
_ 1+Q2x—6)?
y =yt
— 1+[2(3) - 6]°
o= LHRO)=6)
1+(0)?
=1+72(0)
S_3
-2
Substituting the values of x , y and p in equation (5),
2 3V_ (LY [ _1_]
w-3+(r-3) = (3) )
2 2 9_1
= X -6x+t9+y -3yt =74
1 9
= x2+y2—6x—3y—z—z—9
2, 2 _1-9-36
= x"+ty—6x-3y )
= x2+y2—6x—3y:#
= x2+y2—6x—3y=—11
= x*+y’—6x-3y+11=0

Equation of circle of curvature is, x* + > — 6x — 3y + 11 = 0.

2.4 ENVELOPE OF A FAMILY OF CURVES

X

Q50. Find the envelope of g cosa+ % sin o =1, o is a parameter.

Answer :
Given that,

X .
—cos(x+lsm0c =1

a

Differentiating equation (1), with respect to ‘o,

(i}— sinq) + (Z}co so) =0
a b
= —(iJsinoc +(l]cosoc =0

a b
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Squaring and adding equations (1) and (2),
2 2 ) LY 2 5
X costa+| 2| sin o+ sinacoso+| = | sin2a + [ cos2 0.— =L sinorcos ot =140
a b ab a b ab
+} 2
= = | [sin® a0+ cos? a]+(%) [sin® o+ cos’ o] =1
a
2 2
X Y ee
= |— +(—) =1 (" sino+cos’a=1)
a b
2 2
X ) 4
; + (;) ~ * is the required envelope.
Q51. Find the envelope of the family of straight lines y = mx + \/a?m? + b2 , m being a parameter.
Answer :
The given family of straight lines is,
y=mx+ ya’m?® +b* zx .. (1)
Differentiating partially with respect to ‘m’
a*(2m)
0=1lx+ —/———=——
2a*m?* +b*
2
am
— x = T —_—_—
Va*m? +b?
2
am
a’m*+b* =
—-x
Squaring on both sides, we get,
4.2
am? + b= am
x
= Xam+x3b=a'm?
= a@mx’—atmP=—b*x
= a* m*(a® — x*)=x*b*
b*x?
m?= .. (2)

From equation (1),

y=mx+ a*m® +b*

2

= y=mx —
X

=  xy=mx’—ada’m
= xy=m(x’-d)
Squaring on both sides,

xzyz =m? (x> — a?)?
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b2x? =1*(x +2a) +x* =0 [Cissoid]
=  xy= ( 2y . .
az(aZ 2) V* (x + 2a) +x* = 0 is required envelope.
b2 Q53. Find the envelope of the family of ellipses
=2 (- 2 2
= y=—-@-x) X Y _4,wherethetwo parameters a,b are
) a? b?
N y 1 (@— ) connected by the relation a + b = ¢, ¢, being
LS a constant.
y2 RN Answer :
= b_2 = a_z_a_z The given family of ellipses is,
LA
2 =
- ;;—2 =1 is the envelope. a’ b (1)
a Where,
Q52. Show that the envelope of a circle whose centre a+b=c Q)
. . .
lies on the parabola y* = 4ax and which passes Differentiating equation (1) with respect to ‘#°,
through its vertex is the cissoid: y? (2a +x)
3 — 2 —2\da 21 — db
x3=0. x| —F—+y
a’ )dt b3 ar
Answer :
Given parabola is, x_(@) +y_2(@) -
\dt) b’ \dt
V2 =dax .. (1)
Let P(at?, 2at) be any point on the parabola and (da) y_z(ﬁ)
O (0, 0) be the vertex of the parabola. dt b \dt - (3)
Distance between OP = radius of the given family of Differentiating equation (2) with respect to ‘¢,
circles. d_a+ b
= J@>-0)> + Qar-0)> =r dt dt
= r=4a’t*+4a*1? d_a—,@ (4)
dt dt

Equation of the circle is given by,

(e by + (kp =
2
= (x—af?)? +(y2at)*= (\/ a’t+4a’t* )
=x’ 2xaf’ + a’t'ty’ — dyat + 4a’t = @’ £ + 4at’

)

Differentiating equation (2) partially with respect to ‘¢’,

= xt? 2at* x—4aty=0

—4datx—4ay=0

= 4at x =—4ay

=M=y

L=

Substituting the value of ‘¢’ in equation (2),
¥y -2a( 2 ) xda( 2) =0

:>x2+y Zay +4ay -0

=x*+x°+ 2ay* =0
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1
Dividing equation (3) by equation (4) and equating it to —,
c

ola)_vla)
dt b’ \dt) 1

da _db e
dt Cdr
2 2
x4y 1
= - —
a@ b ¢
2 2
x> 1 y 1
el _——=— , — = -
a ¢ b ¢
= o?=d, of=b

= a=(cx2)1/3 , b=(cy2)l/3

By substituting the values of ¢ and b in equation (2),

1/3 _2/3 1/3 2/3
cx+c"y

3

2/3 2/3 -1/3
xT+yT =cxc

x¥3 + 23 = 3 is the required envelope.
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Q54. Determine envelope of one parameter fam-
ily of curves of f(x, y, o) = 0 where a is the
parameter. Also find the envelope of the
straight lines x cosa + y sina = | sina cosa, o
being parameter.

Answer :
Given family of straight lines is,

X cos o+ ysina=/sino cos o

. X cosa ysino.
sino.cosol  Sina. cos o,
X y

= @ ——t+t—=—=1 .. (1)
sino.  cos o

Differentiating equation (1) partially with respect to a.,

X d . . d
— 3 d—(smoa)Jr%(d—(cosa)) =0
—sin“a do —cos“o \aa
X .
= ~——cosa+ yz (—sina) =0
—sin“a —cos“a
-x sinal
= 3 _cosat z 7 =
sin“o cos“a

xcoso _ ysina
sin®o. cos?a
= xcos’a =y sin‘a

siffa x
= T3~
cos"aa JV

X
= tan‘a="
Y

= tano =

< ‘x
u\»—‘ u‘._.

From the figure,

X Y
[ R
X3 y3
\/3 2 22
x3 +y3 \/xS +y3

2.27
/2 2 /2 2
X x? +y§ y x? + y?
= I + 1 =/
x? y?

is the envelope of straight line.

Q55. Find the envelope of the straight line xcost +

t
ysint = a + a cost log tan 2 where t is a param-
eter.
Answer :

Given equation is,

X cost +y sint = a+acostlog<tan%> .. (1)
Dividing equation (1) by cos(?),

__a s
xt+ytant= o7 +alog(tan2>

= x+t+ytant= asect +a10g<tan(%>> - (2)

Differentiating equation (2) partially with respect to “¢”,

ysec’t = asecttant + ta<t> sec’ %(%)

2

t
acos<*>
=asecttant+% 2 1

sinL cos L
2 2

=  ysect= asecttant+%
Zsmj cos >
2 — _a
= ysect asecttantJrsmZ
asecttant a
= = +—
Y sec’t sint sec’t
)
sin“¢
- _ a(sect. cost +a>
Y sint sec’t
<sin2t. coszt)
N _ cos’t
y sint
cos’t
_ a
Y= sint ..3)
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Substituting equation (3) in equation (2),

_a

-
YT sing

tant = a sect+alog<tan<%)>

= xtasect = asect+a10g(tan<%)>

= x = alog(tan(%))
= % = log(tan(%))
- t

= et = tanj

- _ t
= e = cotj
Since,

i) - 5
cos 3

a
= 2005h<%) = tan%Jrcot%

sinL cosL
e
cos 5

L
sin~
¥ sinzé + coszé
= cosh<*) = —*=
a 2 AN
cos 5 siny

= cosh(%) =L - % [ . From equation (3)]

= cosh(%) = %

The required equation is,
y=a cosh(%) .
2.5 EVOLUTES AND INVOLUTES

Q56. Prove that any curve have one evolute but an

infinite number of involutes.

Answer :

Figure
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Let ABC be the original curve, having C,, C,, C, as its
evolute. Considering C,, C,, C, as the original curve, ABC is
an involute of C|, C,, C,. Draw a curve 4'B'C" of equal lengths
of AA', BB' and CC", such that the curve A'B'C" having same
normal as the curve 4ABC. Therefore, having the same evolute.
Hence, it is clear that any curve is given, it can have only one
evolute, but an infinite number of curves may have the same
evolute.

Any curve may have an infinite number of involutes.

Q57. Find the evolute of y? = 4ax.
Answer :
Given parabola is,
Vv =4dax .. (1)
Differentiating with respect to x,

2yy, = 4a
2a
= . (2
n=7 2

Again differentiating with respect to x,

—2a —2a (2a F fion (2
= = — *.- From equation
REGEREAG, ( q (2)
—44*
y2 = y3 (3)
2
2 2a
1+ =1+ |::|
y
2 4442
1+ =2 - (4)
y
2
Yoo n+yd) : Y=y+ 20
V) V2
Za[y2+4a2] y:+4a®
2 2
y y Y
=y _ . =y +
A= —44° ; I=y —44°
v’ v’
39 3 2 2
X=x+ Y *?()/2+4a2) ; Y:y—y—i(y +4a7)

4a® y 4a° y2

1
— — (2 2 . —y_ Y (2 2
X=x+ 2a (0” +4a) ;0 Y=y e 0*+4a®)

L X=3x+2a [vy'=dax]; Y= ﬁ [4a®> —)? —4a?]
-’ 1y]
’ Yﬁ 4a2
—4ax+4ax
;o Y=—5
4a
3/2
oy 2
a
x=3x+2a .. (5)
o302
Y= Ja .. (6)




UNIT-2 Calculus of one variable

The centre of curvature is,

X 1= |:3x+2a, _2)63/2:|
Ja

—2x¥?
From equation (6), we have, Y= T

Squaring on the both sides, equation (6),

4x°
Y2 ="—"-
a

aY =4y}

x-2a7
aY?*=4 3

.. The equation of evolute is, 27a)* = 4(X—2a)’.

Q58. Show that the whole length of the evolute of
the astroid x=cos%0, y = a sin®0 is 12a.

Answer :
Given parametric equations of the astroid are,

X =a cos’0, y=asin’0

dy

_ 4 _de
NTdx T Tdx
do

3a sin®cos 0
—3a cos’0 sind

y, = —tan0
_dy
Y, e

d do
= %(— tan e)d_x

1
— 2 e —
= —sec?0 x :
—3acos’0.sin0
y, = 1
2 3acos*0.sind
A ,
1B
,*" |€«—— Evolute
l"
- (6]

Figure

2.29
The centre of curvature (x, y) is,
(1+y])
B

= a cos*0 + tan6 (1 + tan?0).3acos*0 sind
=g c0s°0 + 3a sin?0 cosO

Similarly,

1+y}

Y=y+ =
= a sin*0 + 3a cos’0. sind

Consider,

(x + )%+ (x —y)* ("." To eliminate the parameter ‘¢”)
= a*3 [(cosB + sinB)? + (cosO — sind)?]

Therefore, the required evolute for the astroid is given
as,
(X+ Y)2/3 + (X— Y)2/3 =043
Hence the radius of curvature ‘p’ at any point of the
given astroid is,
(1y)*
a hg)
= (1 + tan?0)*2.3a cos*0. sin0

Lop= 3TaSinZO

If the first quadrant, total length of the evolute (L), is
8 times the length of arc of the evoluate 4B.
At the point 4, radius of curvature of the astroid with
0 =0is given as,
p,= 3Ta sin2(0) =0
At the point B, radius of curvature with 6 = % is given
as,

_ 3a
p272

The length of the arc of the evolute between two points
is the difference between the radii of curvature of the curve at
the corresponding points.

Thus, the length of the arc 4B of the evolute

=P, P

_3a_,_3a

=5 70=75
Therefore,

The whole length of the evolute

= 8 x length of the arc AB of the evolute

= 8)(37‘1

=12a

Hence proved.
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2 2
Q59. Find the evolute of the ellipse :—2+ 7 =1.
Answer :
Given that,
X2 y2
4L =
a*  b? !
= X +yad =ath? .. (1)

Differentiating equation (1) with respect to ‘x’, we get,

d
2xb2+2yd% a =0

- n= 2= )

d
a’y _=b’ y_xd%
Y, = PR yz
—xb?
2|77 2
_ b e
- a2 y2
12 »2p2
= X +
- b2 a?y? Xt
- a2y2 yaz
_bz 242 .
= (a”b”) [".7 x*b* + a>* = a’b? from equation (1)]
_p*
Y, = a’y? - (3)
The centre of curvature is given as,
Ymx 200D @
s
1+(y)?
vyt [yy] - (5)
2

Substituting y,, y, values in equation (4),

EaEl

—p*

X=x-
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xyz[yza4 +x%b* J

B2 124
— g (a* + x2b*)
a'*p?

472 2 4 4
xa*b? —xy*at - x%b

4,2
a’b

xa? (azbz)— xy2a4 -3

4,2
a’b

xa® (x*b? +y2az)—xy2a4 -xp* .
= pEre) [*.* From equation (1)]

x*a’b* +xa*y? —xp*a* - xp?

a'*p?
Y- Bb(a? -b?) - x3(a2—b2)
a'*b? a4
= x(a? - b*) = Xa*
s Xa*
= X’ = 2t —p?

2 2
a“-b

2/3
xz _ Xa4
a?-b?

Substituting y,, y, values in equation (5),

1/3
Xa*
= X =

2
—xb?
ya’
_p*
a2y3

2,4 2.3
x°b —-a’y
=yt |:1+y2a4:||: B :|

2.3
y2a* +x°p* [—a y }

y2a4

- V2t + 32t
Y 22b

B alyb* = y3at —xyp
a’p*

1+

Y=y+

= y+

(a2 —yat —x2yb?
2,4
ab

yb’ (%0 +y*a) - ylat —x b’ [-.- From equation (1)]
2,4
ah

bt + 3b2a? = ydat —xiyb?

a’p*

ya?(b? -a?) y3(b2—az)
T

Y
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x*(a?-b?)
X:T
3,32 2
y (b —a’)
Y:T

V(B — a?)=Yb*

2 2
Substituting x* and y? in the given ellipse, z—2+2}—2 =1,

we get,

| Y 2/3 | v 2/3
F] Gr] -

1 a3 1 yp2/3

(?) (a% —b?)*" +[b72] ** —a?)*? =1

8_ 8
Xa3 Yb3
@ -b)2 B —a?)? =1
86 86
Xa > L (VR = (B 2\
(az—b2)2/3+(a2—b2)2/3 =1 [ (@-b)y=(b*~a?)]
Ya2'? 4+ yp2/3
(a®—b?)2 =1

Xa2/3 + %2/3 — (a2 _b2)2/3

Q60. Show that the whole length of the evolute of
the ellipse x%/a% + y?/b? = 1 is 4(a?/b - b?/a).

Answer :

Given ellipse equation is,

2 2
Yy

p at the point (a cost, b sinf) of equation (1) is equal to
(a*sin’t+ b%cos?1)*?
ab

The value of ¢ is equal to 0 and % at the ends of major
and minor axes.

. p, = p at the end of major axis

ab
b2

—7and
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p, = p at the end of minor axis.
(@)
~ ab
_a
b

As the given ellipse is symmetrical about both the axes,
its evolute must also be symmetrical about both the axes.

Therefore, the whole length of the evolute of the
ellipse is,

_yld P
4(p27p1) - 4<%_7

Hence proved.




UNIT

MULTIVARIABLE CALCULUS
(DIFFERENTIATION)

2
1. Evaluate lim RS A

Answer :

Given limit is,

2
lim * y2
@y—(1,2) x+y

. 2 2
X . .
= xh_rg Y 5> = lim| lim 5
y=2 xty x—=lly—>2 x+ty

(2
x+(2)?

x—1

. lim =
wy—(1,2) x+y* 3

PART-A
SHORT QUESTIONS WITH SOLUTIONS

June/July-17, Q7

3

Q2. Showthat Ilim —
(xy)- (0,00 X" +Yy

Answer :

Given that,
3

lim
(x,) — (0,0) x>+ y6

Let,

3
. X
= lim| It 72)/ 3
y=0x—0x"ty

y s doesn't exist.

Dec.-16, Q7
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3.2 MATHEMATICS-I
Let . : 2_ 2
. Q4. Determine . Lim x“-y*,
lim xy3 (x,y)—>(1,~1)
P, = i :(;’ 24,5 ys Answer : April-16, Q5
; Given limit is,
. Xy
= lim It . 2.2
x—’olyﬂoxz +)° <x,y17i711,—1)x Y
. x(0) Lim = Lim x* -y’
~liml = R
=0 = Lir?[Lin% x’ —yz]
x>l | yo-
r,=0
Since, p, = p, = 0, the limit doesn't exists. = in”lf[ X’ - (—1)2]
2
Xy . 2
. L =y . . — Lim x* -1
Q3. Determine x9—0.0) X2 + y* if it exists. i
Answer : Dec.-15, Q5 =(1y-1
Given limit is, -0
2
Lim : _
.)-(0,0) x2 4 y* o Lim =0
X 2
) P—Lim[ } X2V (x,y) % (0,0) |
oLy ty Q5. Show that f(x, y) = <x+y’ .y) #(0,0) ;o
2 0; (x,y)=(0,0)
= Lim| Lim———
WO Xty discontinuous at the point (0, 0).
0
_ Lzm[ 5 :l
=0 x"+0 Answer : Dec.-12, Q7
=0 The given function is,
. P, =0
2 _ |/ (x,»)#(0,0)
i) P,= Lim zxy ) fx, ) xX+y Y
2 ;:(()) X +y 0; (x,y)=(0,0)
2
_ Lim |: Lim— :| To check the continuity of the function f{x, ), directly
RO 0 X4y choose the path y — mx.
0 _ o | 22X
= Lim Lt f('x’y)_ 4 [
Ho[ow} — Lty
=0 [ —
_Lt| Lo 222
(iii) Let, y=mx x—0 | y—omx X +y
2 2.2 2 r
Xy Xm-x m°x [p—
= Lim =L =L = _
Py ;:?m X +y =0 x* +mtxt o0 1+ mty’ - xllfo x+mx:|
(iv) Let,y=mx Iy [ x(1-m)
o0 xm’x* m’x’ ~ x50 x(1+m)
P~ Llom 3 = 2 T3 45 _
=0 x4yt o0 Xm0 14mx thl m
' x=01+m
P =P =P =P,
) i.e., the function depends on ‘m’ values only.
2
Lim zxy -0 The limit x — 0 does not exists.
8y

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

Hence, f(x, y) is not continuous at (0, 0).




UNIT-3 Multivariable Calculus (Differentiation)

Q6.

If x=rcos 0 and y =r sin 0 then find

ox
Answer :
Given that,
x=rcosb . (D)
y=rsin0 .. (2)
Adding equations (1) and (2),
x*+y* = (rcos 0)* + (rsin 0)?
= r2cos? 0 + r?sin? 0
= r¥(cos? 0 + sin? 0)
=7
xX2+y? =2 .. (3)
Differentiating equation (3) partially with respect to “x’,
= 2x=2r o
ox
ar
= x=ro-
L or_x
ox r
ar _x
ox r
Q7. Ifu=-¥+;-menﬁndxg;+yg§+z%;.
Answer :

Given equation is,

Y

z
u==—+=
z X

(D)

In equation (1), u is dependent variable and x, y, z are
independent variables.

) To Calculate 2%
@i) 0 acuaeax

du 9y .z} (o, =]
= w T alzox) |0 2
[y, z are constants]

=— .. (2)

ii To Calcul ou

(ii) o Calculate y
du _ 9y =
ay ay z X

[ x, z are constants]

03

3.3
To Calculat ou
(iii) o Calculate a2
LA A D (N e PR
Jz Oz\z «x 22 ] x
[+ x,y are constants]
-y 1
=4
2y e (4)
Consider,
xa—”+ya_” 2%y _—ZZ + = e = +—
ox ~dy oz X z z° X
=
X z z X
=0
Ju oJu du
—+y—+z—=0
ox ~dy oz
_ X+y _du au
Q8. Ifu= Xy find X nd 3y
Answer :
Given function is,
x+y
u=—2
xy
= u= Sl A
Xy Xy
1 1
= u= ; + . .. (1)
Differentiating equation (1) partially with respect
to 'x',
w1
ox - xz
Differentiating equation (1) partially with respect
to ",
a1
ay o y2
w1 w1
ax__xzan ay__yz
., dy
y X = —Z
Q9. Ifx¥+y*x=1, then find dx -
Answer :
Given function is,
¥ +y =1
Let, f=x"+)*—~1=0 .. (1)
Differentiating equation (1) partially with respect
to 'x',
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3.4
of Substituting the corresponding values in equation (3),
—— =y T+ ylogy—0 ——a‘*=a‘loga
ox dx d 2
of d—g— 2xcos(x? + y?) +[2ycos(x? + »?) bgyx
= o =y~ '+ y*logy
Diff. .. . . . _ ( 2 2) (7 ZvaCOS(XZJFyZ))
ifferentiating equation (1), partially with respect = 2xcos(x”+ y°)+ B2
to !y, 2_ 2
of = 2xcos(x? +1?) 7
B =x" logx +xy* 1 —
du 24’
9 au _ 5 24,2
= % =x" logx + xy*~! dx xoos(a? +y7) b?
dy Q11. If u=x%e? where x=t,y =t*and z = logt, find
dx 1s given as, CU tt=2
of dt )
dy - [5] Answer :
dx [ of ] Given that,
dy u = x’ye
Substituting the corresponding values in above x=t,y=randz=logt
equation,
-1 ﬂ = 1 Q = 2t E = l
dy | tylogy a o ar U a
dx xlogx +xy* Differentiating ‘u’ partially with respect to x, y and z,
_ ) 0 u
dy ' ytlogy % =aye ;o =xe 5 e
dx x’logx + xy* !
From the definition of total derivative,
Q10. Find gx if u = sin(x2 + y?), where a?x? + b?y? = ¢ du  Ou dx Jdu dy du dz
Answer : dr ox dt ay dt az dt
1
Given that, =3x%e’. 1 + X322t + XPye. A
u = sin (x* +)?) .. (D)
du x’y.e’
22+ b2y =¢? - (2) dr —— =3x%e’ + X2t +
Partially differentiating equation (1) with respect to ‘x’ Substituting x, y and z values in above equation,
2 log,
g—z = 2xcos(x? +?) % _ 32 2plost | 3 logt 5, £ el
ou _ 2. .2
ox 2xcos(x” + ) = 3rtelosl L optelont 4 pholog !
Partially differentiating equation (1) with respect to ‘y’,
=31+ 20+ Pt [ elo%! =¢]
U _ 2yc0s(x? + »?)
9y =3r+20+ 1
o
# = 2ycos(x? +)?) du o
dt
Differentiating equation (2) with respect to ‘x’
p Fort=2,
2a°x +2b%y a% =0
o 6(2)°=192.
2b%ydy .
T dx —2a Verification by Direct Substitution
dy  —a’x u=x’ye
= dx b’y
— t3t2 el()get
d .
ZZ g;‘ gz dic/ [ From chainrule] ... (3) = 5 elo%!
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UNIT-3 Multivariable Calculus (Differentiation) 3.5
Differentiating above equation with respect to ‘#°, da _ 1 da _ |
ax > 9y
ﬂ -5t log, t A
7 r+e 5 b _ b _
t =1, =-1
=£+56=60 o 9%
Fort=2 Applying chain rule of partial differentiation,
fe. Ou _0uda, dudb
5 — v Ox da dx b’ ox
dt =6(2)°=192.
= L)+ )
Q12. Find du/dt whenu=x?y,x=t?andy = e". da ab
: 2 e e
Answer =50 T o (D)
Given functions are, o
Similary,
u=x% .. ()
: Qu _ u da du b
x=1 - (2) dy a9y 09bdy
— Lt
y=e .. (3) ZS—Z(UJFS—Z(*U
Differentiating equation (1) partially with respect to x
and y, Qu_du_2du (2
o 9 dy da b
Ge =20 5 =¥ N
ax Iy Adding equations (1) and (2),
Differentiating equation (2) partially with respect to ¢, du , du _ au L du s Bu o
ox 5 ox 9y da ' ob ob
ot ! Ju
. iy . . . =25-
Differentiating equation (3) partially with respect to ¢, da
ay Ju |, du du
a ¢ ax Ty T 20
From chain rule, du
du  Qu Ox  du dy Q14. Find at when u = x2 + y? x = at?, y = 2at.
@ oo Ty - (4)
Answer :
Substituting the corresponding values in equation (4), Given functions are,
d
o =20 20+ () (@) u=x+y (1)
= =dxyt + x* ¢ .5 x=at - (2)
Substituting equations (2) and (3) in equation (5), y =2at - (3)
» Differentiating equation (1) partially with respect to ‘x’
7 42 (eNt + () u X
=4pe + t'e ax
= e (4+1) Differentiating equation (1) partially with respect to “y’,
u a_u =2
y7i e (4 +1). ay y
Differentiating equation (2) partially with respect to ‘#’,
Q13. Find _+W ifu=f(x+y,x-y). o
- =a(2f) =2at
Answer : ot
Given that Differentiating equation (3) partially with respect to ‘¢°,
y
u=fx+y,x-y) o

Let,a=x+yand
b=x-y
Then, u =f{a, b)

From chain rule,

du  Qu ox

du dy
dar " ox ot oy

% o (@)
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3.6 MATHEMATICS-I
Substituting the corresponding values in equation (4), ou Ou 9a ou 9b du oc
A —_—
~ 2x(2a1) + 2y(20) M T 9 9z b % dc oz
= 4xat + 4ay Ju ou ou
du = D+ +—(0)
i dxat + day ..(5) da db dc
Substituting equations (2) and (3) in equation (5), a_u = B_u_a_u .. (3)
du dz 0b oda
a 4(at*)at + 4a(2at) Adding equations (1), (2) and (3),
=4a’t + 8a’t ou du Jdu OJu Ou OJu Ou Jdu Ou
e +— =0
=4dat (£ +2) ox dy dz Odc 0b da dc da b
d
S = dar (2 +2). u du_ ou_,
ox dy Oz '
Q15. Ifu=fly—-2z z-x,x—-vy), find g_: + g_; + g_‘z‘ Q16. Define the Jacobian of the functions u,, u,,...,
Answer : u_of n variables x,, X,,..., X .
Given that, Answer :
u=fy—z,z—x,x-y) Definition
Let, Ifu, u,,..., u be the functions of ‘n’ variables x , x,,...,
a=y-—z x,, then the determinant,
b=z_
B e du, Jdu ou,
c=x-y ghn 9% 2
Then, ox, ox, ox,
u=fla, b, ) duy duy - Ouy
a=y—z;b=z—x; c=x-y dx;  ox, ox,
da o de PP,
x 0 ox oy Ou, Ou, - Ouy
ox, dx, ox,
da ob oc
g =1; g =0; g =-1 is called the Jacobian of u, u,,..., u, wét(l;re;pect tuc;;cl,
X,,..., x, and is denoted by J(u,, u,, ..., u,) or e AL
By 1 9% 1 i ) A( Xy, Xy e X)
R oz u a(x,
oz oz ‘ Q17. If x=uv,y =— then find (x,y)
. ) o . v (u, v)
Applying chain rule of partial differentiation. Answer :
a_u _ a_ua_a a_ua_b a_u% Given functions are,
Ox da ox 0b dx OJc ox X =uvy (D
u
0 ) 0 y== - ()
= 20+ S+ 22 () o o
da ob dc Differentiating the equation (1) with respect to u, v,
dx ox
Ou_ou_ou () STV 3y,
ox dc db u
Similarly, Differentiating equation (2) with respect to u, v,
Ju Ou da du b du dc dy 1 9y _—u
Sy b ay ac o v oy
dy a oy y ¢ oy
ox ox
Ju ou ou —
=—1)+—(0)+—(-1 ou dv
PP AR 9xy)
du Ju du 9@w,v) dy dy
— = .. (2) —— =
dy da Odc ou dv
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UNIT-3 Multivariable Calculus (Differentiation)

3.7

Substituting the corresponding values in above equation,

\4 u
a(x:y) _ l —_M
a(M,V) A% V2
= Vi __u —Uu l
v? v
__w u
=5
_uu
B \% \%
_
a 14
0(xny) _ 2
d(u.v) v
Q18. Ifx=u(1+v)andy=v(1+u), find 9(x,y)/ 9
(u, v).
Answer :

Given functions are,

x=u(l+v) (D)
y=v(l+u ..(2)
Differentiating equation (1) partially with respect to u
and v,
auw V!

Differentiating equation (2) partially with respect to u
and v,

¥ _, ¥ _

u Vv LtH
ar ax

a(x, y) _|ou v 3)

Au,v) |9y 9y
ou v

Substituting the corresponding values in equation (3),

ax,y)
= au,v)

1+v u
v l1+u

=(1+v)(1+u)—uv
=l+v+tutuv—uv

=l+u+tv

a(x, y)
au, v)

=l+u+tw

a(x,y)
a(r,0) -

Q19. If x=r coso0, y =r sin0, then find

OR

Find the Jacobian of the transformation x = r
cosb, y =r sin6.

OR
Find Z((’::g)) ,ifX=rcos0,y=rsin6.
Answer :
Given that,
X =rcos0 . (1)
y=rsinf .. (2)

Differentiating equations (1) and (2) partially with
respect to '7'.
ox Iy .
o~ Cos 0, 5 _Sin 0
Differentiating equations (1) and (2) partially with
respect to '0',

ax

d
a—=—rsin6 ;%=rcose

Ox Ox

J= o(x,y) |or 90
T 9(n0) |3y 9y
dr 90

o) _
a(r,0)

= c0s0 (rcos0) — (— rsinO) sind

cosO —rsin®
sin® rcosO

= r(sin’0 + cos’0)

=r

A(x,y) _
a0

J=

a(r,0)
a(x,y)

Q20. Ifx=rcos 0,y =r sin0, find
OR

If x=rcos 0, y=rsin0, then find a(r, 0)
Y ’ a(x,y)

Answer :
Given that,
x=rcosf .. (1)
y =rsinf ..(2)
a(r,0) 1

~ (v y)
a(r,0)

a(x, »)

[ .- From the properties of Jacobians]

a(r,0) 1 3
ax,y) |ox ox - (3)
r 20
dyy 9y
r 00

Differentiating equations (1) and (2) partially with
respect to ‘7’
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ox ady .
o =cosh ; o sinf

Differentiating equations (1) and (2) partially with respect to ‘6’

g—g =—rsind ; g—g =r cosd
Substituting the corresponding values in equation (3),
a(r,0) 1
a(x, y) cos® —rsin0
sin® rcos6
B 1
7cos0(cos0) —sinO(— rsin0)
1
- rcos?0 + rsin’0
1
B (cos?0 + sin’0)
a(r,0) 1
ax,y) v
a(r,0) 1
ax,y) r

Q21. If x=u(1-v),y =uyv, show that JJ' =1.

Answer :
Given that,
x=u(l-v),y=uv
= X=u—-uv=u-y
= u=x-+y
= y=@+tyy
y
= V:x+
Y a_x ox
u o
0y
J= —2 =
8(u,v) ay ay
du v
_ _ ox _
X=u-uw=—=1-v, — =-u
u v
dy dy
y=uv:>$=v, —v=u
1-v —u
J= =u—-uvtuv=u
% u
u=xty
y:uvﬁv:;:xi}y
du u _
ox dy
W _ 7y
o (x+)?
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@:(Hy)—y: X
()’ (x+y)

w n
du,v) | ox dy

T Ty o
ox dy
1 1
e X
(x+y)°  (x+y)°
_ X =y xty 1 :l
(x+)? (x+»)’  (x+y)?  xty u
1
S =u— =1,
u

Q22. Write the expressions for Taylor’s series for function of two variables.
Answer :
The expression for Taylor’s series for function of two variables is,

(x—a) (y=b)

T @b

Sxy) = f(a,b)+[ fy(a,b)]

+%[(x—a)2fxx(a,b)+(y—b)lfyy (a,b)+2(x—a)(y=b)f,, (a,b):|+ .....

Q23. Find the Taylor series expansion of x¥ near the point (1, 1) upto the first degree terms.
Answer :
Given function is,
S y)=x
fa, nH=10=1
Sy =y f(L D=1 =1
S, y)=x"logx;f(1,1)=0
From Taylor’s series,
= fey=fLD+ax-DfAD+@-Df (11
¥=1+x-D1)+@-1)0
=1+x-1+0
X =X
Q24. Define maximum and minimum values for a function of two variables.
Answer :
Maximum Value
A function f(x, y) is said to have maximum value at x = @ and y = b if and only if],
fla,by>fa+h,b+k)
Where,
h, k are small values.
Minimum Value

A function f{x, y) is said to have minimum value at x = @ and y = b if and only if,

fla,by<fla+h,b+k)
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PART-B
ESSAY QUESTIONS WITH SOLUTIONS

3.1 FUNCTIONS OF TWO VARIABLES, LIMITS AND CONTINUITY

Q25. Explain function of several variables.
Answer :

Function of Several Variables

A function which contains more than one variable is called function of several variables.

(i) Function of Two Variables: A function which contains two variables is called function of two variables.

It is of the form,
z=f(xy)

Example: z = x2 + )2

(ii)  Function of Three Variables: A function which has three variables is called function of three variables.

It is of the form,

v=f(xy,2)

Example: v=x2+ )2+ 2%

Q26. Define limit and continuity of a function. Also mention the steps involved in obtaining the limit of a

function of two variables.
Answer :
Limit
A function f{x, y) is said to have limit L as ‘x’ tends to ‘@’ and ‘y’ tends to ‘b’ i.e,

lim X)) —
(x,y)—(a.b) ) L
If for every positive number € > 0, There exists a corresponding number & > 0, such that,
[flx,y)— Ll <ewhen|x—a|<dand|y—b|<d
Continuity

A function f{x, y) at a point (a, b) is said to be continuous, if it is continuous at each point such that,

(x,yl)lf}a,m S (%) =fla, b)
Procedure
Step 1
Initially, determine the lim f{x, y) along path p,
ie,x >aandx —> b
Step 2
In the next step, determine Im f{x, y) along path p,

ie,y—>bandx —>a

Step 3
In this step obtain the limit along path y = mx or y = mx", if the value of ¢ and b are 0.
Q27. Iff(x, y) = xzx%;zy) (x, y) # (0, 0), show that a?;fy # azi;fx at (0, 0).
0 (x,y)=(0,0)
Answer : June/July-17, Q14(a)
Given that,
X y(x-y)

o= i @200

0, (%»=(0,0
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2
_ X y(x-y)
fox.y) = xxﬁjyzy
A0,0)=0 (D
= fAr,0) = (B0(O(Ax-0)
(Ax)*+(0)
0)

(Ax)?
flAx, 0) = fix, 0)=0 (2
_ (0’ Ap(0-4y)
(0)*(Ay)?
B 0
Ay

A0, Ay) =f0,y)=0 - (3)
Since,

= fl0,Ay)

g—’; —f )

— lim f(x+Ax,y)—f(x,y)
Ax—0 Ax

lim f(0+Ax,0)—f(0,0)
Ax—0 Ax

i LAX0-70.0)
Ax—0 Ax

_ 0-0
Ax

f0,0) =

[From equation (1) and (2)]

=0
= £,00,00=0 (4)
10y = lim LAXD=TOy)

Ax—0 Ax

Ax)y(Ax—y)
2 2
lim (Ax)"+y
Ax—0 Ax

[ From equation (3)]

i B0 y(Ax—y)
Ax-0 Ax((Ax)* +)7)

_ lim (AX)y(zAx—zy)
Ax—0 (Ax) +y

_(O)y0-y) _00-»
02+

= £(0,Ay)=0

S f(0,Ap) =0 .. (5)

Similarly,

I _
5 A

lim S, y+Ay)-f(x,y)
— Ay—0 Ay

i 0. A= £(0,0)
Ay—0 A y

_ limﬂ

£0,0)=

[From equations (1) and (2)]
=0

£ £(0,0)=0 .. (6)

- f(x,Ay)— f(x,0)
fx, 0)= Al;rgo Ay

X (A -4y)
x* + ()
Ay—0 Ay

[From equation (3)]
L A -Ay)
Ay=0 Ap(x* +(A)%)

3 —
lim —xz(x Ayz)
Ay—=0 x” +(Ay)

=  [0)=x=0
~ f,(Ax,0) = (Ax)? - (7)

Now,

> f
=£(0,0
[My Lm 150,

o HA%0-£,0.0

Ax—0 Ax
2 f—
_ fim 8970
Ax—0 Ax
[From equation (6) and (7)]
2
_ lim A9
Ax—0 AXx
_ —
= axmo (A0) =0

2
2] -0
Y J0.0)
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And, ) p) X+ Ax, X,
: i f ~fy) = f y) fx, y)
2 f Aan
layax] =10, 0) A0+Ax,0)— £0,0)
0.0) = 0.0 = Lim - I
lim f:‘c(O’Ay)_fx(OnO) ) f(AX,O)—ﬂ0,0)
Ay—0 Ay = Lim Ax
Ax—0
. 0-0 oy 1-0_ .1 _
= Al}l}rEOA—y Aelﬂ) Ax Al:c% Ax —%
1(0,0) =
F ti 4) and (5
[From equations (4) and (5)] i o e = Lim x, y+Ay) fx,y)
0 ay A Av—0
Ay—0 Ay () Ay)—( ,0)
= /(0,0) = Ael% Ay
=—= = i f(O’Ay)_ﬂ()’O)
Aylzri) Ay
) oo =1-0_ ;. -1 _
N i - TR A T Ay T
dyox 00
©.0) 4ﬂ,(03 O) =—x
f IS ~0 at(0,0) 110,0)#/ (0, 0)
dxdy ~ dyox fis not differentiable.
Hence proved. ﬂ (x,y) = (0,0)

Q28. Show that the function

2_ 2
f(x,y)=1 x2 +y?’ (x,¥) # (0,0) ¢ ot differentiable
0 (x,y)=(0,0)
at (0, 0).
Answer : Dec.-16, Q14(a)

Given function is,

2 2
X -y
x2+y2’ (xay)¢(090)

Sx,y) =
0, (x»)=(0,0)
2 .2
= fi,y)= i2+§2
£0,0)=0
_ (AP -0% _
f(AX,O)— (Ax)2+02 =1
= fiAx,0)=1

=  fAx,0)=f(x, 0)=1

2 (Ay)

f(OA) (A)2

= f0,Ay)=-1

= A0, Ay) =£0,y)=~-1
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Q29. Showthatthefunctionf(x,y)=1 x—
0 (X! y) = (0!0)
is not continuous at (0,0).
June-13, Q14(b)
OR
x2 + y2
X-y

0 (X!y) = (0’0)

(x,y) #(0,0) .

Show that f(x, y) = is not

continuous at (0, 0).
Answer :
Given that,

June-11, Q12(b)

x2+y?
x=y

lim
(x,5)—(0,0)

Let,

) ’xz +y2
P m x—y

y—0

Il
.é..

[ 2 2
. +
llmx Y :|

2

_ lim | 9+°

x=0 x—y =01 0—y
lim

y—)O[ y]
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Let,

Let,

Let,

lim x? +y2
y—0
x=0 X—)

2, 2
limllimx *y }
=0 y->0 x—y

2 2
lim [x ty }
| -y

[ 2 2
. . +
lim | lim r Ty ]

x—0 y%mx xX—y
Jim | x +(mx)
x—0
x—0 | x(l m)

11m x +m X ]
111'1'1 X (1+m )
x—0 | x(l m)
0l+m?)
(1-m)

lim [ x(1+m?) -
=0 | (1-m) B

2 2
_ lim | X *Y
4 y—mx? xX—y

x—0

[ 2 2
_lim| pim Y }

x=0 | ysmx? xX—y

_ lim M]

x—0 x—mxz

[ .2 2.4
lim | * +m-x
x—0 x_mx2

_ lim —x2(1+m2x2)
x—0 x(l—mx)

= lim Fx(l"_—mzxz)

x—0 | (1_mx)

O[l+m*(0)°] _
[1-m(0)]

)

03

(4
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Since the value of limit along any path is same, the limit
exists and the limit value is zero.

Therefore, the f(x,y) is continuous at origin only if (x,y)
=0 for x = 0 and y = 0 otherwise the function f{x,y) is not con-
tinuous at (0,0).

3.2 PARTIAL DERIVATIVES

Q30. Explain the concept of partial derivatives.
Answer :
Partial derivatives

Consider a function, u =f(x, y)

Where, x, y — Two independent variables.

The derivative of function ‘u’ with respect to ‘x’ by
keeping another variable ‘y’ as constant is known as partial
derivative of ‘u’ with respect to y.

The partial derivative of a function with respect to x is
Jdu
denoted by e

Similarly, partial derivative of a function with respect

o ‘y’ is denoted, by g_u

y
Second Order Partial Derivative

The derivative of a first order partial derivative
. du .
(l-&,a— is called second order partial derivative.
X
. L du .
The second order partial derivative of — with respect

X
) ()
ox | ox ox?

Where, u = f(x, y)

to ‘x’ s,

Similarly, the second order partial derivative of g_u with

respect to ‘y’ is, Y

> ()
(o) 9

u
Differentiating a function N with respect to ‘y’,
X
) a_u B 9%u
ay | ox 0yox

. - . du .
Differentiating a function > with respect to ‘x’

Y
9 a_u _ 9%u
ox | dy oxdy
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3.14
. . or ar ¥
Q31. Ifx=rcos 0,y =rsin 6, find [8—)(]2 + [W]
Answer :
Given equations are,
x=rcos0
y=rsin0

Squaring and adding the above equations,
x2+y* =r*cos’0+r?sin’*0
= xX2+y? =
= r = \/xz +y?
Differentiating equation (1) partially with respect to x ,
or 1

Y

_r

Differentiating equation (1) partially with respect to y,
or 1

-y
Jx2+y?

Squaring and adding equations (2) and (3),

5 2 2 2
(a}’) + 8r X y
—_ R — 4| ——
ox dy lxz +7 [ +7
X2 y2 x2+y2
N I R )
X" +y X" +y x“+y

=1

oY (or ’
R +| — :1 .
ox dy

Jz
Q32. If z=e>* f(ax — by), then prove that ba—z + a— =2abz.

ox ay
Answer :
Given that,
z=e*". flax — by)
Consid ba—Z +a %
onsider, E PN
Consider,
aZ a ax+by
— =—]Je - f(ax—b
o [ S( ]
— eaerby Xf ' (ax _ by)(a) +f(ax _ by) X e¢1x+ hy(a)
0z .
o ae™ " ™ [f ' (ax — by) + f(ax —by)]
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Consider, 9 _ i[e"”by- f(ax—by)]
dy  dy

= et £ (@ by) * () + f(ax — by) x e (b)

)
= = b [ (ar—by) + flax - by)]
dy
Substituting equations (2) and (3) in equation (1),
0z oz
bt a=— = bae" " [f" (v~ by) + fax ~ by + abe” " [-f'(ax - by) + f(ax - by)]
X y
= abe™ " [f" (ax — by) + f(ax — by) — f"(ax —by) + flax — by)]
= abe™ ¥ [2. f(ax — by)]
=2abz [ z=e*"Y flax — by)]
oz dz

b—+a— =2abz.
ox dy

Q33. Ifu= (x2+y2+297 then find the value of g)x‘z‘ +
Answer :
Given that,
u=x>+y?+z21”
Differentiating equation (1) partially with respect to x.

_ 1

MMy o
_ 3

> et

3
= gfz=—x(x2+y2+zz)72
o _ o fou]

o oxlox

3[ (2 +,2 2)%]
g—xererz

W TR R
o Ao AC S 2x)+x"+y +z

-5 -3
=32 (2424202 + (2424222

%u

-5 -3
™ =32 (242 +292 + (2424202
X

Similarly,

Fu _ 2(x2 42 2)%5(2 2 2);—3
§—3y Xty +z +x"+y +z

And,

-3

2 =5
a—u_322(x2+y2+22)7+(x2+y2+22)2

a2

Adding equations (2), (3) and (4),

3

()

(3

()
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-3

- 32;2‘_1_3;‘_’_88?24 _ [3x2(x2+y2+22);_5+(x2+y2+22)%]+[3y2(x2+y2+zz);_5+(x2+y2+zz)2
+[322(x2+y2+22)%5+(x2+y2+22)%3]
_ 3(x2+y2+22);_5[x2+y2+22]+3(x2+y2+22)%3
=3 2 [y (2t ]
=34 )3 (14 1]
3242+ (2)
= 6(x2+y2+zz)%

u  *u  u 2. 2., n=
—+—+—5=6("+y+z9)2
ax? 9yt 9z’ 4yt +2)

3.3 TOTAL DIFFERENTIAL AND DIFFERENTIABILITY

Q34. Write a brief note on total derivatives.
Answer :

Let,u=f(x, y,z), where x, y, z are function of a one independent variable ‘¢’ i.e., x =x(f), y = y(f), z = z(f). Then considering
the dependent variable ‘/” as a function of single independent variable ‘#’. So, the derivative of function ‘f” with respect to ‘¢’ is
called as total derivative of ‘/” which is given as,

o _ofdx df dy of dz )
dt  oxdt Odydt 0z dt

If y and z are functions of x, then f'is a function of single independent variable ‘x’. Hence, s equation (1) becomes,

df _ S dx o dy of dz
dx Oxdx dydx 0z dx

g _o Sy o d
dx  Ox dydx 0z dx

The above equation is called as chain rule of partial differentiation for one independent variable. This rule can be extented
to functions of more than two independent variables.

du
Q35. Find at if u = tan™’ [%) andx=et—etandy=e'+e™
Answer :

Given that,

u= tan_l(l) and
x

x=e—-e';y=e+e’

Differentiating above equations above equations with respect to ‘£,

ﬂ :etJre—t; d_y = — et
dt dt
Differentiating ‘u’ partially with respect to x and y,
ou 1 d(y) -xy 1
g_ 2axlx) 2272
l+(y) 4
X

ou_ -y
ax (4%
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s3]
dad 75
dy l+(y) Y\ X

X
|
x2+y? x

u _ x

dy x2+y2

From the definition of total derivative,

du Ou dx a_uﬂ

= = +
dt oxdt dy dt
Substituting the corresponding values in above equation,

du =) t —t X
— = +e )+

(e —e™)
dt x*+y

x2+y?

Substituting ‘x” and ‘y’ values in above equation,

du —(e' +e ) e +e™) (e'—e")e —e

dr (et_e—t)2+(et+e—t)2 (et_e—t)2+(et+e—t)2

1
) (e =) +(e' +e™)? [(e'+e')e +e')+ (e —e)e —e)]

1
- (et—e7')2+(et+eft)2 [Herey+ @]

—( e +2)+ (¥ +eH -2)

e 24 1o 42

—e e 24P pe 22
2% +2¢7
-4
2(e* +e™)

B -2
eZt +e—2t
_ -2
"~ 2cosh2¢
-1
"~ cosh2¢
du -1
dr  cosh2t”
du
Q36. Find gt asa total derivative if u = x2 + y2 + z2 and x = e%, y = e? cos 3t, z = e* sin 3t.
Answer :
Given that,

u:x2+y2+22
x= e¥;y=e*cos3t; z=esin3¢
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Differentiating above equations with respect to ¢,
d d
ax 2% ; a2 _ 2 e* cos 3t — 3e* sin 3t
dt dt
dz )
— =2 ¢*sin 3¢+ 3e* cos 3¢
dt
Differentiating u partially with respect to x and y,
ou 5
— =2x
ox
du 5
ay g
Jdu
— =2z
0z
du_duds dudy dud:
dt Ooxdt dydt 9zdt
Substituting the corresponding values in above equation,
du
E =2x (2e*) + 2y [e* (2 cos 3¢ — 3 sin 3¢)] + 2z [e* (2 sin 3¢ + 3cos 37)]
Substituting the values of x, y and z in above equation,
du
7 4 e* + 4e* cos?3t — 6e* cos3t sin3t + 4e* sin?3¢ + 6e* sin3¢ cos3t
du
= T 4e* + 4e* [cos?3t + sin?31] = 4e* + 4e* (1)
du _ 8 e
dt
1 ., du
Q37. If u=xy + yz + zx where x = T y =etand z = e find at-
Answer :
Given that,
u=xy+yz+zx .. (D)
1
x=7 .. (2)
y=é .3
z=e¢! .. (4)

Differentiating equation (1) partially with respect to ‘x’, ‘y’, and ‘z’ respectively

ou

ax VTE

ou N

“-=x+tz

dy

ou

vty
Differentiating equations (2), (3) and (4), partially with respect to ‘¢,

al — ;1 . al _t

o 2 a ©

oz »

~=-e

ot
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From the definition of total derivatives, Q39. If u =sin'(x —y), x = 3t and y = 4t, then show
du _dudx oudy oud: ) that S =
dt ox dt Qdy ot 9z ot dt 1—¢2
Substituting the corresponding values in equation (5), Answer :
du Given that,
an-_ - t -t
o~ e gt ads(yral-e”) u=sin"(x - y) (1)
(y+ + x=3t ()
_ (y2 D et W ,X)
t e y=4p ..(3)
du —(y+z) (y+x) The above equations represent a composite function of
= a - g e (et 2) - o =+ O |/ and is expressed as,

Substituting equations (2), (3) and (4) in equation (6),

1

t

du  —(e'+e’) (1 . {e +?]
&

e
—2cosht ¢ a
= 3 —+1-1-—
t
—2cosht 2sinht
= +
t2 t
@ _ —2cosht N 2sinht
d 2 t

3.4 DERIVATIVES OF COMPOSITE AND
IMPLICIT FUNCTIONS (CHAIN RULE),
CHANGE OF VARIABLES
Q38. Write about,
(i) Derivatives of composite function
(ii) Derivatives of implicit function.
Answer :

) Derivatives of Composite Function

If u=f{x,y) where x = ¢(¢) and y = ¥(¢), then ‘u’ is called
a composite function of two variables and is expressed as,

du  Ou dx du dy

dt ox dt dy dt
(ii)  Derivatives of Implicit Function

A function of the form f{x, y) = C is known as implicit
function.

Where,
C - Constant.

The expression for the first differential coefficient of an
implicit function is,

of
dy _ ax
dx af
Iy

o ow i 52 .. (4)
Partially differentiating equation (1), with respect to “x’,

L - 6)
Partially differentiating equation (1) with respect to “y’,

3—;’ = m(—l) .. (6)
From equations (2) and (3),

dx

573
o
gl (7
Substituting equations (5), (6) and (7) in equation (4),
du 1 1 2
au _ 3+ (-1)(12¢%)
di I-(x—y?  J1-(x-)?
_ 2
_ 3 . (—-12¢%) :
JI-G=y? 1=
3-127°
Cl=(x—y)
du  3(1-47)

1= (x-y)?

Substituting the values of ‘x” and ‘y’ in above equation,

du  3(1-4)
. J1-3r-4£)?
3(1-41%)

J1- 97 +166 — 241

B 3(1-44%)
J1-92 42474 —16/°
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_ 3(1-41%)
Ja=A)1-82 +161*)

_ 3(1-41%)
Ja=A) -4y
. 30-47)
C Ja—A)a-4)
_3
Ja-1)

du 3

T e

d
Q40. Using implicit differentiation, obtain % when f(x, y) = log(x? + y?) + tan™’ (l): 0.
X

Answer :

Given that,
flx,y)  =log(x*+)?) + tanl(l) .. (1)
X
The implicit function is expressed as,
s
o
dx of
dy
Partially differentiating equation (1) with respect to x and y, .. (2)
_|Y
al . 2x N x2 . ai 2y .
ax 242 Ly 2 ’ W ey xP ey
X
of 2x v of 2y+x
= - = - ; - =
x  x*+y? x4y’ x4y’
8l B 2x—y

x4yl
Substituting the corresponding values in equation (2),

_ 2x-—y

ﬂ 3 x2+y2 y—2x

dx 2y+x - 2y+x

x*+y?
Ldy _y-2x
Tdx 2y+x

Q41. Given the transformations u = e*xcosy and v = e*siny and that ¢ is a function of u and v and also of x

3?9, 3% 3?9 %
and y. Prove that — + — =(u2+v2)|— +—|[.
y ax%  9y? ( ) u?  ov?
Answer :
Given transformations are,
u=e"cosy;v=esiny
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Differentiating above equations with respect to x and y,

ou , u .
o € oSy oo Px =—e¢'siny
ov . v .
o ¢ siny a—=e cosy
. 9 3¢ du 9 Iv B .
Consider, % ou ox + 3 o [*. From chain rule]
9% _ 99 LI
= o  ou e cosy + o e siny
9% _ 9 99
= o 7u8u+v3v .. (1)
d ) 3]
T ULtV ..(2)

ox Ju v
Differentiating equation (1) partially with respect to 'x'

29 _ 92
axz - ox | ox
{2,202 3¢J g -
= {u Ew +v av]{ o +v Vo [-.- From equations (1) and (2)]
¢ _ 9% ¢ 7 . 5%
ol u o’ +uv u v +uv PR +v o2 ..3)
o 2020 0 29 o
Consider, 8y = I + v
99 . 99
= g(, e"smy)Jrg(e"cosy)
% _ 9% 9%
= 8y_7v8u+u8v .. (4)
2 2,2 S
= ay—fvau U .. (5)
Differentiating equation (4) partially with respect to 'y,
oo (%)
»* |y
o, 2,00 0, 34’] g -
= (—v o +uav][ au Uy, [-.- From equations 4 and 5]
0 _ L% 99 % 5%
y—vmfuvauavfuvauavfuw ... (6)
Adding equations (3) and (6),
70 7 _ % % % L% 5% % %, , 3%
? - y =’ ou? Fuy ou v Tuv ou v v ﬁ—i_v ﬁiuv udv  “ouov Tu ov 2
X X
=52 WS ()
(2.2
n?
T T o [P, )
ox? R P
Q42. If u =log (x* + y* + z* — 3xyz). Show that [—+i i}z u= _49
fe) dy oz (x+y+z)2
Answer :
Given function is,
u=1log (x* +y*+ 2> — 3xyz) (D
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Differentiating equation (1) partially with respect to ‘x’, °y” and ‘z’
ou 1
o= - . (2
o " (P 1y s g OF Y7 @
ou 1
= = 3y* -3 (3
" (Fr 7 age) ¥ ) 3)
ou 1
- = 2 . (4
9z (x3 N y3 + 5 3xyz) (32 3Xy) “4)
Adding equations (2), (3) and (4),
ou du  du 3x? = 3yz 3y? — 3xz 322~ 3xz
TP W = vl B B 3. 3.3 3. 3.3
X dy oz x+y +z7-3xyz x+y +z -3xyz x+y +z -3xz
u du w3 -3 +37 - 3xz+322-3
_, %u % du_ X y};; 3xz z° — 3xy
ox dy Oz X+ y +z =3xpz
2, 2.2
= al+al+8l: 3(x +y +z —xy—yz—zx)
ox ady oz (x+y+z)(x2+y2+zz—xy—yz—zx)
o 9 0 3
[a+$+g]u—x+)}+z (5)
Differentiating equation (5) partially with respect to ‘x’, ‘y” and ‘z’
df|fo 9 9 -3
ox §+$+gu*(x+y+z)2 (6)
2| 9 9 -3
=ttt |ul=——7 (7
ay |\ox 9y az )" (x+y+z)2 )
alfa o a -3
g g-l-g-‘rgu—m .. (8)
Adding equations (6), (7) and (8),
9,0 9 [3+9+3]u]:73+ =3 | =3
ox 9y az)|lox 3 oz (x+y+zF ((x+y+zy) ((x+y+z)
_ (2,0 ,9 i -9
g e 9 e——7
ox dy oz (x+y+z)2
9 2 2 § -9
——tot |y /.
ax ay BZ (x =+ y =+ Z)2
Q43. Explain change of variables in partial differentiation.
Answer :
Let u be a function of x and y given as,
u=f(x,y)
Where, x, y are functions of s, ¢
x=0(s, 1)
y=v(s, )
If ¢ is considered as a constant then, x, y, u are the functions of 's' only.
From chain rule,
du _udx oudy
ds Ox ds dy Os
The ordinary derivatives are replaced by partial derivatives because x, y are functions of variables s and 7.
ou _ dudx udy 1
ds 9x ds dy s -
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If 5 is considered as a constant then x, y, # will be functions of # only
du _ duds dudy
dt — ox dt dy dt
du Ju dx  du dy
.. (2)

= T dt+8y dt

)
Equations (1) and (2) represent simultaneous equations in Bz and ——
ou ou . . 3* du . .
The values of . and 3, are obtained in terms of 35 o S t by solving equations (1) and (2)

Hence, the variables x, y are changed to s, ¢.
If the variables s and ¢ are expressed in terms of x and y i.e.,

s =¢&(x, y) and ¢ =1 (x, y) then the following formulae are obtained
du du ds Ju ot

ox  9s os | or ox
ou ou os +8u ot

9y ds dy ot Iy )
The above two equations are solved to obtain the values of BZ and o

Hence, the variables s, ¢ are changed to x, y.

d
Q44. IfZ=1(x,y), x =e? + e,y =e2 + e?, then show that, Su v [ ox y ay |

Answer :
Given that,
z=f(x,y)
x= eZu + 6721” y= —2U + eZv
Differentiating above equations partially with respect to « and v,

)

_x — 2eZu a_y — 726—2u
Ju Ju

ox ay

[ 72 —2v 7 = 2 2y
av ¢ w

From Chain rule,

af_aiax oJf dy
u 8x.au dy ou

af af 2 2u l _2 —2u
- ax( )+ ay( e) (1)
Similarly,

al_alax oJf dy
v ax'av dy ov

af_ai_ —2v ai 2v
E_ax( 2e )+ay(2e ) -2

Subtracting equation (2) from equation (1),

al_al af(z 2u+2 —ZV)+ f( e 72u_262v)
dy

ou dv
ai af Qu 2; af —2u 2V f
v =2(e*+e a —2(e +e)y
of of
=2 g—Zy@
v oo _Ju v
du Jv ox oyl
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Q45. If x=u+v+w,y=uv+vw+wu, z=uvw, and f is a function of x, y, z then show that,

of of of of of of
U—+V—+W—=x—+2y—+3z—.
du ov ow ox ay oz

Answer :
Given that,
fis a function of x, y, z
X=ut+tv+w y=uv+vw+wu Z=uvw

Differentiating above equations partially with respect to «, v and w,

%)
ox =1 ; a—y=v+w ; v
ou Ju du
ox ay 0z
=1 Zaoys ; Zo
BN dv e ov o
a_le ; a—y=u+v ; gzuv

ow ow T ow
From chain rule,
J o ox Bf . af 0z
ou ax'au dy Bu oz u
= g—j; = 3—£(1)+g—f;(v+w)+g—£(vw)
of I ox af Yy af oz
e ax'av ay E)v 3z v
o I of of
g _9 n+ 2L 9.
- av ax()+a (”+W)+az
of 9 ox af a9y af oz
ow  ox aw dy 8w oz ow

alff of

(uw)

= (1)+ ( + )+—(MV)
ow
Consider ug—£+ gfv+w§—{v
f Jf of . 9 b) of .9 )
[a —(+w)+—- (VW)J+v[a{c f( u+w)+ f( )) “{%Jr%(uﬂﬂé(uﬂ)
_ug—j;+u(v+w)g—£+uvwgl+v f+v( +w) f BJ;+ 3—];+w(u+v)g—£+uvwg—£
= (u+v+w)al+2(uv+vw+ wu)l+3uvwal
ox oy 0z
= xai+2yai+3zal
ox dy 0z
ual+val+w8l = xai+2yai+3zai.

du  ov ow ox dy oz
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0z 0z oz
Q46. If z = f(x, y), where x = e* cos v and y = e sin v, then show that x v +y - et W
Answer :
Given functions are,
z=f(x,)
X =e"cosv .. (1)
y=e"siny .. (2)
Differentiating equation (1) partially with respect to # and v,
a_x — ol a_x = U Qq
ou € cosv, 57 = —esiny
Differentiating equation (2) partially with respect to u# and v,
a_y — U Q1 a_y — plt
oy ¢Sy, 5 = e cosy
From chain rule,
9 _ 0z ox oz By ;
du  dx du Jdy du - 3)
Substituting the corresponding values in equation (3),
dz 0z /4
- = u + — u -
o ox (e"cosv) PR (e"sinv)
Multiplying on both sides by ‘y’,
oz oz Jz
= = u iy N 70
Y ou y{ax (e“cosv) + ay (e"sinv)
oz dz
— U u 224 ot il :
e'sinvietcosy 5o+ etsiny By] [-.- From equation (2)]
ai — J2u; i 2u 2 %
Y, — ¢ sinveosy o + e™sin“v ay .. (4)
Similarly,
o oz or oy .
v dox'dv v - (3)
Substituting the corresponding values in equation (5),
dz oz
— = —(_ o 3 + — u
o ax( e"sinv) » (e"cosv)
Multiplying on the sides by ‘x’,
oz w. 0z " oz
X5 = x|—e'sinv - +e“cosv -
v X ay
oz Jz
_ u U u il . :
e cosv|—elsinyo- +e cosvay] [-. From equation (1)]
a_Z _ 2u : 8_z+ 2u 2 a_Z 5
X5, = —esinveosv 5o+ eTcos vay ..(5)
Adding equations (4) and (5),
%4_ %_ 2u %4_211 2%4_21!- a_Z+2u~2£
x5, tyy, = e sinveosy oo+ etcosTy P esinveosy 5 -+ e™sin%y ay
oz
— J2u(. .2 2.0y 22
e* (sin®v + cos’v) y
— Zua_z
dy
NN
Yy Y ou T dy
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3.5 JACOBIAN
Q47. f x+y+z=u,y+ z=uv, z=uvw show that

aAx,y,z) _
Auv,w)
Answer :

Given functions are,

u=x+ty+z .. (1)
uv=y+z )
uvw =z ..(3)
Substituting the value of z from equation (3), in equation
(D,
uy =y +uvw
= y = uv—uvw
= y=uv[l-w] .. (4)

Substituting the values of z and y from equations (3) and
(4) in equation (1),
u=x+uv[l-w]+uww
U=XTUv—uvw + uvw
u=x+uy
X=u—uv

x=u(l—v) - (5)

L4 Ul

Differentiating equation (5) with respect to ‘u’,

ox d
= [u(1-)]
ox
o = W [u—uv]=1-v
Differentiating above equation with respect to ‘v,
ox d
$=$ [u—uv]=0—-u
ox
= 5, Tu

Differentiating above equation with respect to ‘w’,

ox _d

— =— [u—uv]
ow  dw
A
ow
Differentiating equation 4 with respect to u, v and w,
dy 0
—=— (w1 -w)]= = [uwv—uww]=v—vw
P () B vl O
dy
= Y v[1 —w]
a_y = i [ty —uvw]
dv v
=u—uw
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dy
= . =u[l —w]
a_y = d [ty — uvw]
ow  dw
=0—-uv
= g—i; =—uv
Differentiating equation (3) with respect to u, v and w,
oz d
o [uvw]
9z _
= w
dz 0
— = [uww]
Jdv  dv
9 _
= . uw
dz 0
9w [evw]
=
= 3 W
The Jacobian of x, y, z is given as,
o 5 3 3
X, 1,2 y oy oy
Jo,y,z) = —L == = —=— .. (6
(.3.2) d(u,v,w) |du dv JIw ©)
o o o
du dv Iw

Substituting the corresponding values in equation (6),

(1 - v) —Uu 0
Jx,y,z2) = v(l-w) u(l—-w) —uv
w uw uy

= (1=l = w) () = (uw x —uv))]
—(w) (I =w) @v) = (w x —uv)] + 0
= (1 = )[u(uy — uvw) +uPvw] + u[v(uv — uww) + u*w)
= (1 = v)[t2v — Pyw+ udvw] + u[uv’— wPw +uv*w]
= (1 =[] + u[w?]
= (1 = v)(uPv) + uv?
=utv[l —v+v]
= u2v[1 + 0]
=u’v

a(x,y,z) — iy
(u,v,w)
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Q48. Prove that u = xy/1-y? +yy/1-x?

+ sin7'(y) are functionally dependent and find

, V.= sin7(x)

the relation between them.
Answer :
Given functions are,
u:x\/l—yz-i-y\/l—x2 . (D)
v=sin"'(x)+sin"' (y) .. (2)

u and v are said to be functionally dependent if they
satisfy the following condition,

du du
u,v) |ox 9y

a(x,y) |av av| "
dx dy
Partially differentiating equation (1) with respect to ‘x’

ou

_ I
A

Xy
= /1-% -
V1—x?
Partially differentiating equation (1) with respect to ‘y’,

ou 1 -2
9y 2%17y2+1x

- Y + 41— x?

Partially differentiating equation (2) with respect to ‘x’

= —2yx

w1
ox 1—x2

v _
dy

Sy e

Au, v) ,/ /1_
axy)
pr R
:[ﬂfhx—yxz Jl i

_xy

21

_[L_Jlx;?1y2}_[¢1

|
—_

~ Xy N Xy
V=221 J1-22 /17

u, v are functionally dependent
v =sinx+sin!y

s (i3 )

[ sin'x +sin "'y =sin"! (x«/l -y + y\/l —x? )]

= sin'(u)

= sinv=u
Relation between u and v is sin v = u.

Q49. Find the Jacobian ofy,,y,, y, with respect to x,,

o XXy XXy XX,
Xz, x3 If y1_ x1 !yz- x2 !y3_ X3
OR
_ X2X3 X3Xq o _ XX,
If y1_ X4 1 Y2 X yy3_ Xs prove that
A(Y1,Y2 Ys) 4
(X, Xz X5)
Answer :
Given that,
Xy X
¥y, = zx—]} e
X3 X
Y= ;21 .. (2)
X X
= - (3)

Partially differentiating equations (1), (2) and (3) with

3 E
respect to “x,

M _ [1] X X
= X X3 2 (T —
X

ox, ; X}
W _ X
ax, X,
W _ X%
ox, X3

Partially differentiating equations (1), (2) and (3) with
respect to 'x,'

WX
ox, X,
% _ 7L N
W _ M
ox, X3

Partially differentiating equation (1), (2) and (3) with
respect to “x,’

M _ X
ax; X
W _ X
ox 3 X2
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W _ [N mww
ax; N % x3 x3
W W m
dx; ox, Ox,
Oy v ys) _ |3y 3 3y
A(x;, X, X3) ax, ax, o,
s s s
dx; ox, Ox;
it XN X2
x12 X X
Auyny) _| X —xx o x
A(x, Xy, x3) X2 x% X2
X X 0%
2
X3 X3 X3
— X% X [M][m [xl][xl] x5 x [Hz] (
- 2 2 2 1 | e 2 |~
X X2 X3 X J\ X3 XX\ X3
_con|x x| ow[-n ow] wmaow
x2lox, xx, lx  xl oxlxn x
SR Y e et
X; L X Xl X
=2+2=4
3()’1: Y2 J’3) -4
a(xb X2, x3) '
. . . L, 9(x,y,z
Q50. If x=rsinb cos ¢, y =r sinb sin ¢, z = rcoso, find A% y.2)
a(r,6,0)
Answer :
Given that,

x = rsinf cosd
y =rsin0 sind
z =rcos0

Partially differentiating equations (1), (2) and (3) with respect to 7.

dy dz —
or or cosO

Partially differentiating equations (1), (2) and (3) with respect to '0'.

= sin0 sing ;

% = sin® cosd ;

)
g—)é = rcos6 cos¢ ; % = rcos0 sind ; g—g = — rsin®
Partially differentiating equations (1), (2) and (3) with respect to ''.

9 a
g% = —rsind sing ; %Z”Sinecosd); % -0

ox Jx ox
S gr ge gd) sinBcosd rcosOcos¢ —rsinBsing
3(”:—5:;): a—)r} % % = | sin@sin¢ rcose.sin¢ rsin@cos ¢
oz oz o cosO —rsin® 0
or 90 9¢
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= sinBcosd [rcosOsing(0) + rsinB(rsinBcosdh)] — rcosO cosd [sind sind(0) — cosO(rsind cosod)]

— rsinBsing [sinO sind (— rsin) — cosO(rcosOsind)]

= sinB cos¢ [rsinB(rsinBcosd) — [rcosOcosd]

[~ cosO(rsinBcosd)] — rsinBsing [— rsinB(sinBsind) — cosO(rcosOsing)]
= sinBcosd[r2sin*Ocosd] — rcosOcosh[— rsinBcosBeosd] — rsinbsing [— rsin*Bsing — rcos’Osing]
= 128in*0cos?( + 72sin6 cos?0 cos?P + 2 sin*0 sinp + 12sind cos?0 sin’

= r2sin®0 [cos? + sin®¢] + r2sin6 cos?0 [cos’d + sin’(]

= 12sin*0 + 72sinBcos?0 [ sin?p + cos?p = 1]
= r2sin0 [sin?0 + cos?0]
=72 sinO

ox,y,z) .

3 0.0) 72sind.

3.6 HIGHER ORDER PARTIAL DERIVATIVES

Q51. Explain the concept of finding the higher order derivatives of second and third order with examples.
Answer :
Higher Order Derivatives

d
The derivatives of the principle derivative d_i are known as higher order derivatives.
) Second Order Derivative

The derivative of first order derivative (i.e.,d—yJ is known as second derivative or second order derivative.

dx
d () _(dy)_ 2y
1.€-» de \de | | dx? | dx?

The different notations of second order derivative are,

1. DY
2. )
3. "
4. [
Example
d2
Ify = x3, then —;
Given that, dx
y =x (1)
Differentiating equation (1) with respect to ‘x’,
d
Q _y — i (x3): 3x3—1 . ixn = nxn_l
dx \ dx dx dx
=3x? -2

Differentiating equation (2) with respect to ‘x’,

d (d
el eoll IS 3x?
dx | dx dx

d
=3 — =3 (2x?!
3@

d2
dx2 = 6x
2
—d ;/ =6x
dx
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(ii)  Third Order Derivative

2
The derivative of second order derivative (i_e_,d_{J is known as third order derivative.

dx

. d (d*y) 4%

e, — | — | = —
dx | dx? dx’

The different notations of third order derivatives are,

1. D

2.y,
3. y’"

4. g

Example

3
Ify =x* then d—{

) dx
Given that,

y=x
Differentiating equation (1) with respect to x,

@ _d
dx dx
= 4x*+!
d
= D _ 4x3
dx

Differentiating equation (2) with respect to ‘x’,

d (dy d
_ | = _ 3
dx (dx] dx (@)
=4 x 353!
2
y Y 120
dx

Differentiating equation (3) with respect to ‘x’,

d [d*y d
— | — | = —(12 2
dx {dxz] dx( x)

d3y
— =12 (2x*!
ax’ ( )

=24x

3
d—Sy = 24x
dx

(1)

)

(3

 + be d’y
Q52. Ify = ae* + be™*, show that pe) -y=0.

Answer :
Given equation is,
y=ae +be*
Differentiating equation (1) on both sides with respect to x,

dy d
Y = — X b —X
e i [ae e™ ]
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dy
= ——=a[e]tb(e*(-])
dx
= Ll =ae*—be™ -2
dx
Again differentiating equation (2) with respect to x,
Liey=e
i ﬂ = d X b —X dx
dx \dx | dx [ae” = be ] i(e—x):e‘x(_l)
dx
d*y
=4 — =ale’] -b [e™ (-]
P [e] =b [e(=1)]
d?
= —; =ae* + be™
dx
d2
= —5 =y [-.- From equation (1)]
dx
d? y
S—==y=0
dx?
Q53. Ify = acos (logx) + b sin (logx), show that x?y, +xy +y =0
Answer :
Given function is,
y=a cos (logx) + bsin (logx) .. (1)
Differentiating equation (1) on both sides with respect to x,
dy d d .
—=a— [cos (lo + b— [sin (lo
gl (logx)] ! (logx)]
d
= P _ ai [cos (logx)] 4 (logx) + b cos (logx) — (log x)
dx dx dx dx
1 1
= d_y =—q sin (logx) x — + b cos (logx) x —
dx X X
dy .
= xd— =—a sin (logx) + b cos (logx) ..(2)
X
Differentiating equation (2) on both sides with respect to x,
d d 1 . 1
X % [%:l + d_i x e (x) = —a cos (logx) x T b sin(logx)x <
2 .
. xd Yo, dy < ()= - acos(log x) +bsin(log x)
dx?  dx X
2
- 52 d”y Ty d_y =y [ From equation(l)]
dx? dx
d’y dy
= xX—+x = +y=0 (3
dx? dx 7 (3)
. dy 2
Since, — =y and —- =
dx ! dx? %

Thus, equation (3) reduces to,

x2y2 +xy,+y=0
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3.7 TAYLOR'S SERIES OF FUNCTIONS OF TWO VARIABLES

Q54. Prove Taylor’s series for the functions of two variables.
Answer :
Let, f{x + h, y + k) be a function of one variable i.e., x.

Then according to the Taylor’s theorem of a single variable,

ho k) h*o? k
Rt hy+ k)= flx,y + )+ = f(xaiJr) 5 f(§x2y+) ) 0

If f(x, y + k) is a function of y, then,

2 2
oy b=+ EYGsy) K3 ), +ﬁilf(x,y)+£af(x,y>+k 2 f(x,y)+”_} o

P o »2 T Mox I oy 21 92
Substituting equation (2) in equation (1),

kaf< ISP ACS ) I i kof(x,y) k*9°f(x,y)
S+ hoy+ B=fle. )+ 5 a);y o ayzy AT LG b i vy vt

_ kaf<x N KOSy Ry () Bk () | 0N (x.)
I T T 57 1 o x| 2 oxay? 2 o

PR (y) 1RO ()
o ox*dy 221 ox?oy?

Neglecting higher order derivatives,

_ kaf(x N KO Gy hYy) ISy B (),
R T N T e T P R TR

- fly 4 D BTN llhzaf"‘y) WL (LS NPYWLIC5)]

ox I oy 2! o2 Iy? oxdy

—f(x,y)+[ fun)+ —fy<x y)]+%[hzfm(x,ywszyy(x,y)+2hlgﬁw(x,y>]+...

Let,
x=a and y = b, then,

Ma+h,b+k)=fa,b)+ [%fx(a9b)+ fy(a, b)] [h [o(@,b)+ k> [, (a,b) +2hif ,, (a, b)]

Substituting a + 2 =x and b + k =y such that 2 =x — a and k = y — b in the above equation,

1
A, ) = fla, b)+[(x folab)+ 2= b)f(a,b)]+ Sl @ (@, b) + (= Y (@, b) + 20— a)y—b)f, (@, B)] + ...

The above equation is the Taylor’s theorem which is used to expand f{x, y) in (a, b) i.c., two variables.

Q55. Obtain the Taylor series expansion of the function f(x, y) = e>*about (0, 0) upto third degree terms.
Answer : June/July-17, Q14(b)
Given function is,

Sl p) =&
f0,0)= 200 =
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Differentiating equation (1) partially with respect to x and y.

[y =er f00)=e"=1
L) = f(00)=e=1
[y =26 £(0,0)=2e"0=2

S (x,y) =de> £.(0,0)=4e"0 =4
[ =281 (0,0)=2e"0=2
L@ ) =28 f(0,0)=2e""=2
[ @) =2 f (0,0)=2e"0=2
L) =4 fr (0.0)=4e"0 =2
fol y)=8er £ (0,0)=8e"" =8
L= f (00)=e"=1

Taylor's series is given as,
S, y) = fxg yy) + (x = x) £, v) + 0 =) £, G vt % [(c—=x)* £, (g yp) +2(x = x) (v =y £ (¥ 3 +
0=y’ 1, (g ) + % [ =) £, (505 o) + 30— x)) (v =y ) o, (%5 1)
+3(x—x) V=2 )’ [, (X ¥) T 02 £, (% )]

=00, 0)+ (x~ 0) £(0, 0) + (¥~ 0) £, (0, 0) + 51 [(x~0)*, (0,0)+

2 —0) (= 0) £, (0,0) + (v~ 07, (0, 0)] + 37 [(x ) £, (0, 0)
+3(- 02 (v = 0) £, (0,0) +3 (x=0) (=00 £, (0, 0) + (y = 0 £ (0, 0)] e

Substituting the corresponding values in equation (2),
= 1+x(2) + /(1) + 5 [¥4) + 2ry () + 57 (D] + ¢ [¥(8) + 36(4) + 302 (2) + y(1)]

=1 +2x+y+%[4x2+4xy+y2]+%[8x3+ 12x2y+6xy2+y3]

y2

=1 +2x+y+2x2+2xy+7+%x3+2x2y+xy2+
2

7
6

3
err =1+ 2x+y+2x2+2xy+y7+%x3+2x2y+xy2+%.

Q56. Obtain the Taylor's series expansion of x® + y® + xy? in terms of powers of (x — 1) and (y — 2) up to third
degre terms.

Answer :
Given function is,
S, y)=x+y +x?
Taylor series is given by,
fx, y)=fa, b) + 117 [(x—a)f(a,b)+ (y—Db)f (a—Db)]
+or - aRf, (@, b)+2 (x—a) (v—b) [, (a, b)
+ - bR, (@ b+ 37 [ —a) £, (@, b) + 3(c—a) (v— b)f,, (a—b)+3(x—a) (v~ bYS, (a. )
+ by £, (@b)] ()
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Here,a=1,b=2

=

S y) =27+ y 4 xy?
f1,2)=(17+ (2P + (1) (2)? =13
[, y)=3x"+)?

£(1,2)=3(12 +(2p=7

S (xy) =3y + 2xy

£(1,2)=32y+2(1) (2)=16

S %, y) =2y

];y (15 2) = 2(2) =4
(e, ) = 6x
f.(1,2)=6(1)=6
J:cxx (X, y) =6
f.(1.2)=6

Joy (6,)=0

[y (1,2)=0

£, (6 y) =2

fryy (1,2)=2

/, (x,y)=6y+2x
£, (1,2)=6(2) + 2(1) = 14
]jw (5, ) =6
f,,(1,2)=6

wy

Substituting the corresponding values in equaiton (1),

Xy 4= 13+ (- D7+ (1 -2)16] + 31 [(x— 17 6+ 2(c— 1) (x—2) (4) + (v —2)° 14]

+ %[(x—1)36+3(x—1)2(y—2) O +36xc-1D -2 2)+r-2)(0)]

= 13+7(x71)+16(yf2)+%[6(x71)2+8(x71)(y72)+14(y72)2]+
+0+6(x—1)(y—27+6 (y—2)]

—

6

[6(x — 1)}

=13+ 7(x— 1)+ 16 (7 =2) +3@x— 1P +4@x— 1) (y=2) + T =27 + (x— 1)+ (x— 1) (v = 2)* + (y = 2)°
LAY =13+ T (- 1)+ 16 (=2 +3(x— 1P +Ax—1) () =2)+T (= 2P+ (x— 1)+ (x— 1) ()2 + (y - 2)°

Q57. Using Taylor’s series expansion, expand e* siny in powers of x and y as far as terms of the 3 degree.

Expand e* sin (y) in powers of x and y upto the third degree terms.

OR

OR

Expand e*siny in powers of x and y as far as the terms of the 3 degree using Taylor’s expansion.

Answer :

Let the given function be,

S(x,y)=e'siny
= £(0,0)=0
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Consider,

fx,y)=e'siny ; f40,0)=0
S, (x, y) =e"cosy 3 f,00,0)=1
f.(x,y)=e"siny ; £.00,00=0
S y)=—esiny; f (0,0)=0

[ (x,y)=e'siny ;o £.0,00=0
fm(x, y)=e'cosy ; fm_(O, 0)=1
Jx, y)=e*cosy ;0 £0,0)=1
S y)=—esiny ;5 f(0,0)=0
L)y =—esiny; f (0,0)=0

[ @) =—ecosy 5 [ (xy)=-]

From Taylor’s series,

1
Sx, y) =0, 0) + x/(0, 0) + £(0, 0) + % [x%.(0,0) + 2xy £,(0, 0) + 7/, (0, 0)] + — [x/, (0, 0) + 3% (0, 0)

3!

+ 3xy2];vy(0, 0)+yf (0,0)]+....

Yy

=0+x(0)+y(1) + % [x%(0) + 2xp(1) + 3*(0)] + % [x3(0) + 3x%p(1) + 3x%(0) + )3 (=1)] + ....

x2y y3

esinp=y+xy+ —————+....

2 6
y

Q58. Expand tan‘1(;] as a Taylor series about the point (1, 1) upto 2"¥ degree terms.

Answer :

Given function is,

——

fen = (2

(1, 1)= tan’l[ﬂ:%

fen = — [

)
S, ) e
R —
LAD= 15773
S
fy(X,J’)_ (y}Z X _.X' X2+y2 -
1+ | =
X 2
L= =t
f‘y(a )7 +1_2
— 2x
[y = —2 (2=
' (x2+y?) (x?+y
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— [+ y*)1-y(2p)]
(x2+y?)

I E
(x*+y?)

L

(x*+)2)

£y =

£ 00) =

=  f,(,D= m:o

£, =

—2xy
(2 + 2

= LD GrET g T
From Taylor’s series,
fx,y) = ﬂl,1)+%[(x—l)ﬁ(l,1)+(y—l)]§,(l,1)]+%[(x—1)2 (LD +2(x = D(y = Dfs (1L + (3 —1) yy(l,l)]

1

(xfl)z[%}JrZ(xfl)(yf1)(0)+(y71)2[,_”

= tan’l[%] = Z+(x,1){_71]+(y71)[%]+% 2

n =D (=D (=12 (y-1)
B R i e | L SR
1 1 1 1
:%_5()(*1)4-5()/71)4‘1()(7l)z—z(yfl)z
1 1 1 1
. tan’l[%]:%—E(x—l)+§(y—l)+z(x—l)z—z(y—l)z

Q59. Expand sin (xy) in powers of (x — 1) and [y - %] up to second degree terms by using Taylor's series.
OR
Expand sin xy at <1%) upto second degree terms using Taylor's series.

Answer :

Given function is,

Ax, y) = sin (xy)
= f1.3)=sin -1
J(x, y) = ycos(xy)
= 1(1F)-Fes 5 =500
10y = xoos(xy)
= f(L5)=1.cosF=0
Jx, y) == ysin(x, )
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- g T

S, y) = —xy sin(x, y)
Ty_-—nt.T_ —T
= /ﬂ},(l,j)— 5 sin’y )
fy‘y(x’ y) = _xZSin(xa y)
T\ _ .o
= ];y<1,7>——lsm7——l

From Taylor's series,

Ao =A15) - 0a(L )+ (- 56 (1. 5)

o025 200l Fe(n 5 (- 550 5)]

Substituting the corresponding values in the above equation,

sin () = 1+ (e~ DO +(y - 5 )0 + 97— 1) (%)—%2@71)( —><_2—n>+(y—%>2(71)]

=1+5

Ho-n?(F) 26— (y-F)3~(y-Z)

B B (o) L5

sinto) =1 - 5 -1 E-1y (y-2)-S(v- 2T

3.8 MAXIMUM AND MINIMUM VALUES OF FUNCTIONS OF TWO VARIABLES, LAGRANGE'S
METHOD OF UNDETERMINED MULTIPLIERS

Q60. When a function f(x, y), with usual notations of partial differential coefficients, will have maximum,
minimum and can’t be decided?

Answer :

Given function is,

S(x,p)

Let (a, b) be the point at which maximum or minimum is determined. The condition for the function f{x, y) to have
maximum or minimum at a point (a, b) are f_ (a, b) = 0 and fy (a,b)=0

Let,
82
ax—zf(d,b) =r

2

0x9y

fla,b) =t

82
ay—zf(a,b) =g

Then,
Case (i)

Function f(a, b) is said to have maximum value if 7£ — s> > 0 and » <0
Case (ii)

Function f'(a, b) is said to have minimum value if 77 —s*> 0 and » > 0
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Case (iii)

Function f'(a, b) does not have an extreme value i.e, neither maximum or minimum if 7z — s> < 0.
Case (iv)

Function f(a, b) fails to have maximum or minimum value and can’t be decided if 7 —s*>= 0.
Q61. Explain Lagrange's method of undetermined multipliers.
Answer :

Let u be a function of three variables x, y, z given as,

u=f(x,y,2) (1)
Let the variables are connected by a relation,

o(x,y,2)=0 .. (2)
Since, u is to have stationary value,

du ou ou

a0y 70 70

du ou ou

gdx-l-gdy-i-gdz—du—o ..(3)

Similarly equation (2) becomes,

9,9 3 _
axdx+aydy+azdz—d¢—0 .. (@)

Multiplying equation (4) by A,
9 9 90
A o dx + By dy + Py dz|=0
9, % 9
kaxdx+kay+kazdz—0 .. (5)
Where
A — Lagrange's multiplier
Adding equations (3) and (5),

%d +8_ud +8_ud +k%d +k%d +k%d =0
ox Byy az ¥ ax E)yy az ¥

[a—u + x%}dx + [8;’ + xa(l)]dy + {a—u + xa—¢sz =0

ox ox ) Jy oz oz

du adp
gwﬁbg—O ... (6)
du ad

8y+k8y70 .. (7
d )

du 20 . (8)

Equat?gns (2?,2(6) (7) and (8) give the values of x, y, z and A for which u is stationary.
Q62. Write the steps involved in Lagrange's multiplier method.
Ans :
Let, u =f(x, y, z) be a function of three variables connected by a relation ¢(x, y, z) =0
Step 1
The function is represented as,
F=u+Xo(x,y,2)
= F=0@,2)tAdx,,2) .. (1)
Where, A — Lagrange's multiplier
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Step 2

Differentiate equation (1) with respect to x, y and z and equate them to zero

. oF oF
e, ~— =0, — =
Iy

X

oF
Oand — =0
oz
Step 3
Solve the above three equations along with the relation ¢(x, y, z) to obtain the values of x, y and z.
Step 4

Substitute the x, y, z values in the function u to obtain stationary value of u.
Q63. Examine the function f(x, y) = x®y?(12 — x — y) for extreme values.
Answer :
Given function is,
S, ) =xy (12 -x~y)
= f=1(x,y) =127 - xH? - x}? .. (1)
Differentiating equation (1) partially with respect to “x’,

)
% = 36337 — 4%y — 337 .. (2)

Differentiating equation (1) partially with respect to ‘y’,

%— 3 4 3.,2
PT =24x%y — 2x%y — 3xy ..(3)

Differentiating equation (2) partially with respect to ‘x’,

82
—]; =T72x)* — 12032 —6x)y> =r
ox
Differentiating equation (2) partially with respect to ‘y’,
*f
9x9y

=T72x% — 8}y — OxH? =5
Differentiating equation (3) partially with respect to ‘y’,

52
8—f2 =24x3 - 2x* - 6x}y = ¢
Y

The conditions for maximum or minimum value i.e., extreme value are,

A _

ax 0, o 0
From equation (2),

af

ox 0

=  36xH%—4x%y’ - 3xH)=0
X936 —4x—3y]=0

U

= x=0ory=0
or4x + 3y =36

From equation (3),
LA
ay

=  24x%y 2% -3xH?=0

xX*y[24 —2x-3y]=0

=0

U

= x=0ory=0o0r2x+3y=24
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= (x»=(0,0)
= 4x +3y=36
2x+3y=24

2x=12

= x=6

2(6) + 3y =24
= 3y=12
= y=4
= (6y)=(6,4)

The stationary points are (0, 0), (6, 4)
Consider,

rt—s?=(72xy* — 12x37 — 6x)°) (24x° — 2x* — 6x%y)

—(72x% — 8x*y — IxH?)?

rt =500 = (72(0) (0>~ 12(0)%(0)* ~6(0)(0)°) (24(0)* ~2(0)*) - [72(0)*(0) ~ 6(0)*(0) ~ 8(0)*(0) ~ 90)*(0)*]
0

.. fdoes not have maximum or minimum value at (0, 0)
rt - sl = (71200 @ - 12(6)° @) - 6(6) @] x[24(6)* - 2(6)* - 6(6)° @] - [(72(6)*(4) - 8(6)° @) ~ 9(6)* @)
= (6912 — 6912 —2304) (5184 — 2592 — 5184) — [10368 — 6912 — 5184]
=5971968 — (1728)?
=5971968 — 2985984
=2985984 > 0
fhas maximum value at (6, 4)
Maximum value is obtained by substituting x = 6, y = 4 in equation (1)
S, »)=£(6,4) =12(6)° (4)* - (6)* (4) - (6)’ (4)°
= 41472 — 20736 — 13824
=6912

Maximum value = 6912.

Q64. Divide 24 into three points such that the continued product of the first, square of the second and cube
of the third is maximum.

Answer :

Let x, y and z be three points.

= x+ty+z=24 .. (D)
And the product of the first, square of the second and cube of the third point is maximum i.e., to maximize (x x y* X z*)
Let, 0 = x)°2° ..(2)
From equation (1),

x=24-y—-z .3
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Substituting the value of x from equation (3) in 82(1) L
equation (2), 5 = = — u
dydz  Jy| oz
6=Q4-y-2)y7
= 0, 2)= 2422 -y — Y2 . (4) _ 9 (72222 3322 —4y223]
Differentiating equation (4) partially with respect to ‘y’, Jy
J0 s= 144 yz2 — 9y?2* — 8y} .. (10)
5 =48yz> — 3y%2° — 2pz* .. (5) , -
9’9 o
Differentiating equation (4) partially with respectto ‘z’, B aZ_Z B 5[3_2]
% =722 = 3y’2 - 4’2 - (6) d 2.2 3.2 2.3
dz :g[7Zy z5=3y’z" —4y°z°]
For ¢(y, z) to be maximum,
t= 144 y*z — 6y’z — 12)°2? .. (11
W . %, yz—6yz—12y% (11)
@ . 0z Aty =8andz=12
Equation (5) becomes, Equation (9) becomes,
90 r=48[12]* - 6[8][12]*> — 2[12]*
— =48yz3 —3)?23 -2y =0
dy = r = 82944 — 82944 — 41472
= y2[48 -3y 2z]=0 =r=—41472 .. (12)
Since, yz # 0, .
Equation (10) becomes,
48 -3y—2z=0
=  —3y-2-=-48 s= 144[8] [12]> - 9[81* [12]* - 8[8] [12]
= 3y+2z=48 .. (7 = 5= 165888 — 82944 — 110592
Equation (6) becomes, = s=-27648 .. (13)
3_4) =720°2 3y 4?2 =0 Equation (11) becomes,
: t=144[8]*[12] — 6[8]° [12] — 12[8]* [12]*
= Y2[72-3y-4z]=0
= t=110592 — 36864 — 110592
Since, yz # 0
= t=-36864 .. (14)
72-3y—4z=0
Consider,
= -3y—-4z=-72
rt—s*=[— 41472 x —36864] — [ 27648]
= 3y+4z=72 .. (8)
Solving equations (7) and (8), =764.41 x10°>0
y=8andz=12 srt—s2>0and r<0
Substituting the values of y and z in equation (1), - &= xy*z* is maximum when 24 is divided into x = 4,
xt+y+z=24 y=8andz=12.
=24 _y_
- ryes Q65. Find the stationary points of u(x, y) = sinx siny
= x=24-8-12
sin(x + y) where 0 < x<m, 0 <y <7 and find the
= x=24-20 maximum u.
= x=4
x=4,y=8andz=12 Answer :
B ﬁ B i a_q) Given function is,
" a2 oyl oy u(x, y) = sinx siny sin(x + y)

= %[48)}23 —3y%23 —2yz%]

r=48z — 6yz* — 27 .. 9)

Where, 0 <x <,
O<y<m .. (1)

u = sinx siny sin(x + y)
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Differentiating equation (1) partially with respect to x, o%u
ou o . . t= 3,2 =2 sinx cos (x +2y)
8_ = cosx siny sin(x + y) + sinx cos(x + y) sin y y
X
=si i i T 2% 2y3
siny [cosx sin(x + y) + sinx cos(x + )] - =2sin [%] cos (g_,_?) _ Tf _ \/5
" 8_u = siny sin(2x +y)
0x

[ sin(4 + B) = cosA sinB + sind cosB]

For stationary point,
Ju
ax
= sinysin(2x+y)=0

=0

= siny =0orsin2x+y)=0

[ 0<x<m0<y<m]

= y=0or2x+ty=m .. (2)
Differentiating equation (1) partially with respect to y,
a_” = sinx siny cos(x + y) + sinx cosy sin(x + y)
dy
= sinx [siny cos(x + y) + sin(x + y) cosy]
u .
. —— =sinx sin(x + 2y)
dy
For stationary point,
ou _
dy

= sinxsin(x +2y) =0
= sinx =0orsin(x +2y)=0

= x=0orx+2y=m ... (3)
Solving equations (2) and (3),
-t _T
= X= 3, y= 3

. .. b s
Stationary point is x = 3 y= 3

2

r= —L; = 2siny cos(2x + )
dx

Ciin ™ cos [ ZRLE
= 4ZSIn 3 COoS 3 3

0%u
5=
0 xdy
= sinx cos(x + 2y) + cosx sin(x + 2y)

=sin(2x + 2y)
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rt—s = (—3)(=3) - (#T

. t 2—3 3_2>0
-8t =3-7 =

‘. u will be maximum at x =

w|a

_r
ay_3

. . T . T . T T
Max1mum Value = Sin [—] Sin [—] sin | —+—
3 3 3 3

BRERRE] (2?)

2 2
33 33
4 2 8

343

Maximum value= T

*. Stati int = rz
<. Stationary point = | = >

Q66. Find the absolute maximum and minimum
values for the function f(x, y) = x?2 — y2 -2y in
the closed region R : x2 + y2<1,

Answer : Dec.-16, Q14(b)
Given that,

S, y)=x—y" =2y (1)
R:x*+)?<1 .. (2)
Differentiating equation (1) partially with respect to x

% =2x ..(3)
of

Equating the value of 7y {0 Zero in order to determine
the extreme point

of . _
§—2x—0
= 2x=0
= x=0

Differentiating equation (2) partially with respect to y

%=—2y—2 .. (4)

Equating the value of % to zero in order to determine
the extreme point

of _ _
3y =~ -2=0
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= -2y-2=0
= —-2y=2
= y=-—1
The critical point (x, y) = (0, — 1)
Differentiating equation (3) partially with respect to x

’f
=_—5 =2
p Py
Differentiating equation (3) partially with respect to y
_
9= oxay 0
Differentiating equation (4) partially with respect to y
2
r= % ==2
ay
pr—q*=2(-2)-0°
=-4<0

As pr — ¢* < 0, the function f{x, y) does not have
extreme value.
2
As %
ox
The relative minimum value at (0, — 1) is given as,

A0, - 1)=0>—(-=1)>=2(-1)
—0-1+2=1
From equations (2);

> (), the function has relative minimum value.

xX*=1-y° .. (5
Substituting equation (5) in equation (1)
= gy =(1-y)-» -2
= gy)=1-2"-2 ... (6)

Differentiating equation (6) partially with respect to y

N =0—4y-2
og
= @=—4y—2 (7

Equating & to zero;
y

= —-4y-2=0
= —4y=2
—1
= Y=
Substituting y = _Tl in equation (5)

1\
(5

1

2 — 1
= x—1—4

xZ

.. The critical region on the boudary is (x, ) = (ié, _2—1>

Differentiating equation (7) partially with respect to y

82—2 =—-4<0
ay
d’g . . .
As 52 <0, the function f{x, y) has relative maximum
value.
2 2
B2 BT )
-4-3
The given function has relative minimum
value as 1 at (0, — 1) and relative maximum value as % at
2]
- 22

Q67. Find the maximum value of x2y®z* subject to the
condition 2x + 3y + 4z =a.

Answer :
Consider the given functions as,
O, y,z2)=2x+3y+4z—a=0 .. (1)
And u(x,y, z) =x3>z* ..(2)
According to Lagrange’s function,
F(x,p,2) =u(x, y,2) + M(x, y, 2) - (3)
Where, A = Lagrange’s multiplier.
Substituting equations (1) and (2) in equation (3),

F(x,y,2)=x%2" + M2x + 3y + 4z —a) .. (4)
Differentiating equation (4) partially with respect to ‘x’,
a_F — 2 34 + 2}\’
o 2z
Differentiating equation (4) partially with respect to ‘y’,
oF
— =3y + 3A
dy
Differentiating equation (4) partially with respect to ‘z’,
o =473x%3 + 4\
0z
) . oF oF
For maximum or minimum value, = =0, 3~ =0
ox dy
d I 0
and =~ =
Consider,
o,
ox

= 22 +2A =0
= 2 +AN)=0
= x+tA=0
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Multiplying and dividing by ‘x’,

= i.xy324+7» =0
x

. l.x2y3z4 -
x
- u_ [ .- From equation (2)]
X
—u
X=—
A
IF
dy

= 3 +3A=0

= 302+ A)=0

= Py +A=0

Multiplying and dividing by ‘y’,
Y

= = .+ A=0
y
3,24
= Y =—A
y
= Yoy [ . From equation (2)]
Yy
=1
Y k
LI
dz

= 47x)+4A=0
= 4ExH+A)=0
= 2P+ A =0

Multiplying and dividing by ‘z’,

z
= —.2x)+A=0
z

= l.x2y3z4 =-A
z
= 2o [ . From equation (2)]
z
—u
z=—
A
—u
xX=y=z= — .. (5
y o )

Substituting the values of x, y and z in equation (1),

O, y,z2)=2x+3y+4z—a=0

- )
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—9u
£\ =

a

Substituting the value of ‘A’ in equation (5),

—u
= x=y=z=7
. -u
—9u
a
_—au _a
—u 9
a
x=y=z=§

The maximum value is given as,

GIEIET -6 6)

9
The maximum value of x?y’z* is [1) .
9

Q68. Find the maximum and minimum values of

1 1 1
x+y+zsubjectto —+—+— =1.
X y z

Answer :
Given function is,

Sy, 2)=x+y+tz

It is basically a constrained extremum problem, where
a function ‘f’ is subjected to the constraint.

11 1
—+—+—=1
X y z

Substituting both the function and its constraint in the

following auxiliary function.

1 1 1
F(x,y,z)=x+y+z+7\|:;+;+;_1:| (1)

Differentiating equation (1) partially with respect to x,
y, z and then equating the results to zero.




UNIT-3 Multivariable Calculus (Differentiation)

3.45

oF 0 d 1 1 1
= = — | =+=+—-1
ox ax(“y”)H‘ ox [X y z ]

oF

el o)

P dlx y =z
ik
y
-A
2

y

oF _9 (x+y+z)+A i|:l+l+l—1}
[1]

2
Y

E;—F=y2—7» ..(3
V

Similarly,

r
oz ZZ z
oF 2\
9z 2
Equating equations (2), (3) and (4) to zero,
xX2—A=0, yV=-A=0, zZ2-A=0
xX2=A, V=2, 2Z2=)\

x:i\/x, y:i\/xandZ:i\/x
Substituting the values of x, y, z in the given constraint,
11 1

—+—+— =1
X y z
1 1 1

= @ —t—t— =1
A A A

1+1

1
RN

o (4

+

= S 1
YA
= 3=4L
Squaring on both sides,
= A=32=9
A=9

Substituting the value of A in x, y and z,
x=13,y=43,z=43

The extreme i.e., maximum and minimum values are + 9
and-9.

Q69. Find the volume of the greatest rectangular
parallelopiped that can be inscribed in the

2 2 2

. X z
ellipsoid —+y—+— =1.
a2 2 2

Answer :

Let, the coordinates of the rectangular parallelopiped be
(x, v, 2).

The volume of the rectangular parallelopiped,
V= 8xyz .. (1)

Maximum volume is to be calculated such that it is
2 2 2

S . Lx oy oz
inscribed in the ellipsoid — +-+— = 1.
a’> b’
Let,
2 y2 e
F=—F+—F5+—5=1 .. (2
a> b’ @

The condition for extreme value is given by,
dV =yzdx+zxdy+xydz=0 ..(3)

Differentiating equation (2),
2x 2y 2z
dF = —2dx+—2dy+—2dz =0
a b c
X y z
= dF = —dx+-=dy+—dz=0 .. (4

Multiplying equation (4) by A and adding equations (3)
and (4),

e

vz dx +zx dy +xp dz) + (Ede+ Ny dy+£zdz)=0
C

Ao Ay EAVI
)/Z'f'a—2 X+ XZ+b—2 y + Xy"rc—z =

Equating the coefficients of dx, dy, dz to zero,

= yz+ﬁ2 =0 - (3)
a

= xz+7\'—)2; =0 .. (6)
b

= xy+% =0 .. (7
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From equations (5), (6) and (7),
2 2 2
~ 5 = Ty _ be: xyc
x b% z
a’yz B b*zx B c*xy ®)
. 5 .
Dividing throughout equation (8) by xyz,
a’yz _ b*zx _ c’xy
2. 2 2
xX“yz xy°z xyz
2 2 2
- 4 b _c
2y 7
2 2 2
- X _Y _Z
at> b
2 2 2
Substituting, —- =< =— in equation (2),
a> bt
2 2 2 2 2 2
x° x° x z© X
= Sttt —=l V=Tt
a” a a b a
2
- 3x -1
2
a
a2
= x2 =—
3
a
= X=—=
V3
Similarl b dz= z
imilarly, y=— and Z=—=.
Yy \/5 \/5
Thus. th ) ) a b c
,t tat t: T o |
us, the stationary points are BBH
Differentiating equation (2) partially with respect to ‘x’ and keeping y as constant,
1 2z oz
—2x)+——=0
a’ (%) c? ox
. 2z 0z —2x
ox  a’
dz —2x_ ¢’
= —= 3 —_—
ox a2z
dz —xc’
= —=— (9
ox az
Similarly, differentiating equation (1) partially with respect to ‘x” and keeping y as constant,
. 8yz +8 % 10
o vz 8wy oo ... (10)

Substituting equation (9) in equation (10),

2
= 8yz+8xy[ ixj
a‘z

81_8 8x?yc?
ox ToET azz
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Again differentiating equation (5) partially with respect to ‘x” keeping ‘y’ as constant,

o’V dz) 8yc® 9 (2
PR Il
ox ox

a2 3)67

= 2

v _ 8y —cx _16czxy_8czx2y cx
dx? a’z

5 .
a’z a’z a’z
2
Since, the value of ——- is negative,
ox

a b

The maximum value is obtained at the stationary point ( 3°.3’

|

o

From equation (1), V= 8xyz

o Maximum value, V. = § 4 i <
sl

8abc

= 3\/5

8abc

Vo = 305

Q70. Find the shortest and longest distances from the point (1, 2, — 1) to the sphere x? + y? + 22 = 24,

Answer :
Given equation of sphere is,
xX2+y2+z22=24 .. (1)
Point (1,2,-1)
Let (x, y, z) be the required point on the sphere
Let d be the distance between the points (x, y, z) and (1, 2, — 1)
d=J(x—1P+(y— 2P +(z +1?
= dE=x-1P+@-2P+@E+1y
Lot f=(x— 1} + (=27 +(z+ 1)

g=x*+)y"+22-24
The auxiliary function is given by
F=f+\g
Where A is Lagrange's multiplier
e, F=(x— 12+ -2 +(E+ 1)+ A*+)y*+22-24)

The necessary conditions for maximum or minimum values are,

ie,2(x—1)+2x=0
= k-D=-k

x—1

= —A
X
-x+1
= =
X
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144 =2 A= a1 S
RO T2 > M T
= Lo i S
X - 2 5 - 2
-1
= x= %1 - (2) Substituting A = 5 in equations (2), (3) and (4)
1 1 1
oF - - - =
a T
2 2
ie,2(y—2)+2hy=0 2 2 2
= —= =—=4
= (-2)=-l YT+ o1 1
y—2 2 2
— =— e St S O )
o T
P 2 2
Y (x7 2 Z) = (2’ 47 - 2)
+£—)\‘ —3
= -1 y Substituting A = > in equations 2, 3, and 4
2
g *t1 -3, 1
2 3 2 2
= YT - () 2 2 2 _,
y:—: ===
aF A+l -3, =1
oz - 2 2
-1 -1 -1
ie,2(z+1)+2xz=0 z= 5073 :jzz
S 4 l=—i 2t 7
z+1 Sy, 2)=(2,4,-2)
= =—X
z At the point (2, 4, — 2)
- 717%:;» The distance d at (2, 4, — 2) is,
d= Q-1 +(4-27+(-2+1)
> 7 A = V(AP + Q2P+ (- 17
1 =/
= Z:m (@ 1+4+1
Substituting the values of x, y and z in equation (1), - d =6 units - (3)
At the point (- 2,-4, 2)
[1]2+[2]Z+(_1)2—z4 The distance d at (— 2, — 4, 2) i
= 1 1 1) T e distance d at (— 2, — 4, 2) is,
L4 9 d= (=212 +(-4-22 +(2+17
= =
+1? +1P (+17 = 3P+ (6P + (37
6
- — =724 = y9+36+9
(o +17
6 = /54
= (k+1)2=§
5. d =346 units .. (6)
1
= (t+1yY= 2 It can be seen from equations (5) and (6) that shortest
! distance is /E units and longest distance is, 3«/3 units
= A+D= if .. Shortest distance = «/g units
k+1:% : }»+1:_71 Longest distance = 346 units.
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MULTIVARIABLE
CALCULUS (INTEGRATION)
7

PART-A
SHORT QUESTIONS WITH SOLUTIONS

5 2
Q1. Evaluate:/f(x2+y2)dxdy.
0 0

Answer :

Given integral is,

5 02
[ [ +axay
00
The above integral can be evaluated as,

fsfz(x2+y2)dxdy = /S-fz(xz-ﬁ-yz)dx dy
0 0 L0

(=}

1x
Q2. Evaluate ”e"*"dydx
00

Answer :

Given integral is,

1 x
Jjex+))dydx
00

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.




4.2

MATHEMATICS-I

S S 2

The above integral can be evaluated as,

1 x
e dydx = Jjex.ey dydx

Ty b 2

e’ —2e+1 B (e—1)?
2 2

_(eo)?
-

e —1 e’ —1-2e+2

b
Q3. Evaluate _[

Answer :
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Given integral is,

a
dxdy

xy

The above integral can be evaluated as,

//w@

a

1
Xy
1
1 a
= ;[logx]1 d

1
X 1
=ff[10ga—logl]dy
y
1
b

dy

= loga[logy]f’
= loga[logb — 0]

[ log1=0]
= loga logb

d
); Y loga logb

Q4. Evaluate ff

Answer :

Given integral is,

f/ L v ay

dxdy

The above integral can be evaluated as,

ff dx dy

Sr—

2
1 -
f@dx dy =
1

2

fxlfydx dy

1

/

3
1 2
2/ Jliogxlf av

3

= f(log2 - logl)%dy
2
3

= (log2 —1logl) -/7)/

= log2 [logy]2
= log2[log3 — log2]

3
= log2.log§

3
10g2.10g§




UNIT-4 Multivariable Calculus (Integration) 4.3
The above integral can be evaluated as,
Q5. Evaluate ff exdy dx. T sin0 n[ sin®
Answer : rdrdd= r dr|do
00 0
Given integral is,
T 7"2 sin 6
4 xZ ¥ = f 7] de
// e*dy dx ; o
0 0 T
sin’0
The above integral can be evaluated as, = f 5 -0 do
4 x? ¥ 4 o ¥ ’ T
f/exdydx = fdxf exdy :%fsinZGdG
00 ;
T
1 [ (I1-cos20)
f I 1 - Ef 2 @
= 0
X [ =« T
1
e :Z/de—/COSZOdG
- f[x ex]o dx Lo 0
0 -
I{ =« [sin20]
foe p i
= /[x(e7_eo)]dx ;
0 1| [s1n21r sinO]
= 4lm-0-
. 4] 2
= f[x(ex—l)]dx = %[n—(OfO)]
0
4 _T
= /(xex—x)dx 4
0
m sin@
4 4 T
drdo = —.
= fxexdx—fxdx Jy re 4

0 0
214
X X 4 X
=[xe*—e ]0— 2
16
~[(ae*— )~ (0- ] -| 5 0
=e'4-1)+1-8
=3¢t -7
4 2 ¥
f/exdydx =3¢t 7.
0 0
n sind
Q6. Evaluate // rdrdo.
00
Answer :
Given integral is,
T sin6®
rdrdd
0 0

o Y
-y
Q7. Find the value of f f [eT]dxdy

Answer :
Given integral is,

[/

i ]dx dy

The above integral can be written as,

/f{ ]dxdy—/mfvdx e’

—d
yy
0
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4.4 MATHEMATICS-I
j’P - The above integral can be evaluated as,

0 g f2 f rsin>0d0dr = f2 rdr f sin”0d0

> 0 0 0 0
i ofeydy - fzrdrfnilcgszede

[ 2 On . -
4l

r[(n sing)- 0~ 0)] dr

fo/[e—:]dXdy:1' :% r(n—0)dr

3
o

Il
—_
Il
o=
=3 )
o \aw

0 0 0
T a P
Q8. Evaluateéfofrdrde. _ %frdr
0
Answer : L2
.
Given integral is, 2 [ 2 ]0
T a _ E i
[ [ rarae - 3|3 -]
0 0 -
The above integral can be evaluated as, Z X
_ o [ [ rsin*6dodr = .
T a Y ]‘Z 0 0
f/fdrd@:/ rdr |d® Q10. Find the limits of integration in the double
0 0 0 L0
- f“»rz rde integral fff(x, y)dx dy where R is in the first
- 5], &
0 quadrant and bounded x =1,y =0, y2 = 4x.
:/>6172_0]d9 Answer :
0 Given integral is,
< [ a0 [ ey dx av
2 R
0

The region R is bounded by the lines x = 1, y = 0,

- 4lof v =
a2 Forx =1,
"zl 7 =4(1)
:“Taz = =4
T g ) = y=4
[ rardo =4~ = y=2
00 x varies from 0 to 1

y varies from 0 to 2.

Q11. Find the area bounded by the lines x=0,y =1
andy = x, using double integration.

2 1
Q9. Evaluatef/rsinzededr
00

Answer : Answer :
Given integral is, Given lines are,
2 x=0
[ [ rsin6doar y=1
0 0 y=x
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4.5

The region of integration is illustrated in figure

p
A

Figure
x=0=y=0
y varies from 0 to 1
y=Xx=>x=y
y varies from 0 to y

Area is given as,

Il
[J| o
—
= =

Area = 5 square units.

Q12. Find the area bounded by the linesx=0,y =1,
x=1andy=0.

Answer :

Given lines are,
x=0
y=1
x=1
y=0

Limits for x
x=0
x=1

x varies from 0 to 1

Limits for y
y=1
y=0
y varies from 0 to 1

. The area bounded by the lines is given as,

11 [ 1
Area=f/dydx=f fdy
0 0 o Lo
1

= [ Ihax

0
1

:f[l—O]dx

dx

11
f f dy dx =1 square units.
0 0

Q13. Find the limits of integration after changing the
order of integration of J: J;x xy dydx .

Answer :
Given integral is,

1 2-x
J xydydx

0 x* (D

It can be observed that for a fixed value of x, y varies
from x? to 2 — x and then x is varied from 0 to 1.

Figure below illustrates the lines, y = x?, y =2 — x and
x=0,x=1.

y
x=1
y=x
0,2)
(1, 1)
> X
x=0 2,0\ y=2-x
Figure
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4.6 MATHEMATICS-I
Change of Order = y=x
y=2-x - (D) y varies from 0 to 1
But, x varies from 0 to 1
y=x .. (2) Ly .
©=2-x [ [ repacay= [ [ sy dyax
X*+x-2=0 0.0 0 x
a a
x+2)(x=1)=0 Q x2 .
15. Express ————dxdy into polar
x=-2,x=1 6/{// /x2+y2

Substituting x values in equation (2),
fx=2=y=4
Ifx=1 =y=1
Integration limits are,
x=-2tol
y=4to 1.

Q14. Change the order of integration in
1y

fff(x,y)dxdy.
00

Answer :

Given integral is,

flfyf(x,y)dxdy
0 0

y varies from 0 to 1
x varies from 0 to y

The region of integration is bounded by the lines y =0,
y=landx=0,x=y

Figure 1 represents the region of integration.

y
A
y=1 ,
AL )
X=Yy
> X
0(0, 0)
Figure (1)

The point of intersection is 4(1, 1)

A vertical strip is drawn parallel to y-axis that starts from
the line x = y and ends on the line y = 1 as shown in figure 2.

y
A
y=1
AL 1)
X=Yy
, >» X
0(0, 0)
Figure (2)
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coordinates.
Answer :

Given integral is,

a a 2
X
/fidx dy
2. 2
0 X +y
The region of integration is bounded by the planes
y=0,y=a,x=y,x=a

Let, x =7 cosO

y=rsin0
and dx dy = rdr dO
If x = a, then
a =rcoso
= = 006;9
= r=asecH
If x =0, then
0 =rcosO
= r=0

r varies from 0 to a secO

If y =0, then
0=rsind

= 0=0

Since x =y
rcos® =rsind
cosO = sind

= 0= %

0 varies from 0 to %

f}j%—i_ﬁdxdy

2 cos’0

\/rz cos?0 +r2sin%0

b
4 r=aqsech 5
[ r drd@]

asecO

f 1200520 dr do

= \m
< \)
RN o
+ [\S)
\<I\)
= 2
\< p—
Il
e \u;\:\
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a [va’-y? . 4 m/2 4
Q16. Evaluatef f (x2 +y?) dydx by changing _ 2 (ge _ 9 g2
0o =4 = T[ lo
into polar coordinates.
Answer : MK 0 na*
Given integral is, T4l | s
a Vaz_yz > 2
2, .2 ava -y 4
+y)dxd Ta
J J(x y*)dxdy J J(x2+y2)dxdy:—.
0 0 (D 8
0 0
Equation (1) can be written in standard form as, T 1y
a Na=y* Q17. Evaluate f f f xyz dxdydz
J J.()c2 +y2)dy dx 0 00
v " Answer :
y=0 x=0
Let,x=rcos B andy=rsin0 Given integral i,
dxdy = rdrd® LA
L+ =a f / f xyz dxdy dz
= 2 cos?0 + 12 sin’0 = @2 000
= 12 (cos® + sin?0) = @ The above integral can be evaluated as,
= r=ad 11y 11 -
= r=a fffxyzdxdde:ffxy %] dx dy
The region of integration is the first quadrant of a circle 00 0 0 0 0
x?+y? = a? represented by the region OPQ, as shown in figure, 11 5
e=§ =ffxy y—fo dx dy
\ 2
00
Q) — YT LA
@, 0) =§f/xy dx dy
0 0
p 1
0 0=0 1 y4 1
== —| d
0 P(a, 0) 2 . 14,
Figure
1
1
The limits of O are 6 =0 to 6 = % and the limits of » -3 f xdx
arer=0tor=a. 0
Equation (1) becomes, 121
awaz—yz n/2 a - §70
.[ J.(x2+y2)dxdy= J J’”z-”d”de 111
0 0 =0 =0 = §[§ _ 0]
n/2 a 1
= [ [rarae =16
6=0 =0 11 Y :
p) 4 ///xyz dx dy dz = 16"
— J T do 0 0 0
0 0 1M1 1x
Q18. EvaIuateJ{; xdzdxd
/2 /y; £ Y
1 J‘[r4]8 4o Answer :
4 0 Given integral is,
1 1 1x
/2
_1 [ra* - o1ae | ]| savay
4 0 0 42 0
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The above integral can be evaluated as,

/lfllfxxdzdxdy =/lf]/ x dz |dx dy
0 4,20 0
y v
= j/lx(z)%)xdxdy
0 42

x(1=x-0)dxdy

I
O\.—
T—

x(1=x)dx dy

I
o\i_
~——

<

2

fl /l(x — x?)dx dy
0

_ /(((12)2 L) (070N,

Q19. Evaluate _fdxfdyfxyz dz.
1 1

Answer :

Given integral is,

1 3 3
/dx/dy/xyzdz
0 1 1
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The above integral can be evaluated as,

1 23
fdxfdyfxyzdz=3
0 11

3 3 2

Q20. Evaluatethetripleintegral f f f x?yz dx dy dz
1 2 1

Answer :

Given integral is,

303 2
f//xz vz dx dy dz
121

The above integral can be evaluated as,

= f//x yzdxdydz—f/xy dxdy
303 4
=//x2y[ ]dxdy
12
3
_3
—2/x Tzdx
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4.9

_ 15 2
=7 dx
1
_15[7
413
_15727-1] _ 65
B 4 3 2

303 2 65
f/fxzyzdxdydzzj
1 2 1

1 2 3
Q21. Evaluate fffxyzdxdydz.
00 0

Answer :

Given integral is,

12 3
f f f xyz dx dy dz
00 0

The above integral can be evaluated as,

ffjmw@ﬁ—jfﬂftﬁ
f/w[lwﬁ

dy dz

0 0
129
:ffzyzdydz
0 0
9 1 [ 2
=Efz/ydydz
o lo
1 -

9/ [yzﬂ
== | z||=] |dz
20 L2
9 [ [4
=E~/z>§—0dz

0

-3
of
o3

1 2 3 9
f//xyzdxdydzzz.
00 0

11 1
Q22. Evaluate fffe"+y+zdxdydz.

Answer :

Given integral is,

11l
/f/eX+))+zdxdydz

0 0 0

The above integral can be evaluated as,

111 11
f/fe”wzdxdydz = f/e e’e“dx dy dz

0 0 0

T

0 0 0
| 1
= /exdxfey[ez]édy
0 0
| 1
= /exdx‘/‘ey[elfeo]dy
0 0
| 1
= /exdx/ey[e—l]d
0 0

1

feydy

0

|
= (e—l)fexdx
0

1
= (e—l)fex[ey]i)dx
0

1
= (e— 1)'/.6)‘[61 —&%dx
0

1
= (e—l)fex(e—l)dx

1
= (e—l)Z/exdx
0

= (e—l)z[eX]L
=—(e—1P(e' - ¢
=(e—1)(e—1)
=(e-1)

111
f/feX+y+zdxdydz:(e—l)3.]

0 0 0
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2 Y x
Q23. Evaluate fffdx dydz.
00 0

Answer :

Given integral is,

2 Y x
f / f dx dy dz
00 0

The above integral can be evaluated as,

2 Y oy 2
= fffdxdydz=/f[z]gdxdy
00 0 0 0
2
f/xdxdy
0 0

(SN

2 )Y x
f f / dx dy dz =
0 0 0

11 y
Q24. Evaluate f / / xyz dz dy dx
0 0 /x24+y2
Answer :
Given integral is,

11 y
ff fxyzdzdydx

00 J24,2

The above integral can be evaluated as,

1} oewa |}

00 /25,2 0 0

y

S+ y?

/ z.dz |xy dy dx

Il
\L—
—
SIEW
—
é‘<I\J
i
\<I\)
&
S
S

xy dy dx

1
2 2 2
_ vox oy
= Yoo Y hydvd
J 55 e
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8
~171 0
shos
-1
8x2
-1
16

-1
f xyz dz dy dx = 16




UNIT-4 Multivariable Calculus (Integration) 4.11

PART-B
ESSAY QUESTIONS WITH SOLUTIONS

4.1 DOUBLE INTEGRALS

Q25. Write short notes on ‘Double Integrals’.
Answer :

Double Integrals

The generalized integral of a definite integral to two dimensions is known as double integral. In this case, the definite
integral of a single variable function is extended to a function of two variables.
Explanation

Figure below illustrates a region ‘R’ in a plane (say xy plane) which is bounded by one or more curves.
o\ Xy-plane

Figure

Let,
% flx, y) — Function which is defined at each and every point of ‘R’.
% OR,0R,,....., 0R — Pairwise non-overlapping subregions of R.
% (x,y)— Arbitrary point within a subregion 3R,
Let the sum,
Sx, y)OR, + flx,), y,)0R, + ... + fix , v )OR .. (1)
As n — oo, the sum (equation (1)) tends to a finite limit such that max (8R,) — 0 regardless of the arbitrary choice of

(x,, ). This finite limit is termed as ‘Double integral’ of the function f{(x, ) over the region R. It is denoted as JJ f(x,y)dR or
R

[[rcevaray
R

Properties

(1) If(f+g)dxdy: ijdxdy+J._[gdxdy
R R R

(ii) -”.k fdxdy= k-“.f dx dy , where k is a constant
R R

(iif) ”f dxdyzjjfdxdy+J'[fdxdy

Where,
R, R, - Two distinct regions of R and R, U R, = R.
(iv)  Mean value theorem for double integral

The region ‘R’ consists of atleast one point (x, y,) such that,

J J.f(x, y)dxdy= f(xy,y,)A (for continuous /" in R)
Ry
Where,
A — Area.
SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.
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1/x

Q26. Evaluate I J‘ (x% +y?) dxdy .

0 x
Answer :

Given integral is,

1 v/X

(x2+ y?)dxdy

0 x

The above integral can be evaluated as,

1 Wx
// <x2+y2)dxdy
0 x

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

x=1 y:«&
j (x2 +y2)dxdy

x=0"
x=1> (\/;)3 x3

J. i lx - xPx+ ——|dx

3
x=0
1" 3
xX= 3 E 3
2 -+ |y
3 3
x=0
1— 5 3
X= S 5 3
x2 +x——4i dx
3 3

x=0
- 1

5 3

x2 1] x2 4 x3+1]

§+1 3 é+1 31 3+1
[ 2 0
[ 7 s i s
LR S 00 | I S
7 30 5] 3|4 7 313
| 2 2 N 2 2
2 12 41 2 2 1
e T
7 35 34 7 15 3
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2_y2

a
f va?—x2—yZdxdy

¥

a
Q27. Evaluate f
0

o

Answer :

Given integral is,

a\/azfxz
1= Ja*—x*— y*dy dx

0 0

alva -
= I= f V(a*— xH)— y* |dy dx
a 2 b Va® - x?

- [|X 222+(ax),1< y ) 4

0/-[21/(a x) -y sin «/azfxz A /x

:/“H Voo i (=) +
f
So 57 (5 )

a
= %/(azf xz)dx
0

a a
:%azfdxffxzdx
L 0 0
_ T| 2r.qa x3a
Y G P b

3
T
= 4|d’lal- 5

22 2
va—x a =
. /az—xz—a2+x2+( )

X
= xrdx=> FVa fx2+—smla

(a ) 0 dx

2 sin”~

a*X

]

Q28. Evaluate:

Answer :
Given integral is,

s
2 sin®
rdO dr
0 0
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4.14
The above integral can be evaluated as,
%sine % sin®
[ ] ravdr = [| [ rdrlao
0 0 o lo
% 2 1sin®
= r
B ./,2 o d6
0
7
.
_ sin"® 0
‘f, 2 *f]de
0
1 : 1 20
_ 1 —cos
=5 | (15522 Jao
0
1 7
= 4/ (- cos20)a0
0
_ 1 sin 20 |2
= 4[9* 2 b
—}t{nsinZ% [0511210}
2 2
_1l(n 0
B 4<2 _2>
_1(n
~4(3)
_ T
8
%sine
_
rd0 dr = 3
0 0

ffxydxdy—f /_ (xy) dy dx

x=0 y=0

/fxydxdy:a b’

Q29. Find the valuesffxy dx dy taken over the

positive quadrant of the elllpse % 1

Answer :
Given integral is,

ffxydxdy

Elhpse = + % =1

2 2
Y X
> =1
b? a?
2
= y=2@-

= y= i%v a’ — x*
v varies from 0 to %./a2 —x?

Since the region of integration is in positive quadrant
of the ellipse, x varies from 0 to a

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

Q30. Find the area of r2 = a%?cos?0 by double integra-
tion.

Answer :

Given curve is,

2 = a® cos*0 .. (1)
Figure below represents the shape of the curve.
I
9=12
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The curve is symmetrical with respect to X-axis.

From equation (1),
a’*cos 20
=a y/cos20
r varies from 0 to a m
0 varies from 0 to %

Area of the curve is given as,

Area =4 x Area of upper half of one loop .. (2)
Area of upper half of one loop is given as,
ay/cos20
A= f [ rarae
0 0
T
4 }"2 ay/ cos20
=[5
0
R
4
%/ a“cos20 do
0
_d [ sin20 ]%
21 02 b
. =
= T[Smf - O]
_a
4
2
A= .. (3)
Substituting equation (3) in equation (2),
2
Area =4. GT
=
Area of the curve = ¢ square units.
/4 sino drdo
rar
Q31. Evaluate f f —
g vat-r
Answer :
Given integral is,
/4 asin® rdrd®
0 0 a’-r?
The above integral can be evaluated as,
4 asin® /4 asin®
J‘ rdrdd 1 J‘ 2r ar |l ae
2 a’—r?
0 0
m/4 1 asin®
- J‘E[—2\/a2—r2:| do
7 0
[ T7s etk f(x)+c]

2
S

]de

I
© ey

l:—\/az —a’sin’ 0 +\/a2 -0?

a
~
&~

I
—

(—am/l—sin2 0 +a)d6

a
- o
N

Il
—

(—a\/cos2 6+a)d6

a
—~ o
N

(a—acos 0)do

o t—

[ae a sme n/4

[

_a a

j 0- 0:|
T
SNE=

O‘—-ﬁ

ra(1+cos0)

Q32. Evaluate r’cosOdr do

0 0
Answer :

Given integral is,

7 a(l+cos6)
Jrz cos 0.dr.do
0 0

n a(l+cosO)

Let/ :j Jrzcosedrdﬁ
0 0

T a(l+cos0)
= jcos 0406 jrzdr
0 0

T 3 a(l+cos6)
= J.cos 6d6 I
0 3

0
1§ 3
- gjcos 0d6[(a(1+cos 8))> — 0]
0

i

_ %J.cos 0d0a> 1+ cos 0)°

3 T
_ %J.cos 0(1+ cos 0)° d0
0

Since, J-f(x)dx = J.f(a —x)dx
0 0

(1)
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Equation (1) becomes, sa3m

- 3 2 = 2

=L j cos(1— 0)[1+ cos(r—B)]> d6 5431
3 0 = [ = 3
T 7 a(l+cosB) 5a3TC
= a_ j cos 0 (1—cos 8)°d0 .. (2) 2 cos 0drdd =

3 0 0 0

Adding equations (1) and (2), ino
e (1and 2) Q33. Evaluate = rdzdrd0

3m 3T
I+1= %Jcose(l+cos 0)°do + %J—cos 0(1—cos 0)*d0
0 0

3

T
21 = %J [cosB(1 + cosB)® — cosO(1 — cos0)*]dO
0
a ¥
- TJ c0s 0 [(1 + cos)’ — (1 — cos0)*]d0
0
3 Y
a
= ?J cos0 [2 cosO{3(1)* + cos?0}]d0
0
[ (a+b) —(a—b) =2b(3a + )]
j cosB[cosB {3 + cos?0}]dO
0
24° |
21 = % j (3¢05°0 + c0s*0)d0 . (3)

2 /2
-= J' (30820 + c0s*0)d0

[ Tf(x)dx = 2j.f(x)dx]
0 0

/2 /2
= T |:J3coszﬂd9+ Jcos 9d6]

/2 1
Jcos” xdx :(n— )
n
0

4a> 151 Sa’m
3 16 4

[12n+3n|
3 16

SIA PUBLISHERS AND DISTRIBUTORS PVT.

Answer :

Given integral is,
2 2

% asin® ‘ ;’
_[ erz dr do
0 0 0

The above integral can be evaluated as,

az—rz E

'jb[e zrdzdrde —Z[ ‘0[ [Z] " drde

JekreL

K
2 a3 4
:J[Tsm 0— sm G:I do
0
/2 3 /2
:aT J. sin Gde—— Jsm“ 0.46
0 0

SR

l _ iil_“
2 44272
(n=1)(n-3)(n-5)

/2
[ J sin” xdyx=-—— 2y g(only if nis even)]
0

n(n—2)(n—4)

LTD.
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ma® 3a’n _ 5d°m

T8 T 64 64

ar?

asin® a 5 3

a

J jr dz.dr.d0 = 64
0 0

ot—mla

Q34. Using double integral, find the area bounded
byy=xandy=x2

Answer :

Given that,
y=x (D)
y=x .. (2)

Solving equations (1) and (2),

= xX2=x

= x*-x=0

= x(x—1)=0

= x=0,x=1

Ifx=0,y=0

Ifx=1,y=1.

The point of intersection of equations (1) and (2)
is (0, 0) and (1, 1).
x varies from 0 to 1.
v varies from x? to x.

Figure below represents the region of integration.

TII.
! | 4
= -1
o
n
__f 3
Dl
A ) ...11‘
A .
&
L)
o
Figure

The area bounded by the lines y = x and y = x? is,

1 x 1 X
ffdydx=f fdy dx
0 2 0 |,2

1
~ [l
0
]
= f[x—xz]dx
0

1

= Jlxdx—J-xzdx
0

0

-5l 151

o i

1 1

273 6
1 x
f f dy dx = % square units.

0 2

Q35. Using double integral find the area bounded by
the parabolas y? = 4ax and x? = 4ay.

Answer :
Given parabolas are,
y* =4dax and x* = 4ay .. ()

Figure below illustrates the area between the two
parabolas.

Y
x? = 4ay
y2 = 4ax
P
X
0
Figure
From figure,
2
y=-—andy =vV4ax
4a
2
X
— =+4ax
= 4a
= x> = 40;.(40;)1/2.x1/2

1
2——
= x 2 =@a)*=x"=@a)?=x=4a
. x=0, x =4a is the region.

Required area can be calculated as,

4a M 4a @
A= dx dy =J [J’]xz dx
[ [oarmytr
da
44 2
= J‘|:\/ dax — x—:|dx
0 4a
4a 2
- ‘[[\/E ()2 —x—]dx
o 4a

3/2 3 e
Y
3/2 12a

0
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{@.%_M

3/2 12a
_ (4a)”? 2(4a)’? 644’
3 12a
_32a° _64a’ 12847 - 64’ 64 >
3 12 12 12
16
__az
3
16

Area = 3 a? sq.units.

Q36. Using double integral find the area of the ellipse
2 2
X,y
o+ =1,
a? b2~
Answer :

Given equation of ellipse is,

2 2
X Yy o_
?4*?—1
i (D
2
X Y
= H-1-2
a? b?

2012 .2
jx:/%

The ellipse has center at origin (0, 0)

x varies from 0 to /b — y?

Substituting x = 0 in equation (1),

.
b2
= y2:b2
= y=b

y varies from 0 to b.

Figure represents the region of integration which is a
positive quadrant.

—
2

Figure

Area of ellipse is given as,

. (2)

Area =4 x Area of the quadrant

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

Area of the quadrant is given as,

:% a5 sm’ll-i-—\/bzi]

[f«/a Pdx=% s1n*1< )+7 a’—x?
2

— 4B i1 b B o

_a b _ mab
b 22 4
b
A= ..(3)
Substituting equation (3) in equation (2)
Area =4 x ab = nab

Area of elhpse is mab square units.

Q37. Evaluate J] xy dxdy over the first quadrant of
the circle x2 + y2 =4,
Answer :

Given integral is,

J] xy dxdy

Equation of circle, x* + )* =4

= y=4-x

= y=v4-x*

Figure represents the region of integration in a circle.

y
4-x*
—X
-2 0(0,0)/ 2
-y
Figure
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_ Y
Let,y=0, A
Then, x+y=2a
4-x2=0
= xX*=4 y= XTZ
= x=+4=2
(0, 2a)
" yvaries from 0 to v 4 — x? and x varies from 0 to 2.
] R
2\/? x—a lil (a’ a)
”xydxdyzjjxydxdy I
) 0 >» X
2 [Vaod
- jx .[ V dy |dx Figure (1)
0 0

BT
+{2Hs]
_%B—ﬂ

=2

_”xy dxdy =2

4.2 CHANGE OF ORDER OF INTEGRATION

a2a-x

Q38. Evaluatef f

0 x2

a

of integration.

xy2dydx by changing the order

Answer :

Given integral is,

a 2a-x

O/ x[ xy* dydx

The above figure (i) illustrates the curve for x varying
2

from 0 to a and y varying from % to 2a — x.
Change of Order of Integration

Order of integration is changed by drawing horizontal
strip to cover the region. The region is split into two segments

R, and R, as illustrated in Figure.

Y
A
(0, 2a)
+ X
QQ\
i L (@a)
Rl
x=y/ay
o > X
Figure (2)
Integral Over R,

The integration limits are y =0, y = a, x = 0 and,

2
t= oy (oy=E o -w)

a Vvay
— 2
Rl—// xy“dx dy
0 0

Integral Over R,

The integration limits are y = a, y = 2a, x = 0 and x =
2a—y (ny=2a-x=x=2a-y)

2¢ 2a-y
r=]f

2
a 0

xy*dx dy
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Then,

a 2a-x

f/ xy*dy dx
0 X

2q2a-y

a vay
=ff xyzdxdy-i-f/ xy?dx dy
0 0 0 0
_ fyz
0

Jay 2a
; v+ [ 5
a 5 2
[ 5wy —olay+ [
Oa ) 2ay2 ’

/yT.ay dy + f 7[4a2 +yr - 4ay]dy
0 a

2a—y
dy

2

< 2
2

X
2

0
a

a 2a
1
[4var+d [ laay+ - aalay
0 a
i]a+L[4a2y3 . yS
] 3 5 4

a

aa)

S l2a—yP-olay

4q°

4a’(2a)  (2a)
3 5

a 1L
T‘O]+2 4

1 5

~0+5

324°

324° s 4d°  a
3 _

5 —16a 3

+

5

a5

[4412413 N a
3 5 4

a 2/ax

Q39. Change the order of integration for the given integral f f (x?)dy dx and evaluate it.
00

Answer :
Given integral is,
a 2vax
/ x*dy dx

0 0
The region of integration is bounded by

x=0,x=aandy=0,y=2ax
Since y =2 Vax
= Y =dax

y2

X~ 4q
Ifx=a

=

y2

4= 4q

4a* =y?

==

=

y=j:2a
2

x varies from a to 4)1}7
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y varies from 0 to 2a

a 2vax 2a 4a

ff xdydx—ffxdxdy

2a 3 %
-Jl5] e
0 a
2a 6
_ 1 y 3
-3/ (4a)’ ~ ]dy
0
2a
_ 1_[ ' _dy
31 7(644%) )
128
[ e @0 0]
=5|Fat 20|
—12 4
3[ 7 4 ]
=
a 2y ax
4
ff xzdydx—7a4
0 0
2-y
Q40. Evaluate f f xydxdy by changing the order of
0y
integration.
Answer :
Given integral is,
12—y
J. ny dx dy
Y
A
o x=1 @0~
Figure (1)

Figure (i) illustrates the curve for x varying from \/; to
2 —y and y varying from O to 1.

Change of Order of Integration

Order of integration is changed by drawing vertical strip
to cover the region. The region is split into two segments R,
and R, as illustrated in figure (i).

Integral Over R,

The integration limits are x =0, x =1,y =0 and y = x?

[rx=yy =2=)]
1 ¥
R1=f/xydxdy
00

Integral Over R,
The integration limits are,
x=1,x=2,y=0andy=2—-x
[x=2-y=>y=2-X]

2 2—x
J Ixydydx+J nydydx
x=0y=0 x=1y=0
't
0,2)

Figure (2)

1 x? 2 |2-x
=Jx Jydydx+fx Iydydx
y=0 x=1 y=0

1 2 x? 2 P 2—x
=jxy— dx+'|.xy— dx
2 | 2

0 x= 0

1 j ) —0]dx+ L jx[(Z—x)z —0]dx
2x=0 2'x=1
1 17
= 5 J xdx +5 Ix[4+x2 —4x]dx
x=0 x=1

_L
2

1 2
fxs dx + / (4x +x°—4x?) dx
x=0

1 2 2 2
= —||xd+4|xd+|x dc—4|x"dk
frarsfrasfea-des]

0

x=1
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6 1 ) 2 4 2 3 2
TR
211 6 2 4 3
0 1 1 1
= (- 0+ H@ - )+ F@-0) - $@° -0

Hew+20)+5as-50)

11 15 28
= —|=+6+———
216 4 3
_l'2+72+45—112
2] 12
_1_ 7
T 24 4
e
xyaxay =—_-.
) 24
1/1-x2
Q41. Evaluatef f y? dxdy by changing the order
0 0

of integration.
Answer :
Given integral is,

1 V1-x?

j j 2 dxdy

0 0

(D)

Equation (1) can be written in standard form as,

1 y1-x?
J. J.y2 dydx
x=0 y=0

The limits of x are 0 and 1. The area of integration lies
between y = 0 and y =v1—x? ie.,x2+)? =1 (It represents

a circle). Figure (i) illustrates a circle where the region of

integration OA4B, is divided into vertical strips.

B(0, 1)

X'

Figure (1)

Limits
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Change of Order

To change the order of integration the region of
integration is divided into horizontal strips.

Integration limits are,

x=0104/1-y?

y=0tol
1 y1-x? 1 1-y?
I j yidydx — j y2dy J.dx
0 0 y=0 x=0
1
2
= [l a
»=0
1
= J.y2 1-y2 dy
y=0
Let, y=sinf
= dy=cosOdb

y=0, sinB=0=06=0

. b
y=1,sn0=1=0=—=

1

%

2

T
0 varies from 0 to E

1-x2

%

Iyzdydxz jsin2 0+/1—sin?0.cos0d0

=0

O C—

sin” xcos” xdx =

0

A

Jsinz 0+/cos? 0.cos0dO
0

kA

jsinz Bcos? B.d0

0

@-ne-hy  =m
T (242)(2+42-2) 2
(m-(m-3)..(n-H(n-3).. ©
(m+n)(m+n-2)m+n—-4)... 2

if m, n are even

IO
T 42) 2

T
16
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Q42. Change the order of integration in | p
27/4-y? =jf(4x—x3)dx
xy dxdy and evaluate it. 0 5 i
0 0 - 17 g X x
Answer : 2 4
1[, ., 2*
Given integral is, =222 -F
24—y :%[8_4]
xydxdy
0 0 =2
fa_ .2
y varies from 0 to 2 A
xydxdy =2
x varies from 0 to /4 — y? 0 0
1 2—x
= x=4y4-) Q43. Evaluate integralf f xy dy dx by changing
0 x2

= x*=4-y?
= x*+)yP=4
= X24pP=2

The above equation represents a circle with centre at
origin and radius 2 units.

Consider a strip parallel to X-axis as shown in figure.

y
A
xXX+y?=22|y=2 |x=2
/ > X
&
Figure
x2+y2:4
y=0
= x=2

x varies from 0 to 2
yz =4 _ 2

= y=44-x’
y varies from 0 to v'4 — x?

2v4-) /42
_[ _[ xydxdy:/ _[ xydxdy
0 0 0 0
2 /42
2 7Y
= Y
fx 5 ]o dx
0

the order of integration.
Answer :

Given integral is,
1 2x

I=// xy dy dx
0 52

The region of integration is bounded by the lines x =0,

andy=x%y=2-x
i.e., x varies from 0 to 1
=  yvaries fromx*to 2 —x

Dividing the region of integration into two sub regions
1, and [, as illustrated in figure 1

Y
A
5 <« x=1 y=2
-2 _ 3
LN =
> -«
> ON<
>0
>Q _
x=0 b £3 y=1
L7 5
> Py—x(_ -
O y=0 = N X
> -
Figure (1)
ie, =1 +1 .. (1)

In the region /,,
x varies from 0 to 1

y varies from x? to 1
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Changing the order of integration, keeping y fixed
y=x
= x=4»
x varies from 0 to «/}
and y varies from 0 to 1

Figure 2 represents the region of integration after
changing the order.

Figure (2)

y=1 x=y5

I = f / xy dx dy

Il
O\’_‘ f=1
<
|
=
<
&

1
I = '3 .. (2)
In the region /,,

x varies from 0 to 1

y varies from 1 to 2 — x
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Changing the order of integration, keeping y fixed,
y=2-x

= x=2-y
x varies from O to 2 —y

Sincex=0 = y=2-0=2

andx=1 = y=2-1=1

y varies from 1 to 2

Il
o=
\I\J

—
[\
|

<
e
[\ ]
|
=
<
&

—_—

2
-5 14—y -4y dy
1
| 2
- 3@y ada
1
2 2 2
4f yay+ [ Pdy-a4 [ yay
1 1 1

-]
= %[2(4— 11+ %[16 —1] —%[8 - 1]]
8

1
2

o=

s3]
- 3l
L= 257 (2

Substituting equations (2) and (3) in equation (1),

X

[122/ xydydx=%+257

0 x
-9 _3
24 8
1 2—x
xydydx=§
0 i
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Q44. Change the order of integration in Ao ca VX
a a /fx2+ 2dxdy_ 2dydx
ff 7 dy dx and hence evaluate it. 0y x=0 y=0
x2+y
° Y a X
Answer : _/[fxzizydx
Given integral is, o Lo
f Y N SR S
[- fx2+a2dxfatan <a)

0 vy
y=a x=a
= f f zx 5dx dy
x“ty
y=0 x=y

The region of integration is bounded by the lines x =y,
x=aand y=0,y=aq as illustrated in figure 1.

i.e., x varies from y to a

Y
y=0
YYVYYVYYYVAVYY YV
X=y
x=0 P Qx=a
AAWA AAAA AAAA
0 y=0 X
Y
Figure (1)

Figure 2 represents the region of integration after
changing the order.

Y
A
> -
—>>
N S
*
=
X=Yy
—>
x=0 > pl a
_>
>
oN” = R >
/—> y=0 - X
*
Figure (2)

Changing the order of integration,
x varies from 0 to a
Since x =y

y varies from 0 to x

a

- [ <%>];‘dx
- /[m

/ (tan"' (1) — 0)dx
0

%fadx

— tan"'(0) ]dx

—
=
ol
S =2

—
N
I
(=}
[

£ BE A
(=]

N

\z::
\m
=
[\
+ =
[39)
&
&
~
Q

(=]
<

4.3 CHANGE OF VARIABLES FROM
CARTESIAN TO PLANE POLAR
COORDINATES

Q45. Discuss about the change of variables from
Cartesian to polar coordinates.
Answer :
Transformation of Coordinates
Double integrals can be easily evaluated by transforming
the given integral into a simpler integral (of new variables) in
an appropriate coordinate system.

Let,x =fu,v) and y=g(u,v)
Where,
x, y— Old variables
u, v— New variables.
Then,

IJF(x,y)dxdy = J.J.F(f,g)|J|dudv - (1)
? R

Where,

J = Jacobian of the coordinate transformation
dx  ox
Cd(xy) u ov
- ou,v) dy  dy
Ju ov
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Change of Variables from Cartesian to Polar Coordinates Y
In order to change a variable from Cartesian to polar
coordinates, let
u=r,v=0and r
x=rcosB, y=rsinf 5 0 X
a(x, .
Jacobian of transformation = oxy) Figure
d(r,0)
Let,
a_x B_x x=rcos 0
= g; 3)9/ y=rsin0
> 90 = dxdy=rdrdd
And x* +y*=,?
i(r cos 0) i(r cos 0) L
| or 20 Limits are from r=0to e and 6 =0 to 5 first quadrant
i(r sin 0) i(r sin0) 8=m/2 r=co
a}" 89 2% 2 2 2
. j'[e_(x Vdx dy = Je rdrd® .. ()
_|cos® —rsin® 00 8=0 r=0
sin® rcosO Let, =z
=rcos’0 + r sin’0 — 2 rdr=d=

=r(cos’0 +sin*0)=r(1)=r
J =r

Substituting corresponding values in equation (1),

IJF (x,y)dx dy = J-J.F (rcos 6, 7rsinB)r.dr.dd
R R

0, f2(0)
_[ F(r,0)rdr.do
626, r=71(6)

j j F(r,0)dd =

In order to change variables from Cartesian to polar
coordinates, the substitutions to be made are,

x=rcosB,y=rsin® anddxdy=rdrdb.

Q46. By transforming into polar co-ordinates evalu-

ate f f e‘("zﬂ’z)dxdy. Hence find the value of
00

oo

f e dx.

0

Answer :

Given integral is,
Jje_(x2+y2)dxdy . (D)
00

Equation (1) can be written in standard form as
J. J-e_(xzwz)dxdy-
x=0y=0

Both x and y vary from 0 to o and the region of
integration is the first quadrant as shown in figure.
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Limits
Forr =0,=2z=0
Forr =co=z=00
Limits are from z =0 to oo.

Corresponding values in equation (2),

000 6=n/2 s
J.J‘e—(x ) gy dy = J [5 Je—zdz]de
00

0=0 z=0
0=m/2
——— Jte=1z, ao
2 0=0
1 /2
S J(e‘” —e)d8
26:0
1 /2 1 /2
—— [-1nae = =
: _[( 0 = jde
6=0 0=0
1 n/2 T
"%y
”e’(" dxdy - I e

Equation (1) can also be expressed as,

ffe_(xz+y2)dxdy = /e‘xzdxfe_yzdy

0 0 0 0

F 2
=[/e"dx

0

2

(@)
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Comparing equations (3) and (4)

F 2
= Ifexdx
0

0072 \/E
= fedeZT

0

2
_T
!

/ e’)‘2 dx ﬁ

0

Ja?—x?
Q47. Evaluate J(;al; o yvx2+y?dydx by trans-

forming to polar coordinates.

Answer :

Given integral is,

a\/a27x2
f / vy x2+y dy dx
0 0

The region of integration is obtained as,

Y0y a7
= y=a-x
= P+y=a
= x=0andx=a
The region is a quadrant of a circle x* + ) = @
Let, x =rcos6, y = rsinf
2+ =a?
(rcosB)? + (rsinf)? = @?
r?cos’0 + r’sin’0 = @?

r*(cos?0 + sin’0) = &?

Uy U

r=a
dxdy =r dr do
r varies from 0 to a

0 varies from 0 to %

fa f (rsin©)r(rdrdo)

r=006=0
./g
0 0

= | sin0
0

avd -2
/f yxr+y?dy dx=
0 0

[SIE]

73 sin 0drdo

(STE]

a

f P dr

0

do

4a
; r
sme[ 7 ]Ode

= '\n\)\:l

sinB[a*— 0]d0

N |
(=)
\n\a\r—!

S fa

= %[f cos 0]

4 4
Gl=r0-11=%
a4
4

a \/UZ*XZ

4
2. 2 _a
yyx“+yidydx = 7

Q48. Evaluate the following integral by transforming

0 0

ava?-x?
into polar coordinates / yvx2+y?dx dy
o 0
Answer :
Given integral is,
a2
f / yy/x*+y? dx dy
0 0

The region of integration is bounded by the lines
y=0,y=va*-x*
= y=a-x
= x+y’=d
andx=0,x=a
Here the region is the quadrant of a circle x* + y* = @?
Changing to polar coordinates
Let x=rcosb
y=rsinb
X+ =7
and dx dy =r dr do

Limits for7: 0to a

Limits for 6 : 0 to g

/

av a2_x2 % a
f / yxt+y?dedy = / /(rsine) Vr? (rdrdo)
0 0 0 0

r
2

= //(rsine)rrdrde
0

0
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a

f sin® dr do

0

a
fr3 dr
0

4

vl a ola wla | a

sin O do

a

sin© do
0

a4

4

. 2
= %f sin 0 do
0
4

sin 0 do

_a 3
= [— cos@]O

4
4
= faT cos [%]7005(0)]
4
a
—*T[O—l]
4
a
——7(—1)
_a
4
ol 22 4
f/ yy/x2+y2dxdy:T.
0 0

Q49. Evaluate by changing to polar coordinates

a a x
ffmdxdy
0 vy

Answer :

Given integral is,
a a
/ / T dvd
— 5 dx
2y 'y
0

The region of integration is bounded by the planes
y=0,y=a,x=y,x=a

Let, x =7 cosO

y =rsinf
and dx dy = rdr dO
If x = a, then

a = rcosO
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a
cos©

= r=

= r=asecH

If x =0, then
0 = rcosO
= r=0

r varies from 0 to a sec

If y =0, then
0=rsind

= 0=0

Since x =y

7 cosO = r sin®

cosO = sin

_ T
= 6—4

0 varies from 0 to %

a a

0y

T
4 asecH

/fxz‘)‘c‘ydedy_()/()/

7cos 0 rdrd6
(rcos@) + (rsin0)?

%asece 2

[ =% a0
”

0 0

r
4 asecH

cos 0 dr do
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Limits for r
Q50. Evaluate ff[1 - - ]dx dy over the first Since > +1v? =1
= r=1
2 2 :
from 0 to 1
quadrant of the ellipse §+ b2 =1 by using rvaties fom o -
2 1
the transformation x = au and y = bv. = ff[ ]dx dy = / 1— (1 +v?))abrdr do

Answer :

Given integral is,

/f[l - ]dxdy

2 2

X y
Ellipse is — + -5
P a® b

and transformation x = au, y = bv

=1 (D)

Substituting the corresponding values in equation (1),
au®  b*?
a* b?

= w+=1

=1

The region R is transformed to R'
Here R'is the area of circle #? +v* = 1 in the first quadrant

x=au,y=>bv

ox dy
u v =b
ox Iy
and g =0 5 E =0
The Jacobian of transformation is given by,
ar ar
J= a(x, y) _|ou av|_|a 0
Au,v) ay 9y 0 b
ou 9v
J=ab

ff{l—z—z—y—z]dxdy —f (1= =) | du dv

R

:/ (1—u?—v?) ab du dv

Let u=r cosd
v =rsind
and du dv=r dr do
Limits for 0
Ifu=0

= cos6=0

e
= 0= 3
. e
0 varies from 0 to =

2

|a

2 1
=ab/f(l—r2)rdrd9
0 0
7 1
=ab/f(r—r3)drd9
0 0
7
2 41!
—ab/[r_r] do
2 4
0
g1 1
:abf[?z]de
0
T
3
= b/lde
~ab [ 5
0
, 7
a
=L
0

ab >
- o)
ab[n
2*3—4
nab
8

2
b
f/[l—— —z]dxdy = %.
R

Q51. Evaluateff xydx where R is the region

in the first quadrant enclosed by the circles
x2 + y2=4 and x? + y? = 16.
Answer :

Given integral is,

1= [ [Rad ()
RVEY
The circles are
xX+y =4 - (2)
xX*+3y?=16 ..03)
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Equation (2) represents a circle with centre at origin and
radius 2 units

. x2+y2:22
= r=2

Equation (2) represents a circle with centre at origin at
radius 4 units

= x2+y2:42
= r=4

The region of integration, R is illustrated in figure.

y
A 9:%
=4
/ S
/A

Figure
Let, x =r cosB, y=rsin0
dxdy = rdrd®
r varies from 2 to 4
0 varies from 0 to %

Substituting the corresponding values in equation (1),

[SIE]

dxd A
eI

(rcos0)(rsin0)
(r cos0)% + (rsin0)?

r.dr.do

cosOsin 6O dr do

%4r3
:ff S

(=1

Il
o=
ol O\n\q;: O’\n\)\n O'\.N\n b4

43
fr 2coses1n9

2

1
> do

4
f 125020 dr do
2

% sm26[ ]d@

— & [ sin20[4)*- )*]d0
0

[SIE

= & [ sin20[(64 - 8140

0
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5
%f $in 20 d0
ﬁ[ cos29]%
31 2

14 [cosZ( - cosO]

3
_14
3
1

[cosm —1]

fR/\/xZ%yzdxdy=238

2y2x-x2
Qs52. Evaluate |
0 o
into polar coordinates.

(x2+y?) dydx by changing

Answer :

Given integral is,
2 /22
(2 +y?) dy dx
0 0
The region of integration is bounded by the lines y =0,
y=+v2x - x?and x =0, x = 2 as illustrated in figure 1.

Y A
x=0 y= 2x — x° x=2
Figure (1)
y= 2x — x°
= P=2k-x
= xX+)yP=2x (D)
y=0
= xX*=2
= x=2
x=0 = y=0
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Let, x = rcos0 e
y=rsind = 4f cos*0 do

Substituting the corresponding values in equation (1), 0
(rcosB)* + (rsinB)* = 2 rcosO 4-1 4-3 1
= (1) =2cos0 R Y =)
= r=2cosd b

r varies from 0 to 2cos6 . ¢ "edefﬂ n-3 1w

x=0 = rcosd =0 ‘0 cos T on n=-2"72"2
= 0=7 _431n 3n

4:2:2 4

y=0 =rsinf=0
= 0=0
0 varies from 0 to %
The region of integration is bounded by the curves
r=20,r=2cosO and 6 =0, 6 =% in polar coordinates as

illustrated in figure 2.
A

T
6_7 r=2cos0
r=0,0=0
Figure (2)
2V2x—* %2&:056
g ff (x2+y2)dydx:f/ (rcos0)? + (rsin 0)r.drd®
0 0 0 0

[-.-dx dy =rdrdb]

2cos0

(1) rdrd®

2y 2x-x2
(24 y%) dy dv =
0 0

Q53. Transform the integral into polar coordinates

a/a?-x?
and hence evaluate f f Jyx2+y?dy dx.
0 o0
Answer :
Given integral is,
aa=
f Vxr+y2dy dx
00

The region of integration is bounded by the planes
x=0,x=ag andy=0,y= «/ﬁ
= y'=a>-x
= Xty =d
Let,x=rcos 0
y=rsin0
and dx dy = r dr dO
rP=xt+)?
= x2 +y2 =r
Ifx=0
= rcosb=0
= cos0=0
= 0= %
0 varies from 0 to %

and r varies from 0 to a

- n
fmaf \/x2+y2dy dx=/gjqr(rdrd9)
0 0 0 0

ljoe

0 Lo

do
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(13 Cl3
=73 %*0] - 7%
ava -2
f mdydx—%
0 0

Q54. Evaluate, by changing to polar coordinates the

integral f f y2 dx dy .

x2+y
pry
Answer :
Given integral is,
2

y 2
J x2 y2 dxdy
0.3/ X +y

The region of integration is bounded by the parabola
and the straight line
2
e, x = 2 xX=y
o 4q’
= y* =dax,y=x
‘y’ varies from 0 to 4a

Therefore, the point of intersection of the parabola and
straight is as shown in figure below.

Y
A(4a,4a)
y=x
(0]
(0.0) X
y? =4ax
Figure
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Changing to Polar Coordinate
Let,
x =rcosb, y=rsinf

= dxdy=rdrdd

Limits of r
2
L
4a
#2sin’0
= rcost =
4a
4acos0
= r=—s;
sin“ @
Limits of 6

Equation of the line is,

y=x
Slope, m =1 [ y=mx]
m = tanb
= 1 = tanf
= 0 =
4

. T T
0 varies from, —to —
4 2

4acosO

sin’ .
.6 (rcos0)? - (rsin0)?

r2 cosze + r2

4a y 2 2
Xy -
Of /x2+yzdm'y—

2

a

— rdrd0
sin“0

I
el

6

i<

4asin®
sin’0

(cos?0 — sin®0) rdrdd

4acos®

2 )
7 sin“0
D) e

(cos?0 — sin®0)

i \:I\)‘:l =R \nm\:l

o=

7

2 .2 4acos6)2
_/(cos 0 —sin 9)( sin26 do
1
ry

2
20 w20y COS°0
(cos“0 —sin“0) <in*0

= 84’ do

= 8a® [ cot*0— cot’0)dd

R
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= 84> cotze(cosecze —1) - (cosec?® —1)d6

i \N‘:l i v\n\)\:l

= 8a”> [ [cot?>Ocosec?0 — 2 cosec? 0+2)]do
2+1 %
=8a2[—%+200t6 +26]
2+1
7
X n+l
( [ =L )
3 T 3
(cot;) (cot4)
—8a’| —~—22 420t E4+ 2422 pgotS-2
3 3 4 4

| P .
372

P
1273

i dd gat[ T2
o] [ Sy (23]

0zx+y

Q55. By changing into polar coordinates, evalu-

x2y?
ate ffﬁdx dy over the annular region
X“+y

between the circles x2 + y?2 = a2 and x? + y? + b?
(b > a).

Answer :

Given integral is,

2.2
Xy
//x2+y2dXdy

Y

Figure

And circles x> + > = a2,
x2+y? =5

Changing to polar coordinates
Let, x=rcos®

y=rsin@
= dxdy=rdrdd
Then x* + )* = &2,
= r¥cos? 0+ r¥cos? 6 = @
= rX(cos’ 0 +sin’ 0) =a*
= rr=a
= r=a
Similarly, x? + y* = b?
= =
= r=b

rvaries from a to b

and 0 varies from 0 to 2.
2

2.2 rooboo o 2n 2.2
Xy r“cos“0.r7sin"0
g ———dxdy = f / rdr do
f/ X2+ y? ” r?cos’0 + r*sin0

20 sin’0
/ f P coi sin dr do
(cos?0 +sin%0)
2n b

= f / > cos?0sin’0 dr d
0 a

o[ b

=f fr3dr

0 La

cos%0sin’0 do

21 41b
%l cos20sin%0 do

a

[p* o
s
2n
= / cos>0sin’0 do

0
[Multiply and divide by 4]

[
~—

cos20sin’0 do

20s5in%0 do

2n

b g
16“ / sin?20 do

0
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2
bt —a* '/‘n[lcos46]de
16 2

b4

027'E
0 / (1-cos46)do
0

b4 _ 614 271

sin40
3 |9

4

0

bt —a*
32

sin4(2m) sin4(0))]
4 4

(271—0)7(

4 4
_b " 2n-(0-0)

Y
= g(b4—a4)

2.2

X T
JI 55 = o
4.4 TRIPLE INTEGRALS

Q56. Write a short note on Tripe Integrals.
Answer :
Triple Integrals

The generalized integration of a definite integral to three dimensions is known as triple integral. In this case, the definite
integral of a single variable function is extended to a function of three variables.

Explanation
Let,
V=3 dimensional finite region
fx, v, z)= Function which is defined over
dV,,8V,, ..., 8V = ‘n’ elementary sub-divisions or volumes in ¥’

(x,.,z)=Apoint in 7" sub division, 3V’.

n
Consider the sum, Zf(xrayrazr)SVr .. (1)

r=1

The finite limit of the sum (equation (1)) for # — e and 8V, — 0 is termed as triple integral of f{x, y, z) over the region V.
It is represented by,

f//{f(x, v, z)dV .

e logy e*
Q57. Evaluate I I Ilogzdzdx dy
11 1

Answer :
Given integral is,

i
11
The above integral can be evaluated as,
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Jlogz dz dx dy
1
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elogye e logy [

J J% Jlogz dz dx dy —J J Jlogz dZ] dx dy
111

11 [1

{11
21l
]

J‘ zlogz — z1 dx dy
1

log zJ ldz — J.%log ZJ ldz:|ex dxdy

10g z(z)- J‘éx zdz:| dx dy
1

elogyr

log=(z) - jldzt dx dy

]
I

elo
loge® —e*1-[llogl—1] dx dy

ogy
] e
11
e logy
J.je loge®™ —e*]1-[0—-1] dx dy
11
ogy
J e
11
e logx
Jj[e xloge, —e*+1]dx dy
11
1

logy logy logy
J- J.xexdx— J e“dx+ Jldx dy
1L 1 1

= ;i. :[xJ. e*dx— j%.[exdx] —e + x:|10gy dy
logy

= J‘[xex —Je"dx]— e’ +x] dy
1

elo
loge™ —e*+1] dx dy

elo
[xe® —e™ +1]dx dy

1
1) '_‘t—)UQ

1

e
logy
= J-[xex —e'—¢" +x] dy
1
1

= jl:xex -2e* +x]llogydy

1

= j[ex(x— 2)+ x];ogydy

1
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[e"’gy (log y—2)+log y—[e(1-2)+ 1]]dy

———

[e“’gy (log y—2)+log y—[e(-1) +1]]dy

——

[e“’gy (logy—2)+logy+e —l]dy

——

[ylogy—2y+logy+e—l]dy

— e

J.[(y+1)logy—2y+e—1]dy
1

—

o (y+1>dy—jdiylogyj(y+l>dy}—2 | ydy+ejdy—jdy]e
B 1

Ii y2 yz 1 2y2 ’
lo AN _J. <4+ —dy | ———+ —
g B y ) y y 'y ) ey—-y

1

o,
logy| 2+ —f[lﬂ)dy—yzwy—y}
22 1
[ 2 1 .2 €
y Yy 2
logy| —+y |-=——y—y* +ey—
Rt R yl
] sy ‘
logy| Lty |-22—2y+
ety |- ey1

2 2 7
loge ° te —Si—26+e.e —| logl l+1 —§—2+e
2 4 2 | 4

1 5
—(e” —8e+13
4( )

elogy
11
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Q58. Evaluate I

Answer :
Given integral is,

1 1-x 1-

i

0

x=y
dx dy dz
-0[ y

The above integral can be evaluated as,

1 1-x1-x—y 11-x1-x-y
IJ dedydz=JI Idzdydx
00 0 00 0

1 |1-x
- J{ .[(l—x—y)dy}dx
olo
2 1-x
y—xy—y—} dx

oy (=%
{(1 x)—x(1-x) 5

Il
O e —

2-2x+2x*—1—-x }dx

|
o=

1
= %{'([(1—2x+x2)}dx

2
—O}dx

1—x 1=x—

" jj ]:fxdydz—
00 0

a b c
Q59. Evaluate fff(x2+y2+z2)dxdydz.

Answer :

Given integral is,

a b ¢
/ / /(x2 + 32+ 2%)dx dy dz
0 0 0

The above integral can be evaluated as,
a b ¢
/ f f(x2 + 7+ zz)dx dy dz
00 0
a bl ¢
= f/ f(x2+y2+zz)dz
0o o lo
a b
!
a )
- faef
0 0
a b 3
faflrore
0 0

a

]

dx dy

37
x22+y22+% dxdy
0

dy

c
ex? -i-cy2 + 3

b
dx

2 cy y
+ = ==
ex’y+=3 3

X OC 3 3

g 3
Lt t

dx
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3 3 37 1
X xb’c  xbc 1 2\2 v
= | 1— 1—
yhet 5 +75| :E/x(z)C),( 4x)dx
0
_ a’be  ab’c  abc® 1
3 3 3 1
= g/x(l —xz)zdx
b
i ) 0
3 1
gors abc = %fx(x4—2x2+l)dx
/ff(x2+y2+zz)dx dy dz = T[a2+b2+cz]. ;
00 0
1
1
1 -2 (12 y?) = g/( - 2x7 + x)dx
Q60. Evaluate / / xyz dx dy dz. 0
0o o 0
IRIES 2t 2
Answer : = g ? T 7 )
Given integral is,
o1 o1
1 -2 V(22 “3slle 272 -0
xyz dx dy dz
0 0 0 _11
86
The above integral can be evaluated as, 1
1 -2 V-2 2) T a8
dx dy d.
(f(/ (»)/‘ e 1 «/lfxzx(lfxzfyz)
xyzdxdy dz = —<
17 V(=222 (/(3/ 5 48
ydy zdz
0 0 Q61. Evaluate ﬂfxyzzdxdydz taken through the
1= / 2 2
[22]‘ -2y )y dy positive octant of the sphere: x2 + y2 + 22 = a2,
2 o
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E X
0
1
1
D X

Answer :

Given integral is,

f f f xy* zdxdydz

Equation of sphere is,
x2 +y2 + ZZ — a2

2

= Z2=a*-x’-y
=  z=yad*-x*—)?

The limits of z are 0 to y a*— x>~ y*

The projection of sphere on XY-plane is a circle x* + )?
=

— yz =2
y= [~ 2
y varies from 0 to v/ a*— x*

x varies from 0 to a




UNIT-4 Multivariable Calculus (Integration)

4.39

2 x Va 7r7

f f f xy? zdxdydz = / / / xyzzdxdydz
7
=// xyz[ﬁ_o]dxdy

a\a ‘C

= 2/ f 2 a® - x*y* =y dxdy

Py

dxdy

a

:2f
,1/
=3[«
0
L/
7 X
0
3o

5 /x(a - X )2(%> %fx(az—xz)%dx
0

\a—x

f {@ - x%)y? ) }dy|ax

2

51/a*—x
] dx

3
2. Y Y
(a—x)3—50

2
dx

5
-x)2-0
5

2 .2 3
a 3x (az _ xz)ff (a

A2 (@ x>z

Let,a> —x>=1t
= 2xdx=dt
_—dt

= xdx= 3
x=0=t=d*
x=a*=1t=0

t varies from 0 to a?

fffxy zdxdydz = II—Sfax(alﬁ)%dx:%/o(g%(—Td’)
0

=3
30 7+1a2
710
1|z
- 730 L
2 |2
S
“30*7[0—(612)2]
1 a’

/ f f xyzzdxdydz=%

_ 1/x(a x)z[l %]
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4.40 MATHEMATICS-I

Q62. Evaluatef ff (x +d;(iyzd:(1)3 where V is the region bounded by x=0,y=0,z=0and x+y +z=1.
Answer :
Given integral is,
/‘/‘/ dz dydx
(x+y+z+1)’
Here, V is region bounded by the planes
x=0,y=0,z=0,x+y+z=1
Ify=0,z=0
= x=1
x varies from 0 to 1
Ifz=0
= x+ty=1
= y=1-x
y varies from 0 to 1 —x.
xt+ty+z=1
= z=l-x-y
z varies from0to 1 —x—y.

1
/fomdzdydx -/

[
/ G

= (f()]vl;/xy(x-i-y-irz-i-l) Sdz|dy dx
1 1o ey
Wt
0 0

11
=5 [ Lty a-xm 1 2y 0+ 11 dy de

Il
|
—

~
)
R
|
=<
+
<
+
—_
N’
Ny
S—"
<
S5

1/ 5y

||
N|>—‘
—

|ty DT 2”] ]d dx
2+1 b Y

1 1=
-1 [ﬁ[l—x]—[@”«vjl) L dx

=3 - v+ a-n ey a0 fa
0
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UNIT-4 Multivariable Calculus (Integration)

4.41

//f x+y+z+1)3dzdydx—%

e R R 1)’1>dx

o=
O\_
—

1 1 1
1| (1 1 Lo
0 0 0
- M + it foger+ 1)
-2 4[x]747 LSS og(x+ 1)},
S 01— § 11— 0+ 30101 [log(1+ 1)~ log(1+0)]|
) 4[_]_8[_] 2[—]— og( ) —log( )
f%%f%+1§710g2+logl]
1[10
—jﬁ—logz
5 1
—ﬁ"‘jlogZ
1 5
jlogZ—ﬁ
i
16

Q63. Evaluate f f (xyz)dz dy dz over the first octant of x2 + y2 + z2 = a2,

OR

Find the value of fff(x y z) dx dy dz through the positive spherical octant for which x? + y? + z2 <
2

Answer :

Given integral is,

f//xyzdxdydz

Equation of sphere is,

x2+y2+22:a2

= Z=g-x-)
= z= 4 a’- )cz—y2

z varies from 0 to v/ a’— x*—?

Since, the given integral is on the positive

= Equation of circle is x> + )* = a?
N yz =a?—x2
=  y=4a* ¥’
y varies from 0 to y/a* — x*
y=0=>x=0

and x varies from 0 to a

octant of sphere
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M MATHEMATICS-I

afx yd—r—v

/[fxyZdXdydz_ f f f xyz dx dy dz

x=0 y=0 z=0

a VA= [ a* 22
- f f f z dz |xy dx dy
0 0 0
ava = R
- ZT xy dx dy
0 0
/a2
A 2 2 2
- ﬁ_ 0|xy dx dy
00
ava

- 2/ f [(a -y )ydy]xdx

a\a*X

:2// [(ay xy y)dy]xdx

71 A

= %/u M _ %z(aZ ) %(GZ_ xH)2-0fx dx
0

L flatad) @R L s ek

- %/a 2 (a*-a’x*— a’x’ +x:) — (@ +x*2a%x%) x dx

a
- %/ Qa'x —2a°x*2a*x* +2x° — a*x + X’ + 2a* ) dx

= %/ (a*x —2a*x> + ) dx
0

a a a
=%a4/xdx72a2/x3dx+/x5dx
0 0 0
:L 4 X2 < 2 x4d x6a
g4 70*261 TOJ’_?O
1[a* 2 1
= T %[a27 0]*%[61470]4‘3[41670]]
_1[a® a&° 4
“8l2 276
_1[d
8l 6
_a
T 48
a°

_/_//xyzdxdydz 48
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UNIT-4 Multivariable Calculus (Integration) 4.43

Q64. Find the volume of the cylinder x2 + y2 = 25 bounded by the planes z=1 and x + z = 10.
Answer :
Given that,
Cylinder, x* +y* =25 .. (1)
Planes, z=1
x+z=10 - (2)

Volume of the cylinder is given as

V=fffdx dy dz .3
4

From equation (2)
z=10-x
z varies from 1 to 10 — x

From equation (1),

x2=25-y?
= x=i,/257y2

x varies from — «/25 —y*to x/25 -
y varies from—5to 5

Substituting the corresponding values in equation (3)

J25-3" 10 x

y= st / dx dy d-

5 V25-y
:f f [10 — x —1]dy dx
-5 —x25—y2

5 ¥25-)°

- [ [ -xldyar

-5 _J25- )2
V25— y?
f[9x 7] V25— v

‘/5 {9lvas—y? — (- V25— )| -{(y25— 2V (/25— 2) [}ay

[z @@=,
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4.44

MATHEMATICS-I

As /25— y? is an even function,
5
V=18x2 /(«/25—y2)dy
0
25— 7 i
:36[y 5=y +275sin-1%]

Ja% 2 2
I'.'/«/a—x dx = &l a X +a7

Here, a = 5

'
a

B )]

= 36[0+ 37 sin' (1)]
_ 2&

- 3622
:2257t

Volume of the cylinder = 2257 cubic units.

Q65. Find the volume of the region bounded by the
paraboloid z = x2 + y? and the plane z = 4.

Answer :
Given that,
Paraboloid, z = x> + y? .. (D)
Plane z =4 ..(2)

z varies from x> +)? to 4
Comparing equations (1) and (2).
xX2+y2=4

The above equation represents a circle with center at
origin and radius 2 units.

Figure illustrates the paraboloid.

4
A

Figure

The projection of region on xy plane gives the area of
the circle x> +y* =4

P =4
y=0 = x*=4
= x==£2
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x varies from —2 to + 2
y::l:\/m

y varies flrom—\/4—x2 to \/4—x2

The volume of the region is given as,

V=fV/fdzdydx
=2/2 2

Va-x 4

/ dz dy dx

V4P Pty

N

Il
'\n\)

2 4y
2 V4-x?
- [ ] -y

The integrand i.e., 4 — (x*> + )?) is even with respect to
both x and y.

\4x

y= 2xf2xf (4— (2 +1%) dy dx

274 ¥

]

0

0
“aflae ]
0

[4—x*— yHdy dx

z 2 2
~a [l eyae G,
0
2 2
=4f\/4—x2[4 2 D) gy
: 3
2
=4/ 4—x2%(4—x2)dx
0
2 3
r =8 [ . 0)
Let, 0
x = 2s8in0O

= dx=2cos0 do
x=0 = 0=0

_ - T
x=2 :>9—2

0 varies from 0 to %




UNIT-4 Multivariable Calculus (Integration)

4.45

Substituting the corresponding values in equation (3),

3

V= % (4 - (25in0)2)22 cos 00
16 >
=3 (474sin29)2 cos 0 db
16 3
=3 4(]7sin29)2 cos 0 do

3
(4 cosze))2 cos O db

—_—

_1l6
3

_16
3

—_—

f=]
= \NP{ < \-m\n = \n\)\:\ = \NL‘J \‘N\?—'

3
(2%)% (cos*0)cos 0 dO

7
:%f 8.cos’0cosB d0
0

%
:%fcosélede

0
_128 4-1 4-3 ¢
T3 4 4-22

n
2

. n _n—-1 n-3
.fcos 0d0 =" —. —5 ..
0

o=
(STE

—_

2

o]
(SIE]

31
. 4 . 2 .
cubic units

w‘

=8

a

Volume of the region is 8m cubic units.

Q66. Find by using triple integrals, the volume of the
tetrahedron bounded by the planes x=0,y =0,
z=0andx+y+z=a.

OR

Find the volume the tetrahedron bounded by

the coordinate planes and % + % + % =1.

Answer :

Given planes are,
y

X zZ _
E+—+?_1 .. (1)

b
x=0

y=0

The region of integration is bounded by the planes

%+%+%=1,x:0,y:0and220.

Figure represents the plane O4BC.

Figure
From equation (1)
Zz _ 1 X pa
c a b

= z:c<1—%—%>

z varies from 0 to c(l X l)
a b
Consider xy plane.

Substituting z = 0 in equation (1),

Yy
Xpd ()
Y_, x
= b_l_a

- eelied)
y varies from 0 to b<17%>

The projection of tetrahedron in xy plane is the triangle
OAB bounded by x =0,y =0, 2+ = |

Volume of the tetrahedron is given as,

V=fofdxdydz
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4.46 MATHEMATICS-I

2 3 2
=c [ |(1-%)(n piHb -2 [ ax - Lo+ | aya
U=z 0el )0 -2) L[5y o
a 2 X
=c X\ b <1_E> dx _ 22 y+2yz+z
| <L e
a 2
B ¢ [1-% 1 3[2
fcbf <17—>— 2a dx = I =5 I T +2yz+2)dy|dz
0 z=0Ly=0
[ (1-3) ’ 2
= 1—2) ax 1 3[,2 2
2 a | y Y
== —+2z—+
0 2 5l 2 z 2 yZ:lodz
VAR )
| (1-3) L2, o }
2 1 =— —+2z(2)" +2z| dz
2+1(-%) |, 2 20| 2
—_ abc x V[ 1 3
6 (1*;) X =3 [ @+4z +22)dz
z=0
3
o (s X
_ - J.(2+6z)dz
:—aTbc(O—l) 2z=0
_abc . . 1 [3
= —¢ cubic units = I = 5 l | (2+6z)dz:|
z=0
Volume of the tetrahedron is %ﬂ cubic units. 5
1 62°
Q67. Evaluate J:[ (xy+yz +2zx)dx dy dz, where V is ) [2Z+T]
0
v
the region of space bounded by planes by x =0, _ L [2(3)+3(3)%]
x=1,y=0,y=2andz=0,z=3. 2
1 33
Answer : =5 6+ 2=+
Given integral is, JJ (xy + yz + zx)dx dy dz:ﬁ
2
H (xy +yz+zx)dxdydz 4
%
Limits

x varies from 0 to 1
y varies from 0 to 2
z varies from 0 to 3.

302 1
=111 (xy + yz + zx) dxdydz
z=0 y=0 x=0

3 2 1
-1 J(Wymx)dx]dydz
z=0y=0 _x:O

3 2 2 2
= J J yx—+xyz+zx— dydz
z:Oy:Oh 2 2 0

z=0 y=0

3 2 12 12
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UNIT
VECTOR CALCULUS

PART-A

SHORT QUESTIONS WITH SOLUTIONS

Q1. Define the following,

(i) Gradient

(ii) Divergence

(iii) Curl.
Answer :
@) Gradient

The gradient of scalar point function fis defined as,

of .o o

grad f=Vf=ig-+j ay+k

(ii)  Divergence
The divergence of a continuously differentiable vector point function ‘F” can be defined as,

oo _ .OF | .OF
divF=V.F=i7- o oy 9y +kaz

Where,
F=fi+ o+ vk

Then,

. . 0 ) o) .
divF =V.F= z§+]8*+k§-(ﬁ+¢]+\l’k)

V= o E)q) oy
Bx By dz
(iii) Curl
The curl of a continuously differentiable vector point function ‘F” can be expressed as,

CurlF:VXF lxaa_F+]X%_F+k><%§

If,
F=fi+o+vyk
Then,

Curl F=V x F= 25+ %§+k8—FX(ﬁ+¢j+1uk)

ik
lo 8 8 _(a\v 8¢>+(af 3l+k<3i 1)
“|ox 9y oz dy oz dz — ox ox Ay
Sy
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5.2 MATHEMATICS-I
Q2. List out the properties related to gradient, divergence and curl.
Answer :
The following are the properties related to gradient, divergence and curl.
2 2 2
% div grad f= V= gx{ + E;yj: + aaz{
s curl grad f=V xVf=0
& diveurl F=V.VxF=0
< curl curl = grad div F— V*F
ie, Vx(VxF)=V (V.F)-V*F
% grad div F = Curl curl F + V*F
ie, V(V.F) =V x (VX F)+ VF
% grad (fg) = flgrad g) + g(grad f)
ie,V(fg)=fVg+tgVf
% div (fG) = grad .G + fidiv G)
ie, V.(fG)=Vf. G+ V.G
s curl (fG) = (grad f) x G + flcurl G)
ie, VX (fG)=VfxG+fVxG
%  grad (F.G)=(F.V)G+(GV)F+Fxcurl G+ G x curl F
ie, VIF.G)=(FV)G+(GV)F+Fx(VxG)+Gx(VxF))
% div (£ x G)=G.(curl F)— F.(curl G)
ie,(VFxG) =G (VxF)—(VxG)
% curl (Fx G)=F(divG) - G(div F) + (G.V) F - (F.V)G
ie, VX(FxG)=FNV.G)-G(V.F)t(GV)F-(FV)G
Q3. Compute the gradient of the scalar function f(x, y, z) =e¥ (x + y + z) at (2, 1,1).
Answer : Dec.-16, Q9
Given that,

Sx,y,z)=e¥(x+y+2)
Point, p=(2, 1,1)
Gradient of a function is given as,

of .9 9
szza'—x+]%+kal

T A 5
=i g[e y(x+y+z)]+]@[(e y(x+y+2)]+k§[e“(x+y+z)

=i[eVyx+tytz)+e?]+jleVx(x+y+z)+te”]+ke™
Vf oy =ile' (1) 2+ 1+ 1)+ 0]+ [ (2) 2+ 1+ 1) + &'+ ke
=i[e*4 + e?] +j [€X(8) + €] + ke?
= 5%+ 9e% + ke? = & [5i + 9j + k]
© VSl =€ [5i+ 9+ 4

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.




UNIT-5 Vector Calculus 5.3

Q4. Evaluate V2 log r where r = /x? +y? + 22

Answer :
Given that,

1
;= /x2+y2+22 _ (x2+y2+22)2

But, 7 = xi+yj+zk

82 82 82
V2 logr = 8_2+ay_2+az_2 log (x? + )2 + 22)1”?
2 2 2
8‘1 +%+§— Llog(x +y+2%) ['.'nloga=loga"]
0’ 0?
:l a_k,g (x> +y?+2%) +—10g(x +y +z) +——log (x*+y? +2%)
2 o’ 9z?
1| o 2x 0 2y d 2z
=E§x2+2+2+8_2 P e 2 2
yo+z V[ xT+yT+z oz| x“+y +z
9| x | 9 S z
x| X +yi ez oy xt 4yt 42 oz| x* +y* +2°
_ (x2+y2+zz)—x(2x) (x2+y2+zz)—y(2y) +(x2+y2+zz)—z(2z)
()c2+y2+zz)2 (x2+yz+zz)2 (x2+y2+22)2
- x2+y2+2272x2+x2+y2+2272y2+x2+y2+227222
- (x2+y2+22)2
B e i T i SR 2 i St
(xz+yz+zz)2
Pyt
- (xz+y2+zz)2
- 1
x*+y? 427
1
= —er*Z ['.'x2+y2+zz=r2]
,
V2 logr=r?
Q5. |If F is a position vector of the point P(x, y, z) then prove that Vf(r) f[r]ﬁ
F
Answer :

Given that,
i~ s a position vector of the point P(x, y, z).

e, 7 =xi+y+zk
Let, 0 =1(r)
q) A —x

Lo _x
ox r

X
=10
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5.4 MATHEMATICS-I
Similarly,

? = 0L and L=
ly r aZ r
Consider, V(f(r))
gy 207,005 90F
=V(©O)= =i+ 5 k
- f’(r)ff+f’(r>.1}+f'<r>.(5)l€
r r r

= S [x17+y}+z/;]
()

r

V) = £

7

~

7 (o7 =xi+yj+zk)

Q6. In what direction from (3, 1, —2), direction derivative of f = x2y?z* is maximum. Find the Maximum value.
Answer :
Given function is,
f=xH** .. (1)
Point, P(3, 1, -2)
Partially differentiating equation (1) with respect to ‘x’, ‘y” and ‘z’,
% = 2xyzz4
/A
ay
f

> = 43225

= 2yxzz4

grad f=Vf= Z?%

_=of =of Of
= lg—i_]@—i_ki)—z

(20224 ) +j( 2022* ) + ' 4222
Vfat the point (3, 1, -2) s,
vr=7(20)0 P (2] )72 P (2) /4GP (1 (27
= Vf=967+288/ 288k
= Vf=96(7+3/3k)
The direction derivative is maximum in the direction, 96( i+ 3j-3% )
V= \/962<12+32+(—3 )2)
= /96*(19)
=96419

The maximum value of direction derivative is, 96 x/@ .
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UNIT-5 Vector Calculus 5.5

Q7. Find grad ¢ where ¢ = (x>+ y?+ 2?) {;"."'}-rﬁ-f

Answer :
Given that,
0= (242 +) e VIR ()
Gradient of a function, ¢ is expressed as,
Jd -—d - a¢ = 8<|) —J0
d Vo=|i—t j—+k— |0 = +k— (2
grad ¢ = Vo = [ oy }D =t PSR 2

. FS10)
Consider, W

% = —(2+ )2+ 2) oV T iu.v = uxi+vxa—u
ox x4y 422 ox ox ox

a 2 2 2

+y2+
ICias s o I

ox Vxt+y?+ 22
a_q) re" [Py2ez . \/x2 +y2 +2° \/xz +y2 + 27
ox \/)c2 +y*+2°
@:x e—w[x2+y2+zz |:2—Vx2 +y2 '|‘Z2 }
ox
Similarly,
9% :)}.e_”2+yz+z2 [Z—sz +y? +22:|
dy
% =g oV [2—1,.-!.1:: ¥z
dz

Substituting the corresponding values in equation (2)
R P e I DI v B SR PR
= [ —yxr+yr 2 ]( xi+yj+ zF)
Vo = V¥ i+ |:2—‘Vx2 +y%+2° :| (xi+y)+zk)

Q8. Find the directional derivative of 2xy + z2 at (1, — 1, 3) in the direction of 1+2 ] +3K.

Answer :

The given function is,

2xy +z?
F=1+2]+3k
Let, ¢(x, y, z) = 2xy + 2* .. (1)
The expression for the directional derivative of ‘¢’ in the direction of r at (1, — 1, 3) is given as,
Directional derivative at (1, — 1, 3) =[V¢]at(1,_1,3) 7 ..(2)
Where,
Vo = 78_¢+J—,8_¢+8_¢ .. (3
dx dy koz

L P i+2j+3k @

"R 14449

. i+2j+3k

= I'= \/j— R
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5.6

MATHEMATICS-I

Partially differentiating equation (1) with respect to x,
yand z,

Jd
ox =%
d0
)
y *
d0
LA
oz ‘

Substituting the corresponding values in equation (3),
Vo = i2y+ j2x+k2z
[VOlut13= 12(-D)+ j2() +52(3)
= —2i+2j+6k . (6)
Substituting equations (4) and (6) in equation (2), B
(i +2j+3k)
V14

Directional derivationat (1,—1.3) = (—2i +2j + 6k).

_ 2+4+18 20

TR

20
Directional derivative at (1,—1, 3) = ﬁ

Q9. Find a unit normal vector to the surface x*+
y2 + 222 = 26 at the point (2, 2, 3).
Answer :
Given that,
f=x*+y*+222-26
. . . . of
Partial derivative of f'with respect to x is, Pl 2x
)
Partial derivative of f'with respect to y is, % =2y
Partial derivative of f'with respect z is, Frie 4z
of
grad f=Vf = 215
of Lo
Fox Ty TRz
i(2x) + j(2y) + k(42)
Vfat the point (2, 2, 3) is given as,
V= 2(2)i+2(2)j+43)k
= Vf=4i+4j+ 12k

Therefore, Vf'is the normal vector to the surface func-
tion, f=x*+)? + 222 =26

The required unit normal vector is given as,

Vi 4it4i+12k
VT @y + @R+ a2y
_ 46+ +3k)
vy16+16+144
_ Mitj+3k) _itj+3k
4y11 V11
Unit vector normal to the surface = itk
J11
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Q10. Find the angle between the two surfaces x? + y?

+z2=9,x?+y?2-z=3 at (2, -1, 2).
Answer :
Given surfaces are,
X+ +22=9 (D
X2+y?—z=3 ..(2)
Point P(2, -1, 2)

Angle between two surfaces of equations (1) and (2) is the
angle between the normal to the surfaces at the point (2, —1, 2).
Let, ¢=x*+)"+2z—9and
O, =x*+y'—z-3
The normal to first surface is expressed as,

”_1:V¢1

-9 -0 -9
- i Ly, +j— -z
lax(bl Jay¢1+ %

[ \% :ii+ji+ki}

=T @0+ j Q)+ kQ22)

noat(2,-1,2)=4; -2 +4k
Similarly, normal to second surface is,

n, = Vo,

= d ) -9
=1 Bx¢2+] ayq)z + ka—zq)z

= iQ0+ j@)+ k(1)

nyat(2,-1,2)=4i-2j—k

Angle between the normal is cos 6 = %
| m || n2 |
Substituting the corresponding values in above equation,
(@i-2)+4h).41 ~2j k)
V16 +4+164/16 +4+1

321

4 8
.. The angle between two surfaces is 0 = c0s l|:—]




UNIT-5 Vector Calculus 5.7

Q11. If f=xy*i+2x’yzj-3yz’k thenfind divf at (1, -1, 1).
Answer :
Given,
f = xy27+2x2y27—3y22F
— Xl P — — _
div f=V.f= ( Ao tjAs ay az).(xyzt +2x%yz ] —3yz’k)
9
= g(xy )+ —(2x y2)+ 5 (3y2%)

= otz () -3y ()
= 2(1) + 2x%2(1) — 3(22)

= div f =22 +)> - 6yz
div f at(1,-1, 1) =2(1)> (1) + (-1)> = 6(-1) (1)
=2+1+6=9

. div £ at(l,-1,1)=9

Q12. If wis constant vector, evaluate curl VwhereV=w x r.

Answer :
Given that,
 is any constant vector such that,
V=wmx
curl V'=curl (0 x )

=zfx<%(mx?))

—Zl x[—x + WX %; gx(axb)fa—axb—é— x%
=37 x [0+0xi]
=i x (oxi) = I[(i.0)o- (. 0)i] [ ax(bxc)=(ac)b—(ahb)c]

=Yo-2(1.0)i

curl V' =3m-m=2m

Q13. Define laplacian operator.

Answer :
The laplacian operator (V?) is defined as,

9,9 79|90, 590, 90
V'W"{’ax”afkazlax o azJ

772 9 50 00 cp 0 5c0 3 2000 -0 0 pi0 00, 0

ALl v vl wr Al wal U e A v mL wr wal T w wai e

82 82 82 az 82 82
B e ey
V.V =V
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Q14. If F is a conservative vector field show that curl F = 0.

Answer :
For a conservative vector field, (F)
F=%¢
F= zi+ i—i—k J
ox jay 0z ¢
;90,500 ;00
ox “dy oz
Then,
Curl F =% xF
ik
_|2 9 9
ox dy oz
90 06 99
ox dy 0z
- (aﬂ 91 (3_¢_ia_¢) Lq| 2o _i(3_¢)
ay dz) oz dy Nox 3z oz ox ax dy ) dy\ox
| il PR
rﬁj 3:;3'* :nzcn'f# ﬁ':ra_}' dudy
= 1(0)- j(0)+k(0)
=0
S VXE=0
Q15. If Aiis a vector function, find div(Curl A).
Answer : Aug.-14, Set-2, Q1(vii)

The given vector function A can be written as,

A=Aji+A4y]+ Ak

i J Kk

- d d 0
Curl A Ax A = g 5 a_Z
Al AZ A3

o _0d) Aok o) on o
dy oz ox 0z ox dy
{ a _}a ka aA3 aAz aA3 aAl ~ aAz aAl
div (Curl 4) =V.(V x A4)= {—+$+g] ( [ > e g_g +k g_g

) (4 _an) o (4 aa), o (a4 o4
T ax dy oz ay ox dz ) odz\ ox Iy
0’4y, 9’4, 9’4, . 0% 4, . 9’4, 9’4,

~ Oxdy Oxdz Oyox Oydz 0zdx  0zdy

=0
div (Curl) 4 =0
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Q16. Iffis a differentiable scalar field, then show that
VxVf=0.
Answer : Dec.-16, Q10
Given that,
fis a differentiable scalar field.
Consider,
Vx(Vf) = Curl (Grad f)
f s
Vf= axf”' oz
i j ok
9 i 9
=  Curl (Gradf)=|9x 9y 09z
o o
ox Jdy oz
[ o Szf] A I
dydz ~ dyoz Jxdz  Jxdz Jxdy  9dxdy
=0
Vx(Vf)=0

Q17. Show thatthe vectore*¥2(j +j+ k) is solenoidal.
Answer : June/July-17, Q10
Given function is,

fer (i)

A function F is said to be solenoidal if it satisfies the
condition,

V/=0

. .9 .0 d
Since, V=z$+]$+k§

9

= VI=| 8x+]av+k8

ex+)’*2z (l +] + k)
O [ xty2:\y O ( xtyp2\a O [ xtyos
= g(e 2 )+$(e +y2))+§(e y-22)
= e\’+y*22 (l) + er+y—22 (l) + e\»+yp2;(_ 2)
= \*Fnyz_;’_ ex+y72272ex+y,2z
= Qexty2z _ Qorty=2z
=0
= V=0

The vector is solenoidal.

Q18. If ¢ satisfies Laplace equation, show that Vg is

both solenoidal and irrotational.
Answer :

Given scalar point function is, ¢
‘¢’ satisfies Laplace equation
ie, V¢ =0
= V.(V¢p) =0 . (1)

5.9

A vector point function .F is said to be solenoidal if and
only if,

Vf =0 .. (2)

Comparing equations (1) and (2),
Vo is solenoidal
From the property of curl,
VxVo =0 (3
A vector j; is said to be irrotational if and only if,
Vxf=0 .. (4)
Comparing equations (3) and (4),
V¢ is irrotational

Vo is both solenoidol and irrotational.

Hence proved.

Q19. Define line integral.
Answer :
Line Integral

Consider a smooth curve ‘C’ in space, which is defined
by function 5 = f(t) , as shown in figure (1),

B
C
A
Figure (1)

Where, A and B are the starting and terminating points
of a curve respectively.

Differentiating a part of the 7 with respect to S’ gives
unit vector along the tangent to the curve ‘C” at point ‘P’.

. dr
Le, —=

ds

~|

Where,
ds— Differential of arc length at P € C.

Now, consider continuous vector point function F (r)
which is defined along curve ‘C’. The component of F(r)
along the tangent at point ‘P’ is given as,

F(r)t

Then, the line integral of F along C is given as,

- jre - Jros
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Q20. Define surface integral.
Answer :
Surface Integral

Surface integral is defined as an integral which is
evaluated over a surface.

Let’s consider a smooth surface 7 = j_"(u,v) and
continuous vector point function F(7) which is defined over
smooth surface as shown in figure (2).

Figure

Figure (2) represents the region of the surface, which is
divided into m sub regions of areas ds,, ds, ... 0s, ... 0s .

The vector area of S, is given as,
d4i = m;8S,
Where,

n; — Unit normal of 8S;
m —_— = y— f—
Consider the sum I = X F(7;).04; = XF(r;).n; ds;
i=1

As the number of sub surfaces increases the area of sub

surfaces decreases.

i.e., when m — o 8s, — 0, if it exists then integral is
called normal surface integral which is given as,

jf (F).dA (or) Jf.ﬁds

Q21. Define volume integral.
Answer :
Volume Integral

Consider a vector point function F (7). If ‘7 is the
volume enclosing the surface 7 = f(u,v) , then, divide volume

into m sub-regions, 8V, 8V, ...8V, ... 8V .
If F(%;) represents a point in dv, then, sum is given as,

] =

m

Tz

F(r,)d,

When, m — oo, §V,— 0 then volume integral is defined

as,

j F(F)dv (or) _[F“dv
V V

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

Q22. Define work.
Answer :

Work is defined as the integral of force acting on the
perpendicular displacement of a particle over some distance.

Let F be the force acting over a particle moving along
an arc AB, then the work done during a small displacement SR
is given as,

B
W= _[F.dR
A

Q23. Define the term potential function.

Answer :
Potential Functions

A vector field that can be easily obtained from a scalar
field is defined by a function called vector function. This
function is represented by F , which is equal to the gradient
of a scalar field. So that,

F = Grad (¢)

ie, F= Vo
Where,
F = Conservative vector and
¢ = Scalar potential.
Note
If F is conservative or irrotational then F = V ¢

Q24. Prove that the work done by a force F depends

on the end points and not on the path in a

conservative field.
Answer :

Let F represent the force acting on a particle moving
from 4 to B. During a small displacement Or, the work done
is F.or.

B
Total work done from A4 to B = IF dar
4

As the force F is conservative, there exists a scalar
function ‘g’ such that,

F =Vg
= fg—g + jg—g + Ez—g
Work done, * Y :

B _ _ _
Fdr J {fa—g+]a—g+Ea—g]x[fdx+]dy+I?dz]
A

B
J ox ~ dy 0z
A
Ak d d
=J % i+ Zay+ 284
ox dy 74
A
B

Thus, in a conservative field, the work done depends on
the end points 4 and B and not on the path from A4 to B.
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Q25. Find the work done by the force F = 3x% +
(2xz —y)j *+ zk along the straight line joining the
points (0, 0, 1) and (2, 1, 3).

Answer :
Given that,
F=3x%+(2xz—y)j+zk
Points are (0, 0, 1) to (2, 1, 3)

Work done (W) = f F .dr

Where,
dr = dxi +dyj + dzk

= Fdi =3x*dx+(2xz — y)dy + zdz

(2.1,3)
=  Work done= f [3x2dx + (2xz — y)dy + zdz|
(0,0,1)
(2,1,3)
35 2 2
= [%-&-(2)‘2}}7%)‘5‘%
(0.0.1)

- [s+226)- 5+ 5]-[5]
1

=8+12+4- 7
_ 1
=245
_ 47
2
W= 4T7units.
Q26. If F= (5xy — 6x?)i + (2y — 4x) j then evaluate

/F.ﬁ along the curve y = x3 from the point
(1,1) to (2, 8).

Answer :
Given that,
F = (5xy — 6x%)i + (2y — 4x)j
Curve ¢ is, y = x° .. (1)
(x, y) varies from (1, 1) to (2, 8)
The vector 7 can be written as,
Fo=xi+ y}'
=dr= dxi +dyj
F.dr = ((5xy — 6x2)i + (2y — 4x)j).(dxi + dvj)
= <5xy - 6x2)dx +(2y — 4x)dy
From equation (1),
dy = 3x%dx.

ff.d_r = f((Sx.x3 —6x2)dx +(2x°

c 1
2

- f ((5x* — 6x?)dx + (6x° — 12x)dx)

1

- 4x)3x2dx)

2
= f (5x* —6x2 + 6x° —12x7)dx

50 6x° 6x® 12.x* >

53 e 4

= [x572x3+x673x4]f

= [25- 2027 + (20 - 3(2)*]
~[P =212+ (1) - 3(1)*]

=32-16+64—-48—1+2-1+3

=35

f Fadr =35,

Q27. Write the statement of Green’s theorem.

Answer :

If °S” represents a closed region in xy plane bounded by
a simple closed curve ‘C” and if M, N are continuous functions
of x and y, then,

Ide+ Ndy — J.J( 8N oM J dx dy

Q28. State Stoke’s theorem.

Answer :

Let “S” be a surface bounded by a closed non-intersecting
curve C. If F is any differentiable vector point function,
then

§ﬁ.d7 - qurl F.N dS

Where ‘C” is traversed in positive direction and N is
outward drawn unit normal vector.

Q29. State Gauss’s divergence theorem.
Answer :

Gauss’s divergence theorem states that, for a continuously
differentiable vector function located in the region £ bounded
by the closed surface S, then,

JF.NdS _ J.div Fdv
E

Where,
N — Unit external normal vector.
In cartesian form,

For F(R) = £ (x, y, 2) I + 0(x, », 2) J + W(x, ¥, )K then
Gauss’s divergence formula is given as,

”(fdydz+¢dzdx+wxdy) = ”J’[ai L9, 0w

edyd
PP
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Q30. Write down the physical interpretation of Green’s theorem.

Answer :

Physical Interpretation of Green’s Theorem

Green’s theorem states that the amount of circulation around ‘C” is equal to the total amount of circulation of all the area
inside ‘C”. (i.e., circulation in D).

Figure
It can also be said that Green’s theorem converts a line integral around a closed curve into a double integral.

J.F.ds = chirculation of F.dA
C D

Q31. Write down the physical interpretation of stoke’s theorem.
Answer :

The cummulative rotational tendency of a fluid to spin across the surface “S” is equal to the circulation of a fluid around
the boundry curve ‘C’. i.c.,

J ! (VXV)Ads = iV.Tds

Where,

‘V” — Velocity field of a fluid flow

Curl ‘7’ — Measure of tendency of the fluid to spin or rotate.
7 — Unit normal to the surface ‘S’

T — Tangential component of the velocity field V.
Curl V

Surface (s)

Velocity field
\%

Figure

Q32. Write down the physical interpretation of Gauss’s divergence theorem.

Answer :

If a vector field F represents the flow of a fluid, then Gauss divergence theorem has the physical interpretation that the

total expansion (or contraction) of the fluid inside three dimensional region ‘J” equals the total flux out flow (or inflow) across
the boundary of V.

ie., J.J-‘I(V.F)dv= a// Fods

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.




UNIT-5 Vector Calculus

5.13

PART-B

ESSAY QUESTIONS WITH SOLUTIONS

5.1 SCALAR AND VECTOR FIELDS, GRADIENT OF A SCALAR FIELD, DIRECTIONAL DERIVATIVE,

DIVERGENCE AND CURL OF A VECTOR FIELD

Q33. Prove that grad (F.G) = Fx(VxG)+Gx(V xF)+(F.V)G+(G.V)F.
Answer :

Given equation is,

orad (F.G) = FX(VXG)+GX(VXF)+(F.V)G+(G.V)F.

Consider L.H.S of equation (1),

grad [ F.G]=V[F.G ]

= 2 FGl+ j%[ﬁ.é] k2 IF.G]
Dt
-|si2F| G| sid]

Consider,

Fx[VxG]= Fx ( 2 +]ay+kaz>XG

Il
!
X

.9 -
ZngG]

aG
PXaarrs

Il
!
X

- 3| 26| g6
G ~

F 4?(21'%)

- zi[%—f.ﬁ]—(ﬁﬂ)é

Fx[VxG]+ (FV)G = zz(%—é E“)
Similarly
GX[VxF]+ (GV)F = E{aa_i)c
Substituting equations (3) and (4) in equation (2),
grad[ F.G] = Gx[Vx F]+(G.N)F+F x[VxG] +(F.V)G

grad[ F.G] = F X[V xG]+ G x(V x F)+ (F.V)G+(G.V)F

)

)

(3

()
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Q34. If r=xi+yj+zk  then show that, V2(r") = n(n + 1)r"-2where T =H.
Answer :
Given that,
ro=xi+yj+zk
|,7| = ‘x;+y;+ z%‘
r= \/x2+y2+22
= 7= (XZ +y2 + ZZ)n/Z
902 9%  9?
Vi) = | —t+—s+— |
") [8x2 »? 092
82
=2 =" (1
axZ ( )
o uy _ ., 0r
. ") =nr o
o X or x
=nr N — =
r ox r
=nx.r"?
9% e n—3 OF 2
ax_z(” ) = n[r 2.1+x(n—2)r ’ g] = nlr"‘2 +(n—2)r"_3 x7:| =nr" 2 +nn-2)r"*x?
Consider equation (1),
2
Vzr" = a—zl"
ox

B Z nr"? +n(n-2)r""*x?

=3nr"2+nn-2)r"*(x*+yr+z?
=3nr"2+nn-2)yr"*(r?
=3nr"?+m-2n)r"?
=r"2[3n+n?*-2n]

= " [n*+n]

=nn+1)rm?

Vi) =nlnt e

[_.’,.2:x2+y2+22]

Q35. Evaluate V2 log r where r = x? +y? + 2?

Answer :
Given that,
r=x’ -i-y2 + 27
But, r= x;+y}+zz
2 2 2
V2 logr = |:8x_2+8y_2+az_2] log (x* + 32 + 2?)

* L 3 &
aﬂ5ﬂ§$%WW“ﬁ
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821 24,242 +—az log (x* + y* +2%) +—821 24yt42?
= ax—zog(x +y +z°%) ayz g y aZzog(x y +z7)
ol 2 Jiof 2y ] oaf  22 ]

ox x2+y2+zz_ | x?+yt+ 22 oz| x> +y*+2° |
o x| 9 y |9 2z |

ox x2+y2+zz_ | x*+y*+z7| oz x2+y2+zzd

LGP x 0 Pyt -2y | (PP ezt -z(22)
- 2 2 252 + 2 2 252 + 2 2 252
(x“+y +z%) (x“+y“+z%) (x“+y +z°)

B R s

=2 (x2+y2+22)2
PN y2+zz—x2+x2+zz—y2+x2+y2—zz_ x2+yz+z2 _ 1
’ (x2+y2+22)2 .(x2+y2+zz)2 .x2+y2+22
2
= ) [‘.'x2+y2+22=r2]
2
V2 logr= =z

Q36. Find the scalar potential (¢) such that F = Vo where F = 2xyz® i + x%23 j+ 3x%yz?K.
Answer :
Given that,

F =221 +X22 ] +3x52k

Gradient of a function is expressed as,

dp- do -~ Jo -
= 2 X727 4307k =a—¢l+—¢]+—¢k
X

Comparing f, ], k terms on both sides,

P (D)
ox
g—j}) =x’7} .. (2)
ﬂ = 3%y ..(3)
0z

Integrating equations (1), (2) and (3),

Ig—i) = J2xyz3 dx

2

= > v+ fy, z) = x* y2 + Ay, 2) (4
A [ 23
J@ = |x"z .dy
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= ¢ =xy2+g(zx) . (5)
% = /3x2yzzdz
0= 205 hey)
= o=x2 T h(x,y) . (6)

The equations (4), (5), (6) will be consistent only when f{y, z) = g(z, x) =h(x, y) =0

¢ = x*z* + Constant

Q37. Find the directional derivative of the scalar point function ¢(x, y, z) = 4xy? + 2x?yz at the point A(1, 2, 3)
in the direction of the line AB where B = (5, 0, 4).

Answer :
Given function is, ¢(x, y, z) = 4x)* + 2x%yz.
Point 4 = (1, 2, 3), Point B= (5, 0, 4)
The position vectors of ‘4’ and ‘B’ with respect to origin ‘O’ are,
04 =i+2j+3k and
OB = 5i+0j + 4k = 5i + 4k
. AB = OB — OA=5i+4k—i—2j— 3k

=4i-2j+k .. (1)
The directional derivative = e.V(
Where,
‘e’ = Unit vector in the direction of AB
_ 4i -2j+k C4i-2j+k 4i-2j+k
T V@ | Vierarl V2
Vo = i%+ jg—$+ %

(4% +4xyz)i + (8xy+2x22) j+ 2x*y)k
Substituting values of ‘e’ and V¢ in equation (1),

The directional derivative is,

4i-2j+k

eVo = T.@yz +4xy2)i+(8xy+2x%2) j+ (2x* y)k
_ A(4y? +4ay2) - 2(8xy +2x72) + 247y [rii=j.j=kk=1]
Va1
At point (1, 2, 3) [ ij=jk=ki=0]
Vo - 4(4(2)° +4()(B) —2(B(H(2) +2(1)* 3) +2()*2
o V21
_ 416+24)-2(16+6)+4 160 -44+4
Va1 N
_l60—40 _ 120
N

120
.. Directional derivative at A(1,2,3) is Nl
21
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Q38. Find the directional derivative of f (x, y, z) =
+y2+ 22 at (1, 2, 3) in the direction of the vector
2i+3j+6k.

Answer : Dec.-17, Q17(b)

Given that,
Sy, 2)=x2+y* + 2
Point, P(x, y, z) = (1, 2, 3)
Direction vector, b= 2i + 3j + 6k
The gradient of a scalar function fx, y, z) is,
Vf(x, y, Z)_l% +]%+ l’cgi
=i ) R ) F kL )
=i(2x) +j2y) + k (2z)
Vf =2xi+2jy +2zk
VA(1,2,3)=2(1)i+2Q2)j+203) k
=2i+4j+6k
. . 2i+3j+6k
Unit vector, b = ﬁ
_2i+3j+6k
V49
_2i+3j+6k
7
The directional derivative of f in the direction of
2i + 3j + 6k,

= Vb a
= (2i+4j + k). 2T L0k

_4+12+36 _52
7 7

Directional derivative = % .

Q39. Find the directional derivative of xyz? + xz at (1,
1, 1) in a direction of the normal to the surface
3xy?+y=zat (0,1, 1).

Answer :
Given that,

f=xyz*+xz
P =(1,1,1)
g=3x+y-z
P,=(0,1,1)
Partial derivative of f with respect to x is,

8f

yz tz

. o . .9
Partial derivative of f with respect to y is, % = xz*

)
Partial derivative of fwith respect to z is, % =2xyz+x

Grad f = Vf:Zi%
of L of L of
Fax T 9y Tha
= i(yz +z>+j(xz )+ k(2xyz + x)
=iy z)+ j(x2) + k(2xyz + x)
Viat(l,1,1)= i1+ 1]+ j(1(12)+kO)1)(1)+1)
=2i+j+3k
Similarly,
og g _ 9g _
g—3y , $—6xy+l and 5> =-1
grad g= Vg = i(3y?)+j(6xy+1)+k(~1)

Vg =3y%i+(6xy+1)j -k
Vgat(0,1,1)=3(1)%+(6(0) (1) + 1) -

=3i+j-k
Unit vector normal to surface g is,
Vg _ 3i+j—k
Vel VEP+aP+(-17
_3itj-k
J11
Vg _ 3itj-—k
Vgl V11

Directional derivative of fin the direction of the normal
to the surface g,

. . .. Vg
Directional derivative = Vf .7==7
S Vel
Substituting the corresponding values in above equation,
3i+j—k
Directional Derivative= (2i + j +3k).|—F———
irectional Derivative = (2i + j ) 1
@G+ i+ GBI k)
V11
_6+1-3 _ 4
BTt

. . . . 4
Directional derivative = —— .
V11

Q40. Find the normal vector and unit normal vector
to the surface z2 = x2—y2at (2,1,/3).

Answer : June/July-17, Q9

Given surface is,

f=x27y2=22

2

= f=x*-)y'-z
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Point, P = (2,1, v3)
Normal vector to the surface is given as,
VfZi%ij%Jrk% .. (1)
Substituting the corresponding values in equation (1),
Vf = i(2x) + j(— 2y) + k(- 22)
=2xi—2yj — 2zk
Normal vector = 2xi — 2yj — 2zk
V/ s =2@1i=2(1) j - 2(/3)k
=4i-2j-2/3k
19 o1.0m = V@7 +27+(243)?
~J/l6T4+12

Unit normal vector to the surface is given as,

NS _ Y
VT IVfl ) - ()

Substituting the corresponding values in equation (2),
vf  4i-2j-23k

i 2/8
_2i—j—43k
V8
Unit normal vector = m .
V8

Q41. Find the constants a, b such that the surfaces
5x2—2yz—9x =0 and ax?y + bz® =4 cut orthogo-
nally at (1, -1,2).

Answer :

Given surfaces are,
fx,y,2)= 5x*=2yz—-9x =0 . (D)
g, y,z) > ax’y + bz’ =4 .. (2)
P, y,2)=(1,-1,2)

= x=lLy=-1,z=2

Substituting x, y, z values in equation (2)

a1y (- 1)+ b2 =4

= —a+8b=4 (3
Consider,
_of . of . 9
Vf— gl‘F@J‘ng (4)

From equation (1),

d
%=5(2x)—9=10x—9
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I _
@—722
of _
8—2_ 2y.

Substituting the corresponding values in equation (4)

VF=(10x—9) i+ (~22)j + (- 2k

VI |y 215y =101 = 9) ~2(2)j - 2(- Dk

(1, -1,
= n=(10-9)i-4j+2k
= nm=i-4+2%
Consider,
_9% ., 9% ., 0g

vg_E)xH_ay VAN
From equation (2)
9
% =ay(2x) =2ayx

g _
ay

ax?

%g = b.(32%) = 3bz?

Substitutin the corresponding values in equation (5),
Vg =2ayxi + ax’j + 3bz’k

Vgl ,=2a(-1) (1) i+ a(1)*j + 362k

(1,-1,2
= ny=-2ai+aj+12bk

As n, and n, are normal vectors to surfaces (1) and (2)
respectively,

W =0
(i —4j + 2k).(—2ai + aj + 12bk) =0
1(—2a) —4(a) +2(12b) =0
—2a—4a+24b=0
—6a+24b=0
—6(a—4b)=0
a=4b.

L A A

Substituting @ = 4b in equation (3),
—4b+8b=4
4b=4 =b=1
Substituting b = 1 in equation (3),
8§—4=a
= —a+8(1)=48
= -—at+t8=4
= a=4
a=4,b=1
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Q42. Find the angle between the surfaces ax? + y2 + z2— xy = 1 and conservative bx?y +y2z+z=1 at (1, 1, 0).
Answer :

Given surfaces are,
ax* +y?+ 2 —xp=1
bx’y+yz+z=1
pointp=(1, 1, 0)
The angle between the two surfaces is the angle between the normal to the surfaces at (1, 1, 0)
letd =ax’ +y*+22-xp—-1;¢,=bx’y +yz+z-1

.O¢1 . 9p1 |, 91
n, = Vo= ZW*‘]W*‘]{@

n, =iax—y)+j 2y —x)+2zk

n ‘ 11,0~ ia()—-1)+j2(1)-1)+2(0)k

S Qa—1)i+j

B 002 | 92 oh2
nz—V(I)z— leL]WJrk?

=i(2bxy) + j(bx* + 2yz) + k(G? + 1)
n2la,1,0) = i2b(1) (1)) +j(b(1)* +2(1) (0) + k (1)* + 1)
n |(1,1,o) =2bi+jb+ 2k

11,0)

Let O be the angle between ¢, and ¢,, then,

n. n
[ 2]

_ (@a-1)i+j).(2bi+ jb+2k)
JQ2a—1)2+(1)2/(2b)2 + (b)* +(2)
_ 2a—-1)(2b) +1(b)
J(@a*— 4a +2) (4p> + b*+ 4)

cosH =

_ 4ab—2b+b
J(@a*— 4a +2) (5b*+4)

dab — b
J(@da*— 4a +2) (5h*+ 4)
4ab — b
J@da*— 4a+2)(5b* +4) )

= 0= cosl(

1 3
Q43. If prove that V. [I‘V (r_”)] =—-, wherer=/x*+y’ +z
r

]

Answer :

Consider, V'{FV(LH
i
1 1
vVl — || = V.|V ——
|:r (r3 )] [ x2+y2+22)3J
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I
<
~

PN B R VLI N SR V- SR R
lax (x2 +y2+22)3/2 ]ay (x2 +y2 +ZZ)3/2 aZ (x2 +y2+22)3/2

I
<
~

(xz +y2+22)3 (xZ +y2 +Z2)3 (x2 +y2+22)3

v N YRC S S NI S S e —3Zl€(x2+y2+zz)”2
= Vit (C+ 2 +22) - 2. 2 3 >, 2. 23
X4y +z%) (x"+y +2) (x"+y +z)
Uy (52 4 2422

217122 (—3xi —3yj—3zk)}

I
<

= V.|:(x2 +y2+z%)

e (=3xi —3y) —3212)}

x17+yj_'+zlz
.(xz +y2 +zz)2

SN N N P S I .| I
i ox (x2+yz+22)2 ay (xz+yZ+22)2 oz (x2+y2+22)2

=_13 i X +i Y +i ;
-ax (x2+y2+zz)2 dy (x2+yz+zz)2 0z (xz+y2+zz)2

F(x2+y2+22)2—x><2>< 2x(x2+y2+22)+(x2+y2+22)2—y><2><2y(x2+y2+22)

;( 3203+ +2) () ) +}( 3202+ + )2 (2) ) N k( 3203+ +22)2(22)

=-3
(x*+y*+2%)° (x* +y*+ 2%
+(x2+y2+22)2—z><2><22(x2+y2+22)
i (2 + y2 + 2%)°
:73—(x2+y2+22)2—4x2(x2+y2+22)+(x2+y2+22)2—4y2(x2+y2+22)
(x2 +y2 +22)4 (x2 +y2 +22)4
+(x2+y2+22)2_422(x2+y2+22)
I (2 + 2+ 22
32+ 12+ 22
_ (xgx+y2y+ 22)24) [ +y2+2%) — a2 + X2+ )2+ 22— 4y + X2+ + 22 477
-3 2, .2, .2 2,2, .2 2, .2, .2
:m[—bc +y +z" =3y 4 x4z =3z +x"+y7]
X +y 4z
-3

e i
(x2 +y2 +22)3

3x? +y? +27] 3
(x2 +y2 +zz)3 - (x2 +y2 +Zz)2

3
= —4=RHS
(r)

)
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Q44. Prove that div.(grad r") = m(m + 1) r™2
Answer :
Given that,
V(@) = m(m+1)rm? .. (1)
Position vector, r=xi +yj+zk
Andr=|r|
= |7| = ‘x;+y;+ z%‘
= r= xz+y2+zz=()cz-i-yz-i-22)”2
= rm= (xZ +y2 + ZZ)m/Z
Consider, LHS of equation (1) i.e., V2"
Where,
V2 — Laplacian operator
92 9% 0?
= ——t——t—
ox*  9y? oz°
82 2 82
V()= | —+——=+—= |
( ) ax2 ay2 aZZ
a2
E)x_zr .. (2)
or
— (™) = m-1 "
Take ax(r ) =m.r W
=mrm 2 .. i _x
r “ox -
=mxrm"?
2
BaxZ (") =m [F’H.l +x(m=2)r"* %]

2
=m [r""2 +(m-2)r"* x7]

=mr"2+m(m—-2)r"*x?

Consider equation (2), we get,
2

v = Y
= D> mr A m(m=2)r X
=3mr"?+m(m—2)r"* (x*+y*+ 2%
=3mr"+m(m-2)r"*(r?
=3mr"2+ (m>-2m)rm?
=r"2[3m+ m?*—2m]
=m(m+1)rm?

V) =m(m+ 1) rm?=RH.S

Vo= x24y24z?
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5.22
Q45. Find curl f where f = grad (x® + y3 + z° — 3xyz).

Answer :

Given that,
F=grad (x* +)* + 2> — 3xy2)

Let, p =x>+3* + 2> - 3xpz

o .9 9
grad¢=z§+]$+ 2z

- ig—x[ﬁ +y3+ 2% = 3xyz]+ jaa—y[x3 +37 +27 3xyz] + ka7 [x*+y° + 2= 3x7]
=i[3x? = 3yz] +j [3y* — 3xz] + k [32* — 3xy]
F=i[3x* = 3yz] +j [3y* - 3xz] + k [322 — 3x)]

Curl of a function is given as,

i j ok
9 9 9
Curl F=|0dx dy oz
OF 9F OF
ox Jdy oz
i j k
_| 9 9 9
N ox Iy oz

[3x2—3yz] [3y%-3xz [3z°— 3xy]
=i[-3x—(30)] —j [- 3y - 3] + k[ 3z - (- 32)]

=0
Curl F=0.
Q46. Prove that Vx(AXr J: (2-nA _n(rA)r
r" r” rn+2
Answer :
Given equation is,
AxF) _ @-n)d  n(FA)
VX( ' J_ I (D)
r r 7
But,
F e and e o
T Ty
ox s dy , 0z
Differentiating partially equation (1),
zri = 2x = ﬁ = i
X ox r
Similarly,
or :Z i—i
dy r 9z r

b}
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Consider,

Il
|
1
~
S
<5
|
3|
S
~
S
L
| G
|w
N

Il
R |
X
~
N
<
|
il
S
N
N
|
~
Il
R |
X
—
N
=
~7)
|
]l
S
N
=
b
=
-

_AXi_ n T

n I”n+2

7 i(AXF] B iX(ZXlT)_ nx

- — IX(AX7)
r r

_EDA=GAT - mx i T A

n+2

r" r

n

Suppose,
A = A+ Ayj+ Ask o)
Multiplying ¢7 * on both sides of equation (4),
i.A=4

Equation (3) becomes,

9 AxF A—Ai -
a—( )[ ) o LA = 47]

r r r

Taking ‘%’ on both sides,

- o AxF A-Ai -
D e Y e

r r
Simplifying the above equation,
_ 34-4 n

nr
n+2

)=
(r 4)+
" rn+2 r

(A x+ A,y + A;z2)

nr
+2

- = (r*A)+

r r'r r"

(A7)
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Q47. Prove that div (A x B) = B.curl A- A.curl B.
Answer :
Let,A=Ai+A,j+Akand
B=Bi+B,j+ Bk
Consider,
+ - 4+
i j ok
AxB= 4 4, 4
B, B, B
=i(4,B,-AB)—j(AB,~AB)+k(4B,-A4,B8)
=i(4,B,~A,B) +j(4,B,—AB,)+ K(4,B,-A4,B)

- Zi(AzBs —4;B,)

.0 .0 0 )
V.4 % B)= (la—x+]$+ka—z)21(AzB3 — 4AsB,)

d
= Zg(f‘lz& ~ 43B,)

o4y _

Consider,

ox dy oz
B, B, B

(om, am ) (on, om ) (om, an
dy 0oz ox oz ox dy
N AN AW
dy 0oz dz  ox ox dy
3 (L 0B
dy Oz
A(V x B) = (Ali+A2j+A3k)2i[

9B, OB
. A(VxB)= ZA{a—;—a—ZZJ

Similarly,

A, oA
B.(V x 4) = 231(8—;—8—;)

(VxB)

dy oz

Subtracting equations (1) and (2),

04, 94 0By 0B
B(VxA)~A(V xB)= ZBI[B_;_B_;J_ZAI[T;_TZZJ

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

Curl A=VxA4
Curl B=VxB

(1)

. (2)

03
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Expanding equations (1) and (5),
V.4 *xB)=B.(VxA4)—A.(V xB)
(or)
div(4 x B)y=B.curl A — 4. curl B
Q48. Prove that V x (V x A) = -V2A + V(V.A).

Answer :

Consider,

Vo (Vxdy=ix L (Vxdy+)x i(VxA)+kx 9 wxa ov=idy 9l
ox dy oz ox “dy oz

.0
= VX(VXA)=21><$(V><A)

'xiVxA—iXi ixa—A+ a—A+k><a—A
P o (Vod) = DX X X, TG,

ox? oxady Ox0z
(%4 (. 9%4) . 324
= IX[IX— |+IX]| JX +iX| kx
ox? dxdy 0x0z
aA 82A+i82A '+i82A e 1 ii=0.ik=0
ax ox? dxdy ox0z [-+ii=1,ij=0,ik=0]

_ o040 .04\, 0.4\ 24
*lax<’ax>+fa ( ax)”‘az( ax>‘ o

o) 4
ox ox?

, ( 9’4 . 94 E)ZAJ
= ix|ix + jx + kX

i —(VXA) = (

sz—(VxA) —VZI——Z

9’4 9*4 9%*4
+ +

x> 9 9z’

V % (V x A) = V(V.4) — V24

—V(V.A)—( ) V (V. 4)-V4

Q49. Prove thatcurlaxb)=adivb-bdiva+(b. ¥)a-(a.7)b.

Answer :
Curl (a x b)= Vx (ax b) [ VA=, %;1 K24
_ fxi(axz?)+jxi(axﬁ)wéxi(axz?)
ox dy 0z
x| P raxt + % 9 paax |+ 9a 5. g xab] .'.i(a+5)=a—ax(b_+5)xa—b
ox ox dy dy oz ox ox ox
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~ob)\_ ._0b r—da —(~da ~0b _ ~_ 0b
+l((].§Ja—(z.a)g]+[(j.b)$—b(j.gﬂ+|:(].$a—(].a)$:|

(;B_E)H; }a—a +E(l€.a—a)
ox dy z

= BV)a+(V.h)a - (Va)b - (@V)b ( @vr=@nd+ (E})%+ (5.1@)3—2)
= a(V.h)-b(V.a)+(b.V)a —(a.V)b

= adivb —bdiva + (b.V)a —(a.V)b

.. Curl(axb) = adivb —bdiva + (b.V)a —(a.V)b

Q50. Show that V.(V.F)=V x(V xF)+V2F
Answer :
Consider,

V><(V><F) :ixi(VXF)+j><i(V><F)+k><i(VxF) --V:ii+ji+ki
ox dy oz )
=  Vx(VXF) =Zix§—x(VXF)

= ix E?_x(VXF): ix&i[ixai+jxw;+kxw]

2 2
o ’F +I.X[kx d F]
oxay 9x9z

*F). F 82F] [ a2F}
PR P i+ k ciii=1,ij=0,ik=0
{’ ]’ o [’ axay )7\ ovaz [-+ii=1,ij=0,ik=0]

y
, aF] °F

o) o

3 [,aF]+ 2 [,aF]Hci[,aF] 2
Pox )T vl ax az\"ax ) ax?
.0

= ix—(VXF) =V{

ox

Applying summation on both sides,

.0 _OF °F
= sza(VXF)—V lngQ

o’F 9°F BZF]
=V(V.F)- + +
V-F) [ awr 9y o
=V (V.F)-V°F

= Vx(VxF)=V(V.F)-VF
=  Curl (curl F) = Grad div F — V?F
V.(V.F)=Vx(VxF)+V*F
SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.
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Q51. Find divF, where F=r" T. Find n if it is solenoidal.

Answer :
Given that,
F=rv

F is solenoidal,

The vector ¥ can be expressed as,

F=xi +yjt+zk

= |r|=yx?+y?+22
= rP=xtt)y +2 .. (1)

Partially differentiating equation (1) with respect to x, y and z,

Similarly,

ca o Aa ~ A A
= ngfJ—“Lka—Z xityjtzk)r

= aa—x(xr")+%(yr")+%(zr")

or o o
= @) e gy e

N
=3 T oy yay 0z

34 ﬂ+ﬂ+£)

r r r
x2 4yt 22 .

=3 + ! — [ " From equation (1)]

2

=37+ ppr! )
-

=37+ nr’

=r'(n+3)

codiv F=r"(n+3)
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The vector F is said to be solenoidal if; it satisfies the following condition,
V.F=0
= r"(n+3)=0
= n+3=0
= n=-3

n=-3

Q52. Show that F = (y?—z? + 3yz — 2x) i + (3xz + 2xy)] + (3xy — 2xz + 2z) k is both solenoidal and irrotational.
Answer :
Given function is,
F=0?—22+3yz—-2x)i +(Bxz+2xy) j + Bxy —2xz+22) k
(i) F is solenoidal if and only if V.F =0

—=_(.0 , .0 2 . .
VF =<l§+@+k§> (37— 22+ 3yz = 2x)i + (3xz + 2xy)j + By — 2xz +22)k)

- %(f- 224 3yz — 20) + (%(sz +2) + 5 Gy - 2z + 22))

—0-0+0-2+40+2x+0-2x+2=0
VF=0 (1)

(i)  F is irrotational if VxF =0

i J k
= 0 o d
VXF = o N 9z

Y —z?+3yz — 2x 3xz+2xy 3xy—2xz+2z
= i(i@x —xz+22) — L (Buz + 2x )) _ '(i@x Oz 20— (P P+ By — 2x)>
gy Y oz Y I\ 9y P oz Y

3 3
+ k<§(3xz +2xy) 7@@27 224+ 3yz - 2x)>

=i((3x—-0+0)-(B3x+0)—j((By—2z+0)—(0-2z+3y—-0)) + k((Bz+2y) - 2y -0+ 32z-0))
=i(Bx—3x)—jGBy—2z+2z-3y) +k(3z+ 2y -2y —3y)
=1i(0) —j(0) + k(0)
=0
L VXF=0 .. (2)
From equations (1) and (2)

F is both solenoidal and irrotational.

Q53. Show that the vector function V= (x2 — yz) i + (y>— zx)j + (zZ — xy)k is irrotational and find its scalar
potential.

Answer : Dec.-16, Q15(a)
Given vector function is,
Vo= (x> yz2)i+(* = 3x)j +(22 - xp)k ()
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i j k
crv-ver-| 2 2 2

X —yz yP—zx 22— xy

=1

%(22 ) - a5 - =) - j[;%(zz ) a2 yZ)] (3 - zx) - %(xz - yZ)]

il(=x)—(=0)] - jI(-4) (D] + k[~ z - (- 2)]

il-x+x]— j[-y+y]+kl-z+z]=0i+0j + 0k =0.
Curl V=0

V is irrotational.

But, V=V¢

- V:%+%+% @

Comparing equations (1) and (2),
% - Py .. 03)
% — ) o )
% — 2y (5

Integrating equation (3),

)
% = f(x2 —yz)dx

= o = /‘xzdxffyzdx
3

=  $=F-nmztq .. (6)

Integrating equation (4),

- [z
= o= fyzdyffzxdy
3

= o = yT—xszrcz - (7)

Integrating equation (5),
9
e /(22 —xy)dz

= o= fzzdz—/xydz

i
= o= 3wzt - (8)

From equations (6), (7), (8),

3 3 3

340343
Scalar potential (¢) = % —-xyz+tec.
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5.2 LINE, SURFACE AND VOLUME INTEGRALS

Q54. If F = xyi — zj + x?k and C is the curve x = t?,

y=2t,z=t*fromt=0tot=1. EvaIuateJF-dr.
Answer : ¢
Given that,
F=xyi—zj +x*k
x=£,y=2t,z=¢Fand t=0to 1
dx=2tdt, dy=2dt, dz=3dt .. (1)
F=xyi—zj +x%
=2 20)i - £+ ()
=2+ 1tk
And dr=dxi+dyj + dzk

1
[Far=[@ri- j ity i+ dy + ek
c 0

1
- J'(zﬁi.idx — 3 jdy +t*kkdz)
0
[ ii=jj=kk=1]

1
= j(zﬁdx —Pdy +1dz)
0

1
= '[2132t dt—132 dt +1*3t%dt
0
[.. From equation (1)]
1
- _[[4z4 — 26> +3¢%1dr
0

1 1
3t

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

Q55. If F=(5xy—6x?) i +(2y - 42) ] , evaluate JF. dr,

along the curve c in the xy - plane given by
y = x3 from the point (1, 1) to (2, 8).

Answer : Dec.-17, Q15(b)
Given that,
F=(Gu—62)i+Qy—42) ]
Curve cis, y =x° .. (1)

(x, ) varies from (1, 1) to (2, 8)
The vector 7 can be written as,
Fexityjtzk
= F=xity] [+ Inxy plane, z = 0]
=dr=dxi+dyj
Fdr =[(5xy—6x°)i + 2y —4z) j1.(dxi +dy )
= (5xy — 6x?) dx + (2y — 4z) dy

=(Sxy—6x%) dx + 2y dy
[2=0]

From equation (1),

dy =3x* dx - (2
_ 2
JF.dF :J.(5x476x2)dx+2(x3)(3x2)dx
c 1

[ From equations (1) and (2)]

2
=J'(5x4 —6x%)dx +6x° dx
1

5 3 6 5 3 6
2
_332) 674 s 140
5 3
- 30
jf.dF:SO
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Q56. Find the circulation of F round the curve ¢
where F = (e* sin y)i + (e* cos y)j and c is the
rectangle whose vertices are (0, 0), (1, 0), (1, %),

T
(0.3)-
Answer :
Given that,
F = (e sin y) i + (e* cos y)j
Let, 4(0, 0), B(1,0) C(1, % Yand D(0, % ) be the vertices

of a rectangle as illustrated in figure.

Y
A
D(0, &
©2) c1 3
A0, 0) BLO) X
Figure

Circulation of F is given as,
[Far= [Far+ [Far+ [Far+ [Far ..
c AB BC cD DA

F.dr=(e"sinyi+e*cosy j).(dxi + dyj + dzk)
= e"siny dx +e*cosy dy
Along AB:
Here,y=0=dy=0

x varies from 0 to 1.

fF.dr = fexsin(O)derel cos(0)(0)

AB AB
—0+0
fﬁm=o
AB

y varies from 0 to % .

fF.dr = fe(l)siny(0)+elcosy dy
BC BC

=e | cosydy

< \
B

= e[siny]z

5.31
= e[sin% —sin O]
=e[1-0]
=e
/F.dr =e.
BC

Along CD
Here, y = % =dy=0
x varies from 1 to 0

/F.dr = f[e"sin(%)dere"cos%O
D cD

=e'—e
=1l-e
/F.drzl—e
cD
Along DA:

Here,x=0=dx=0

y varies from % to 0

fF.dr = /eosiny(0)+e°cosydy
DA DA
0
= /cosydy
%
0
= [sin y]x
2
=0-1
fF.dr =—
DA

Substituting the corresponding values in equation (1),

./Fw"=0+e+1fefl=0

C
- fFWZQ
C

Q57. Evaluate “.K.n ds where A = 18zi-12j+3yk
s

and S is that part of the plane 2x + 3y + 6z = 12

which is located in the first octant.
Answer :

Given that,

A= 18zi—12j+3yk
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Let, 0=2x+3y+62=12 . (1)
_12-2x-3y
6
- Vo
A.n=[182i=12j+3yk].—— -2
Vo] @
Considering,

Vo = |:zai+]%+k J

}y+@+&n)
- 2i+3j+6k
Vo  2i+3j+6k

IVO|  J4+9+36

 2i+3j+6k
7

n=

..(3)
Substituting equation (3) in (2),

An = [18zi —12j+3yk] x %[25+3}+6/€]

[362-36+18y]

\1|~

%[36[12—2)(—3)/]

36418
6 y}

. 12-2x-3y
6

1
= 7[727 12x — 18y —36 + 18y]

1
. An = 7[36—12x]
If R be the projection of S on the xy-plane,
dxdy  dxdy

Tkl (6)
7
. (e [fnts

_ J}[%(%—le)%dxdy

—dd

= '”.(6 —2x)dxdy
[ From equation (1)]
- Rof xy-plane is 2x + 3y =12
3y=12-2x

12-2x
3

y=
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Aty=0,x=6
*. x varies from ‘0’ to ‘6’

y varies from ‘0’ to 12-2x

6 [a2-2x)/3
J' Ands — _[ I (6—2x)dy |dx
S

x=0 y=0
‘ (12-2x)/3
o [N R 2
x=0

6[12;2x] , [12-24]

— o

or 2
= J 24—4x—8x+%] dx
—oL

6 _4 2
_ %-12;&24} dx

x=0L

4 j—dx 12 Jx dx+24 de

= x= x=0

37° 270
_ ilx_] _12{)6_}
31 3 2

x=0 x=0

_ 4
jJA.n ds = —[63

9

s

= @—6(36)%4(6)

+24[x1°_,

]—%[36]+ 24[6]

=06-216+144=24
jJZn ds =24
s

Q58. Evaluatef ff:.ﬁds where F =6zi — 4j+yk and
S

S is the portion of the plane 2x + 3y + 6z=12 in
the first octant.

Answer : June/July-17, Q15(b)
Given that,
F=06zi—4j+ yk
Plane, 2x + 3y + 6z =12
Let,

d=2x+3y+6z—12
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Vo=i2)(2x+3y+6z—12)+ j%(Zx 3y -+ 62— 12) + k2 (2x+ 3y + 62— 12)
=1i(2) +j(3) + k(6)

=2i+3j+ 6k
iy
Unit normal,ﬁ=721 3+ 6k
V22 +32+6°
_2i+3j+6k _2i+3j+6k
Va9 7

If R is the portion of S on xy-plane, then,

f gf Fiids = f 1}/ Fi fzg

Now,
_ 2i+3j+6k) 122-12+6
Fii = (621 — 4 + yk) & ] ) 12z =
[21+3]+6k]
_6
7
k=%

Limits of x and y in R-plane.

2x+3y+6z=12

R of xy-plane is,
2x+3y=12
= y:12—32x
Ify=0
12-2x=0
= x=6
Thus ‘x’ varies from 0 to 6 and y varies from 0 to ( 12523‘ )
Surface integral, f f Fids = f f Fi——= drdy
& 17kl
1220
12z 12+
[ e,
0 0
(12521)
—[ [ @z-2+ypdcay
0 0
12 2x
6 12 712+3
f f [ < z y) 2+yl|dx dy [ From equation (2)]

f=}

=/ f <47%x7y72+y>dxdy
0
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12—
6

N R

0 0

122x
6

e f o

- [FmS

6
=2 [3-xI[6- x1dx

0

6
%fx _ox+18]d

(=1

(=}

w|l\)

=202 ox \

36
209G 15|

Q59. Find the volume of the solid in the first octant
bounded by the paraboloid, z = 36 — 4x2 + z2 —

9y2,
Answer :

Given that,
z=36—-4x>+22-9)?

Consider,
z=0 to36—4x*— 97
z=36-4x>-97
z=0

9y? =36 — 4x?

y= %\/36—4x2
y=0to %\/36—4):2

Substitutingy =0, z=0
4x2 =36
xX*=9=x=3

= x=0to3

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

1
3 36-4x2 9y

17

—§\/36—4x2

_ _[ _[(36—4x2—9y2)dy dx
0

3T 3 %m
:I (36—4x2)y—9%] dx

0L 0

3 364
:j[(36 4x%)y -3y P dx

0

Il Il
O e S —_— W

(36—4x2)*? xﬂ dx

Il
= e

3
2 2,32
=—| (36—-4x")"" dx
o]
53
_ gj (49— x2))"? dx
0
53
_ 5!(22)3/2(9—x2)3/2dx
0
g
= 2 |8(9-x*)¥?dx
%4
- —J(9 2)3/2 g

= —J.(9 x )3/2dx

(36—4x2)%\/36—4x2 —;—7(36—4x2)3/2:|dx

%(36—4#)3/2 —%(36—4x2)3/2]dx

Let,x=3sin0=dx =23 cos 0 dO

x=23sin0 = 0=3sin0 = sin6=0 = 0=0

x=3sin0=3=3sin0 =sin0=1= 0= 3
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n From Green’s theorem,
2
V= %J(9—9sin26)3/230059d6 fde+Ndy=ff[%*]¥—%7Ay4]dxdy - (D)
0
M=xy ; N=y
g oM =52 - ON _ 0
) ’ ox
_ EJ'(32)3/2(1—sin2 0)*23c0s0d0 4
9 0 Consider,
n y=xy=x
2 -3
16 4 4 = x=x
= ?(3) Jcos 0406 — P_x=0
0
= xx@*-1)=0
= 144(&)(&)[5} = x=0,x=1
4-0 )\4-2 )\ 2 = x=0,x=1
x varies from 0 to and y varies from x* to x.
=144 x :1;_2 Substituting the corresponding values in equation (1),
1 X
= 2n /de + Ndy = / / (0 — x*)dx dy

. V= 271 cubic units

5.3 GREEN’S THEOREM IN A PLANE, GAUSS’S
DIVERGENCE THEOREM, STOKES THEOREM
(WITHOUT PROOFS) AND THEIR VERIFICATION

Q60. State Greens theorem in plane and apply the

theorem to evaluate ]{xzydx +y3dy, where C
C

is the closed path formed by y = x, y = x3 from
(0,0) to (1, 1).
Answer :
Green’s theorem in a Plane
For answer refer Unit-5, Q27.
Given integral is,
]{ x*ydx + y dy

c
Where, C is the closed path formed by the lines y = x,

y=x
The points are O(0, 0) and P(1, 1) are shown in figure.
AY
P

x=0 y=yx3

1 x

I [
| !
— S —
><I\J \
><i\)
&
S

Il
|
=
w
|
=
(9
~
=

b4 -

fxzydx+y3 dy = Izl
c

Q61. Using Green’s theorem, find the area of the
region in the first quadrant bounded by the

curvesy=x,y=%,y=%.

Answer :

Given curves are,

c,—oy=x
1
oY=
X
&Y=y
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The area of the region bounded by the curves in the first quadrant is shown in figure,

0
% S
A Q’k \/
z % \/
3 /Qw
?»/
Y
*
Sl
0(0,0) >X
Figure

The area bounded by the closed curve ‘¢’ is given as,

A= %f(xdy—ydx)

41
= 473

%(xdy — ydx) + ]{(xdy — ydx)+ f(xdy — ydvx)

CI Cz C3

Consider,
c iy=x
dy =dx
f(xdy — ydx) = f.(x.dx — x.dx)
c

- 74<0>

=0
Consider,
1
¢iy=
dy=—rd
—dx
y 2
1
-1 1
f(xdy — ydx) = f[x[ 5 ]dx - dx]
X X
[ 2

I I I
5 ~ -
~—, [ [
= I AL
=
= § |
‘D—‘
&
N —

= - 2[10g)c]12
—2 [log 1 —log 2]
—2(0—1log 2)
=2log?2
SlA PUBLISHERS AND DISTRIBUTORS PVT. LTD.
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: A y
Consider, ¢, : y = 4 y=x A y=x
) AL, 1)
- — C
dy 7 dx 2 C,
0 : 0(0, 0) >
f(xdy—ydx) = f{x.zdx— 4dx]
ey 1
0 Y
X X
= f(Zd - de] Figure
1
o From figure,
=f(0)=0 | M+ Nay= fde+Ndy+ [ Mac+ Ny .. 3)
1

Substituting the corresponding values in equation (1),
1
= 5[0+210g2+0] =log 2

Area of the region = log2 square units.

Q62. Use Green’s theorem to evaluate the line
integal f(xy+x2) dx + (x2+y?)dy, where C is

the closed curve of the region bounded by y =
x and y = x2.
Answer : Dec.-16, Q15(b)

Given integral is,

/(xy +x?)dx + (27 + y?)dy

C

.. (D)
By Green'’s theorem,

| Max + Nay Q)

oM
W]dxdy

Comparing equation (1) with L.H.S. of equation (2);
M=xy+x*; N=x*+)?
Given curves are,
y=xandy = x’
= x=x’
= x*-x=0
=
=
Ifx=0, theny=0= (0, 0)
Ifx=1,theny=1=(1,1)

The intersecting points are (0, 0), (1, 1) as shown
in figure below,

(@

(i)

G G
Along C| i.e., 04

x=0to 1
y=x
dy = 2xdx

/de-i- Ndy = /(xy +x2)dx + (x* + y?)2xdx

G q

(x(x2) + x2)dx + (x? + (x2)?)2xdx

O\)’_‘

S R A FR A T

Lo f3-ol o of-of o

+2[1

_1,1.2 2
~4t371"%
_ 17
!
_ 17
/de+Nd— L
Along Cie., AO
x=1to0
y=x
dy =dx

6

(@)
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fde-i-Ndy: f(xy+x2)dx+(x2+y2)dy
G, G
0
= /(xx+x2)dx+(x2+x2)dx
1
0
= f(x2+x2)dx+2x2dx
1
0 0
= f2x2dx+2x2dx= /4x2dx
1 1
310
_AxX | _ A g3 —4
=415 | =300 -1rl=3
o [ Max+ Nay= = (5
CZ

Substituting equations (4) and (5) in equation (3),

_17 4
_ 1
12
B .. (6)
Since,
M=xy+x*; N=x*+)?
om. _ . 9N _,
Iy ¥ *
N M _,
9% 3y X—X=Xx
From figure, limits of x are 0 to 1,
limits of y are x* + x.
= ff(%—%)dxdy:f x.dxdy
1 X
= f fx.dy dx
x=0 y=x2
1
= f[xy]xzdx
x=0
1
= f[x.xfx.xz]dx
x=0
1
= f(x2—x3)dx
x=0
1 1 3 a1l
_ 2 3, |x7 x
= /x dx — /x dx = [T_T]o
x=0 x=0
1.0 1,0 1
T 373 4 4 12
. oON oM _ 1
. ff(ax - o )dxdyf L ()

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

From equations (6) and (7),

fde-i-Ndy = /f(%f%%lxdy

Hence, Green’s theorem is verified.

Q63. State stoke’s theorem and verify the theorem for

F=(x+y)i+(y+2z)j—xk and S is the surface
of the plane 2x + y + z = 2, which is in the first
octant.

Answer :
Stokes theorem
For answer refer Unit-5, Q28.
Given that,
F = (x+y)i+(y+z)j—xk

The surface of the plane 2x +y +z=2 lies on XY - plane
(i.e., z = 0) forms a triangle with the lines x = 0, y = 0 and
2x+y=2.

By Stoke’s theorem,

fF.dr = ffvxf.;ds
C s

z
A

C(0,0,2)

B(0, 2, 0)
y

A(1,0,0) 2x+y=2

Figure (1)
Calculating the value of / F.dr over the plane triangle
as shown in figure (1)
(@) Along AB
x varies from 1 to 0
z=0;dz=0
x+y+z=2=2x+y+0=2
=2x+y=2
=>y=2-2x
=dy=0-2dx
= dy=-2dx
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0

ff.dr= f((x+y)i+(y+z)j—xk).(dxi+dyj+dzk)

0
= /(x+y)dx+(y+z)dyfxdz
1
0
:/(x+2—2x)dx+(2—2x+0)(72dx)—x(0)
1
0
= f(—x+2)dx+(2—2x)(—2)dx70
1
0
= /(—x+2)dx+(4x74)dx
1

0
= f(—x+2+4x—4)dx

3.x? X
- szxl
3
= (07 - (17)-2[0-1]
3
= 5(—1)—2(—1)
3,0
2 2
Along BC
y varies from 2 to 0
x=0;dx=0
x+y+z=2=20)+y+z=2
S>y+z=2
=>z=2-y
=dz=0-2dy
= dz=-2dy

0
/f.dr = f((x+y)i+(y+z)j—xk).(dxi+dyj+dzk)

0
= f(x+y)dx+(y+z)dy—xdz
2

0
_ f(0+y)(0)+(y+27y)dy70.dz

2
0
=/0+2dy—0
2

0
= f 2dy = (2y))
2

=2(0)-2(2)=—4

(iii) Along CA
x varies from 0 to 1
y=0;dy=0
2x+y+z=2=2x+0+z=2

=>2xt+tz=2
=z=2-2x
=dz=0-2dx
= dz=-2dx

((x+y)i+ (y+2)j - xk).(dxi + dyj + dzk)

~—
R
S
I
Tt

(x+y)dx +(y+z)dy — xdz

Il
S \._

= [ (x+0)dx+(0+2—2x)0 — x(—2dx)

(=]

xdx + 0+ 2xdx

Il
o\_

1
=/(x+2x)dx
0
1
21!
= /3xdx= %0
0
_ 30 a3
- 2((1) —0)72

Fdr =-2 (1)

B(0, 2)

Ry <« 2x+ty=2

> > X
o P A, 0)

Figure (2)
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5.40

MATHEMATICS-I

ik
g o9 0
VR S e e

xty y+tz X

—( X)=a- (y+Z)

il0 -0+ D]~ j[-1-0]+ 0 (0+1)]

i) —jD+k(=1)
=—i+j—k
Let, $=2x + y + z, then
_ V¢ dxdy
Vol ikl
2t jtk dx dy
Ja+1+17|2i+j+k ‘
Va+1+1
2t j+k dx dy
U 2 i k
N R
2+ j+k dxdy
o
V6

=Qi+j+tk)dxcdy

k

2x

1
/ V x F.pads = ff (—i+j—k).(2i+j+k)dxdy

(- 2dy)dx

1
v =f 2(2 - 2x) + 2(0)]dx

[-4+4x+0]dx = f(*4+4x)dx

2

1
—4x+4.x—] =[ 4(1)+4(0) +
2 o

=—4+0+2-0
=-2

//fo.ﬁds=—2

4(1)2
2

T~ TY—_ o.\a»—‘ T T T T
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[%(fx) —(x+y)]+k

(0)2
2

a—(y+2)—

)

)
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From equations (1) and (2),

fﬁ%#/ﬂVHW$:J

c

Hence, Stoke’s theorem is verified.

Q64. Verify Stoke’s theorem for F = (x2 —y?)i + 2xy ] over the box bounded by the planes x =0, x = a, y = 0,
y=b,z=0,z=c

Answer :

Given that,
F=0(2—))i +2xyj and
x=0,x=a,y=0,y=b,z=0andz=c
By Stoke’s theorem,

J.F.dr = Icurl F nds

i ik
\Fovr=| = 22
eurt Fr=V ox dy oz

(xz—yz) 2xy 0

+

—l[—(o)——( xy)] [—(0)— (x —yz)] ’z[;—x@xy)—%(xz—yz)}

1(0) - j(0)+ k[2y — (- 2y)]

= kQ2y+2y) =41,

R.H.S
Icurl Fds = k(4 y)n.ds

"+ k.ids = dx dy and R is a region on xy-plane.

a

J.curl Fnds = :1[ j)[4y dy dx = JI:J.4y dy:ldx
0 0
‘jFﬁrﬁ—j”fﬁ”
oL 2 o 0

- zf[[b2 —0]dx = 2b2jdx
0

= 2b%[x]5 =2b[a - 0]
. J.curlf.n.ds =2ab* =R.H.S
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L.H.S
dr =i dx+ jdy

F=-y)i +Q2xp) j

jF.dr - J'[(x2 ) 4+ Q) Jlldx T+ dy ]

= i = )+ 2oy

\Z \

Z=¢C
=b
D C Y
A B X
x=0 ~
y=0 X=a
z=0
Figure

Along AB axis,y=0,dy =0
By substituting in equation (1),

_ f[(x2 —0)dx +0] — _[[xz] dx
0 0

Along BC axis, x=a, dx =0
By substituting in equation (1),
b

b
= [0+ @@ = 20y ay
0 0

Along CD axis,y=b,dy=0
By substituting in equation (1),

_ j[(x2 —b¥)dx +0] — J[(x2 —b?)dx]
0 0

Along AD axis,x=0,dx =0
By substituting in equation (1),

b
= fio-»"0+01 =0
0

a b a
JF.dr —AB+BC—CD—AD = sz.dx+ jzay.dy - j(x2 —b?)dx -0
0 0 0

ERL 27 R 2
2] +2a | 2] 7 = | —0
3 2 3 3

0 0 0

3 3
a 2 _a 2

=—+ab” ——+ab” =2gp?
3 3 2ab

- LHS=RH.S
J-F.dr = J.curl F nds =2 ab?

Hence, Stoke’s theorem is verified.
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Q65. Verify Stoke’s theorem for |—=> =(2x-vy) T —yz? T -y?z ; where S is the upper half surface x? + y2 + z2 =
1 of the sphere and C is its boundary.

Answer :

Given that,
F=0Qx-y)i-yz*j—)*zk

Surface, x> + )% + z> = 1 in xy-plane.
By Stoke’s theorem, JF dr = jjcurlF xdS
C s
i j k
curl F= | d/dx  d/dy 9oz
2x—y —yz2 —y’z
(ICIE RN I (IS SR AP T (LA A A
:{ay( y z)+az(yz )) j(ax( v z) aZ(Zx y))+ ax( yz©) ax( x=y)
=i(2yz+2y2)—j(0-0)+k(O0+1)=k

— o ([ dxdy
J;jcurlF.ndS _g”k —

nk

Where, R is the projection in xy-plane,

11
”dxdy _4 j jdydx [R+y=1=y=1-x2]

R x=0 y=0

= 4| —sin 1(1):|
2n
2 n .. (1)
2
JF.dr - J(2x —y)dx (" z=0, i.e., xy-plane)
C c
Let, x=cos © = dx =—:sinO dO
y=sin0
0=0to2m

2n
J‘I?.Jrzj.(h—y)dx = J(2cose—sin6) (—sin ©) d6
C C 0

2n
= J.[— sin 20 + sin” 0]d0
0
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cos 26|27t 27t1 —co0s20 5
2

ER

2n 2n
4 1 2
cos E—COSO+J—d9—JCOS ed@
2 2 02 0 2
_ 1 1,1, 1s5sin202=
=2-2729, 7272 1,
- (2)

= O+2—n—l.sin4n+ sin0

=0+m+0+0=m

. From equations (1) and (2)

_[ Fdr_ ”curlF.ZdS
C S

Hence Stoke’s theorem is verified.
Q66. Use stokes theorem to evaluate the integral fA.dr where, A = 2y?i + 3x?%) — (2x + z)k, and C is the

boundary of the triangle whose vertices are (0, 0, 0) (2, 0 0), (2, 2, 0).

Answer :
Given that,
A=2y% +3x2] - Qx+2)k

The vertices of triangles are (0, 0, 0), (2, 0, 0), (2, 2, 0)

By stoke’s theorem, J.,:l dr = Jj (curl A.n)ds

i k
Curl | A=V x4 = 9 9 9
wpAEYATIY Y %
¢ 2y? 3x2 —(2x+2)
~ 0 0 2 ~ 0 d 2 (0 2 J 2
=il = 233 |- =2 =@ k| —@3x})-—(2
z[ay((x+z) aZ(x)) J(ax((xﬂ) aZ(y))+ [ax(x) ay(y))

= 1(0)— j(-2)+k(6x—4y)

= 27+ (6x—4y)k

~Curl =27 +(6x—4y)k
The z co-ordinate of each vertex of the triangle is zero. Therefore the triangle lies in the xy - plane as shown in the figure

h=k

Curl 4.7 =(2j+(6x—4y)k).k

=6x—4y
SlA PUBLISHERS AND DISTRIBUTORS PVT. LTD.
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y
B(2,2)
O[©.0) A(2,0)
Figure
: . . 2-0
The equation of the line OB is y — 0 = 20 (x-0)

= y=x
'[Zé"r = Jj(curl A.n)ds
/2 f(6x —4y)dxdy

x=0 y=0

j.[j.(6x—4y) dy] dx
olo

2 4,2 x
= z!‘[6xy—%labc

2

J

0

2 3 2
4
- J'(4x2)dx - [LJ
3
0 0
4 32
_ ey -2
3() 3
Jadr=22
3

Q67. State Gauss divergence theorem in plane and
verify the theorem forF = 4xzi — y?j + zyk over
the cube x=0,x=1,y=0,y=1,2=0,z=1.

Answer :
For answer refer Unit-5, Q29.
Given that,

F =4xzi— vy + zyk

Cube isbounded by x=0,x=1,y=0,y=1,z=0,z=1

By Gauss divergence theorem,
//f.nds=/ffv.fdv

Calculating the value of f f F.nds over the six faces

of the cube, as shown in figure,

z

E F
A B

Y

G H

D
C

X

(i)  For the face ABCD, n=i,x=1

f/F.ﬁds=jj(4xziy2j+zyk)fdydz

ABCD 0 0
1 1
=/f4xz.dy dz
0
1
[ 41).zdzdy [
0

x=1]

1
4
7>0dy

N
—
LS}

=5 11-0]

=2(1)=2

(i)  For the face HFEG, i=—i,x=0

[/F.ﬁds—/lf(4xzi—y2j+zyk)(—i)dydz
00

HFEG
11
/ f —4xz.dy dz
0 0

:ff4(z)0.dydz [x=0]
0 0

=0
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(iii))  For the face HFBC, =1

fand =/l/l(4xzz V2 + zyk)jdx dz

HFBC
1
f — y?dx dz
0

——/lfl(l)zdxdz [y=1]

0 0
jlfldxdz
0 0

1
:—f(l—O)dz

0
lflldz

0
—l[z]})

11 -0)=—1
(iv)  For the face AEGD, i=—j,y=0

[ [ Fads - fl /l (dxzi — y2j+zyk) (= J)dx d

AEGD 0 0

o\}~

[x], dz

I
\
T —

(v)  For the face AEFB, n=Fk,z=1

[ [ Fids- j fl (dxzi — %) + zyk) kdx dy

AEFB 0 0
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(vi)  For the face GHCD, n=-k,z=0

fands f/(4xzz V2 + zyk) (— k)dx dy

GHCD
= ff—zy.dxdy
0 0

= /j(O)y.dxdy [z=0] =0
00
//f.ﬁds = fff.ﬁds-*— fffﬁds-i- fff.ﬁds+ /ff.fzds-i- fff.ﬁds-*— / ff.ﬁds
ABCD HFEG HFBC AEGD AEFB GHCD

Substituting the corresponding values in above equation,

fff.ﬁds =240+ (1)+0+ 5 +0

3

v [ [Fads=3 ()
fffVF'dV‘flflf1V~(4xzi—yzj+zyk)dv

0 0

(=]

1 1 1
L0 N
ff/<l$+]$+k§>(4xzzfyzj+zyk)dV
0

/lfl/l ox (42) — a (V)+ (zy) dx dy dz
; y

1

/

0

fjf(Sz 2y )dxdy dz

0

f=}
(=]

(4z—2y+z)dxdydz

Il
(=} \“— o
(=} \‘_‘ o

0
21\l
<Szy 2. %)()dx dz

Il
o\;.— o

0

=f1f1[52y—y2]%)dxdz

0 0
:ffl(52(1)(1)2)(52(0)02))dxdz= ff(szl)dxdz
0 0
s Lo (50519 o)
1

. Oj(<5<; B )dx [ 3o

0

=3 [1ax =30x} =3 (1-0)=

/ffV.F.dVZ% Q)
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5.48 MATHEMATICS-I
From equations (1) and (2),

ffF.ﬁds=fvfvadv

Hence, Gauss divergence theorem is verified.

Q68. Evaluate fsﬁ.ﬁ using Gauss divergence theorem, where F = 2xyi + yz?j + zk and S is the surface of the
region bounded by x=0,y=0,z=0, x + 2z = 6.
Answer :
Given that,
F = 2xyi + yz°j + zk
S'is the surfac of the region bounded by x =0,y =0,x+2z=06

From Gauss divergence theorem,

ffds=fodv
= f./‘(nyzwLyZJJrzk)ndsf/ff

Where, F, = 2xy, F,=yz*, F, =z

OFi @ + % dxdydz

oH —> oF _ d3F3
x Py oz

f f (2xyi + yz%j + zk) s = f f f Qy + 2° + 1) dxdydz
N v

1

x+2z=6
Whenx=0,2z=6
= 2z=6
= z=3

z varies from 0 to 3
xX=6-2z
=  xvaries from 0 to 6 — 2z
x + 2z = 6 indicates XZ plane.
If xy plane is considered, then

x+2y=6
Whenx=0,2y=6
= y=3

y varies from 0 to 3
3 36-2z

fg f/f Qy+ 22+ 1) dxdy dz
3 3
= [ [@v+2+nmi Fayd
0 0
3 3
- [ [@+2+1)6-2-0)dyd
0 0

3 3
- [ [@6-29+2 62+ 6-22)dy
0 0

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.




UNIT-5 Vector Calculus

3 3
= [ [y —ayz+62-27+6-22)dy d
0 0

3
12" 47 ’
:f[ 2)’ f%z+6zzy72z3y+6y72yzodz
0

3
=/[6(3)2—2(3)22+622(3)—223(3)+6(3)—2(3)z]dz
0
3
:f[54—182+1822—6z3+18—6z]dz
0
3
= [(72- 24z 4187 ~ 6z
0

2 3 473
4 4 V4
72z—24—2 + 18—3 —6—4 ]0

_ G .3 B ]
[72(3)—24 3+ 18-3— 6= 0
=216-108 + 162 23>
_ 297
2
297
S

Q69. Evaluate fffdiv FdV, where F =yi +xj +z2k over the surface of the cylinder x2 + y2= a2,z =0 and
v

z=h.
Answer :
Given vector field is,
F =yi+xj+z%k
The cylindrical region is bounded by x* +)?=a?,z=0and z=h

z
\

s,.z=h

_/53

AR
1
PN

> X

s,z2=0

Y dv=dxdydz

Figure
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5.50 MATHEMATICS-I
f//v'de - ///V(yi +xj + 22k)dx dy dz
v v

« \/027x2 B

- / f /[l§+15+ka_z}(yl+x]+zzk)dxdydz

P2 0
R T
= — _— )
/ / f[ax +ayx+azz]dxdydz
—a \a2 xz 0

Il
\
'\‘
.\b

>

+

[w]
+
N
3
&
&
&

—-a \'az—xz 0
SR T T
= / /ZZ.dz.dx dy
—-a x/az x2 0
f iR
= “—|dxd
/ f 2. 7, x dy
—a 7xa2—x2

—a 7\/a27x2 —a

a

= n? /[«/azfxz'f‘\/azfxz]dx

—a

-1 [2/a - Pae = [ o

—a

2 a
Y 2d o .l(ﬁl]
g Ve —xiEysin

2 2
= 2n? [% Va* —a* + %sinl[a]] - _—; Ja* —(—aP + % Sinl(a]H
a a

2
Y %(o)+%smf1(1)+% azfazf%sin’l(—l)
2 2
= 212 0+%{§)+%(0)+%sinl(l)]
2 2 2 2
_y2|am a_[z] _ o2l an
s 0% 4 3

_2h2a’m

4
/f V.FdV = h*a*n.
v
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Code No. 11604/A
FACULTY OF ENGINEERING

B.E. I-Semester (Main) Examination
December - 2018

MATHEMATICS - 1

Time: 3 Hours Max. Marks: 70

10.

I1.

12.

13.

14.

Note: Answer all questions from Part-A and any five questions from Part-B.

Part - A (10 x 2 =20 Marks )

Determine the nature of the series Y, %Jfg [2] (Unit-])
n=1
. . © (7 1)n+] .
Determine the nature of the series Y, o [2] (Unit)
n=1

sin X

Verify Rolle's mean value theorem for the function f(x) = =<~ on [0, «t]. [2] (Unit-ll)

Find the envelope of the family of straight lines xcos o + ysin o = a where a is the parameter. [2] (Unit-ll)

Discuss the continuity of the function,

(x-y)’
fo, y) =1 xry > N0 00 0) 121 Unitm)
0, (x,y)=(0,0)

I(x,y)
A%

Ifx =u(l +v),y=v(l +u), then evaluate 3w, v) [2] (Unit-111)

I
4 cosx

Evaluate [ [ dydx [2] WUnitIV)

sin x

Evaluate | [ [ 6dxdy dz[2] UnitV)
0 0 0
Find the unit normal vector to the surface f(x, y, z) = x’y — y*z — xyz at P(1, —1, 0). [2] (Unit-V)

If a is a constant vector and = xi + yi + zk then evaluate div (a xt) [2] (Unit-V)

(@)

(b)
(@)
(b)
(a)
(b)

(@)

(b)

Part - B (50 Marks)

n-1

Discuss the convergence of the series Z 23,1 . 5] (Unit-l, Topic No. 1.2)
n=1 :

Discuss the convergence of the series iﬁ x". [5] (Unit-1, Topic No. 1.2)

State and prove Cauchy's mean value t;{telorem. [5] (Unit-Il, Topic No. 2.1)

Find the evolute of the curve x = a cos’t, y = a sin’t. [5] (Unit-1l, Topic No. 2.5)

Find the minimum value of x +y + z, subject to the condition % + % + % = 1. [5] (Unit-lll, Topic No. 3.8)
Examine for maximum and minimum values of the function,

f(x, y) = x* + 2x¥ — x> + 3y [5] (Unit-lll, Topic No. 3.8)

Evaluate f / e ™ dx dy by changing to polar coordinates. [5] (Unit-IV, Topic No. 4.3)
0 0

Find the volume of the unit sphere x> + y>+ z2=1 [5] (Unit-1V, Topic No. 4.4)
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QP.2 MATHEMATICS-I

15.  Verify Green's theorem for f (xy’ +2xy) dx + x’dy where C is the boundary of the region enclosing y> = 4x, x = 3.

[10] (Unit-V, Topic No. 5.3)

16. (a) Find the circle of curvature of the curve xy = 9 at the point (1, 9). [5] (Unit-ll, Topic No. 2.3)

(b) Find the Taylor series expansion of the function f(x, y) = ﬁ around (0, 0). [5] (Unit-1l, Topic No. 2.2)
2 2
17.  (a) Evaluate / f 2y* sin xy dy dx by changing the order of integration. [5] (Unit-1V, Topic No. 4.2)
0 x

(b) Using Gauss divergence theorem, evaluate /f xdy dz + ydz dx + zdx dy . Where S is the surface of the sphere (x
S

-2+ (y—2)*+ (z—2)*= 16. [5] (Unit-V, Topic No. 5.3)
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(DECEMBER-2018) QUESTION PAPER WITH SOLUTIONS QP.3

SOLUTIONS TO DECEMBER-2018, Q.P

Part - A (20 Marks)

Q1. Determine the nature of the series )| ;:_52 .
n=1

Answer :

Given series is,

N~ 2+ 50
“~ Tn—3

. . 2+5n
Consider, lim T3

n—oo

The given series is convergent.

(_ 1)n+1 .

Q2. Determine the nature of the series ) n

n=1

Answer :

Given series is,

. . . . 1
The above series is an alternating series with u, = -

u >u  Vn.
lni}lo}un: 1193 % = 1]_1?3 % =0
(_ 1)n+]
n

By Leibnitz's test, Z converges.
n=1

Q3. Verify Rolle's mean value theorem for the function f(x) = s'gxx on [0, n].

Answer :
Given function is,
sinx .
Sx)= =g in[0, 7]

(i) To Check Continuity of f(x)

As sinx and e are continuous functions in [0, ], f(x) is also a continuous function in [0, 7t].

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.




QP.4

MATHEMATICS-I

(ii)  To Check Differentiability of f(x)
f(x) is differentiable in (0, ).

= fi(x)= S0sx-sinx

(i) To Check f(a) = f(le))
fioy = 0
=0
fimy = S04
=0
-+ 0) =),

Hence, f(x) satisfies all the three conditions of Rolle's theorem.
A point ¢ exists and ce[0, 7] such that /'(¢) = 0.

= fle=Sosesine _

= cosc—sinc=0

= cosc=sinc

= tanc=1

=  tanc=tan %

U

o

[
ERESE]

c=y lies in the range [0, 7t].

Hence, Rolle's theorem is verified.

Q4. Find the envelope of the family of straight lines xcos o + ysin o = a where o is the parameter.

Answer :

For answer refer Unit-II, Q27.

Q5. Discuss the continuity of the function,

(x-y)?
fxy)= 1 ery™ ONEO.0 6 o
0, (x,y)=(0,0)

Answer :

Given function is,

) = {% () #(0,0)

0, (x»=(0,0)
To check the continuity of the function f{x, y) directly choose the path y — mx.

_ (x—»)’
Lt f(xay) - Lt xz +y2
y — mx y - mx
x—0 x—0
_ (x—»)’
B XL_E [ft X +y’
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QP.5

(x — mx)?

= Lt |[2—7Y
x*+ (mx)’

x—0

_ It [x2+m2x2—2mxz]
0 P+ mi

2 2
x*(1+m*—2m)

=L T edem

x—0

L (=my
x—0 (1+m2)

i.e., the function depends on 'm' values only.

Hence, f(x, y) is not continuous at (0, 0).

Q6. Ifx=u(1+v),y=v(1+u), then evaluate
Answer :

For answer refer Unit-111, Q18.

a(x, y)
d(u,v) "

Q7. Evaluatef?cfmdydx.

0 sinx

Answer :

Given integral is,
% COs X

dy dx
dx

iig

k4
4
~ [ D1 dx
0

U
k“‘\ |
f—, T
s T
&
I

[cos x —sin x] dx

< \2
ESE

= [sin x + cos x](;%
= [sin% + cos %] —[sin 0 + cos0]
_ .1

NG

2-y2

V2
V2 -1
% cos X

[fdydx:\/i—l.

0 sinx

+ 1

1 1-x1-x-y

Q8. Evaluate ff f 6dx dydz.
Answer : Pl

Given integral is,

1 1-xl-x

Ofg/ﬂ/ 6 dx dy dz
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T w1 o
=60/10]/V[z]'0*~“dydx
~of [ 1=

—6[[)1 Xy — 22de

—6/[(l—x) x(1— )—ﬂ O]dx

—6/[1x x+x - [1+x2_2x”dx
:6f[l—x—x+x2—17—x72+22—x]dx
0
N S
‘60f[2 x4 a
6 [z
0

=S [ -2 nax

0
Sl
fg e
=35 -1+1-0]
-3
3
=1
1 1-xl-x-»
6dxdydz =1

0 0 0

Q9. Find the unit normal vector to the surface f(x, y, z) = x?y — y?z — xyz at P(1, -1, 0).
Answer :
Given function is,
S, y,2) =¥y —y’z—xyz

Partial derivative of ' /' with respect to x is,

of
Fri 2xy —yz

Partial derivative of ' /' with respect to y is,
)
% =x2-2yz—xz

Partial derivative of 'f" with respect to z is,
of
e
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(DECEMBER-2018) QUESTION PAPER WITH SOLUTIONS QP.7
Grad f=Vf

_of of L of
VI =igy tigy thy;

i(2xy — yz) + j(x* = 2yz — x2) + k(= y* — xp)
VS i =121 (1) = (= 1) +((1)* = 2(= 1) (0) = 1(0)) + k(- (-1)* = 1(-1))
=i(=2+0)+j(1-0—-0)+k(-1+1)

= Vf| =-2i+j

(1,-1,00

The unit normal vector is given as,

vf o -2i+j
VI Ve ) 0y
_ -2it
J5
. 2i+ ]
Unit normal vector to the surface = .
V5

Q10. If a is a constant vector and r = xi + yi + zk then evaluate div(axr).

Answer :
Given that,

is a constant vector.

STl

= a=aita,jtak

F=xi+yj+zk

= f(azz —ay)— j(alz —ax)+ k (ay—ax)

=

a X
P B 9 9
div(a x r)= By (az—ay)— ay (az—ax)+ 2% (ay—ax)
=0+0+0=0

div(a x 7#)=0

Part - B (50 Marks)

e n-1
Q11. (a) Discuss the convergence of the series Z :3,, .
n=1 "

Answer :

Given series is,

< n-1

X
n.3"
n=1

Let,
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And,

n+l-1

_ X
u. ., = (n+1)3(n+1)

n

_ X
u. ., = (n+1)3(n+1)

Consider,

n-1

X
u, n.3"
U, x"

w3
n >< n
n.3 X

. (n+1)3"3 x"._xfl
B n.3" x"

(n+1)3
n

X

u, _ 3(n+1)

n

L
Uiy n X

=

Applying Lt on both sides,

u, 3(n+1) 1
T A @)
3%”%)1
=L n x

_3 . 1
=2(1+0) [ Asn—oo,5 —0]
u, _ 3
éfn u,, X

By Ratio test,
Case (i)

If % > 1 i.e., x <3, then the series is said to be convergent.
Case (i)

If % <1 i.e., x> 3, then the series is said to be divergent.

Case (iii)

If % =1 1i.e., x = 3, the ratio test fails.
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Forx=23,

Consider,

tim ({2 —1])) = i (n((22L1) 1)

n—oo

= lim(1)=1

= n(u —1] :n.lg

- L [n[ 4, —1]] = Li()=1

n—oo

It {n[ b _ 1]] =1, Raabe's test fails.

oot i C7A

1
n

Comparing 1 + % with 1 + %

Value of L =1

By Gauss test, the series diverges for x =3

Hence, the given series converges for x < 3 and diverges for x > 3.

(. Multiplying by '»' on both sides)

b) Discuss the convergence of the series > —1 —
(b) Discu verg i %1(n+1)“x

Answer :

Given series is,

n!

Ty X
; (n+1)
Let,

__ n p
un_ (n + 1)n ..x

_ (n+1)!
(R

(n+1)

<

n! "
ﬁ.x
N u, _ (n+1)
(n+1)!
(n_,’_z)(nﬂ)

u
n+l (n+1)

(1)
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BT L)
Tt Dl Y

n—n-1

_ nl(r+2)"" 1
T (m+tD)I(mt )" x

_ nlm+2)""
T (nt+Dnl(nt+1) " x
u B (n+2)n+l 1

n =

un+1 - (n+ 1)n+l ‘X

=

Applying Lt on both sides,

©

Mn _ (n_,’_z)nﬂ L
L = L e

(n+2)"(n+2) 1
e (nF1)"(n+1)"x

w1 ) a1+ 2) (1+2)(1+7)

- (e LY a1+ L - Ty, L

notxn 1+n>'n<1+n> et x<1+n>(1+n
_e (140 _ ¢
“oxe (140)  x

By D'Alemberts ratio test,
Case (i)
If % >1ie.,x <e, Zu converges.

Case (ii)

If % <lie.,x>e, Zu diverges
Case (iii)
If % =1 1.e., x = e, the ratio test fails.

u 3 (n+2)n+l 1

n

Forx=e, K = Wz

S o A
nlog unzl =n|log (Zi%]ﬂé]]

[1og]
=n [log( Wt ]M + log%]
[og(# 3] 1o |

et

n+1

=n

|
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el )
N

1 1

=n|(n+1)

1 1

B IR VT R

4 1
_n>2(n+1)+3(n+1)2 ..... ]

_ —n + n
2(n+1) 3(n+1)2 ......

_ -n__ n

an(1+L) (e Ly
D eIy
Limtog 31 = 1 2(1+11>+ 3n(11+}l)
2(1—10) 0.
L

By Logarithm test, the series diverges for x = e.

1
n T T2t 1) 3ty ""]‘1]

.ooN L n! . .
Hence, the series me converges for x < e and diverges for x > e.
n=1

Q12.

(a) State and prove Cauchy's mean value theorem.

Answer :

Statement

(1)
(iif)

Iff:[a,b] > R, g : [a, b] — R are such that,
fand g are continuous on [a, b]

/. g are differentiable on (a, b) and
gx)#0Vxe (a,b)

Then, there exists a point ¢ € (a, b) such that

[ _ f)-f(a)
g'() g(b)—g(a)

Proof

Define ¢ : [a, b] — R such that

O(x) =flx) + B g(x)

(D)
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Where,

B € R is given by ¢(a) = ¢(b)
= f(a) * Bg(a) =1 (b) + Bg(b)
S (b)—7(a) = Blg(a) — g(b)]

[543
Here,
f, g are continuous on [a, b],
¢ = f'+ Bg is continuous on [a, b],
/, g are differentiable on (a, b).
ie, ¢ =f+ Bgisalso differentiable on (a, b).
= 0(a)=0(b)
. 0 satisfies all the conditions of Rolle’s theorem.
Also, there exists ¢ €(a, b) (or) ¢ €(a, b) such that
¢'(c)=0
=f"(c)+Bg(c)=0
— B= _gf.[(c()c) - (3)

From equations (2) and (3),

£1© _ 1)~ 1@ oy
§@ ~ gb) g [ £(c)#0]

Hence, Cauchy’s mean value theorem is proved.

(b) Find the evolute of the curve x = a cos®t, y = a sin®t.
Answer :
Given parametric equations are,

X =acos’t,y = asin’t

dy

_ 4 _dr
N7 ae T dx
dt

_ _3a sin’z cos?
—3a cos’t sint

= y, =—tant

y,= j—x(f tan 7)
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d dt
= E(_ tan l‘)a

1

— 2 - -
= —sec’t X :
—3acos’t.sint

1

Y2 T 3a cos*t.sint

A

Figure

The centre of curvature (x, y) is,

(1+y7)
X=x-y, y21

= a cos’t + tant (1 + tan’).3acos*t sint

= a cos’t + 3a sin’t cost

Similarly,
1+y;
Y=y+ ——1
Y V2
= g sin’t + 3a cos?t. sint
Consider,

X+ +X-Y)”® =(acos®t+3asin’tcost+asin®t+ 3a cos’t sin £)?* + (a cos® t + 3a sin’ ¢ cos ¢ — a sin® ¢
—3a cos’t sin 1)*3

= (a*® (cos’t + 3sin’t cost + sin’t + 3cos?t sint)??) + (a** (cos® ¢ + 3sin’t cost — sin’t — 3cos’ sint)*?)
= a*? ((cos t + sin?)*)** + a** ((cost — sint)*)*?)

=a*? (cost + sinf)? + a*3 (cost — sinz)?

=a?? (cos’t + sin? ¢ + 2cost sinf) + a*? (cos? ¢ + sin? ¢ — 2sint cost)

=a*® (1 +2costsint+ 1 —2 sint cos?)

=g (1+1)

= 2a2/3

The locus of (x, y) i.e., the evolute is, (x + y)** + (x — y)*3 = 2a%.
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Q13. (a) Find the minimum value of x +y + z, subject to the condition %+%+% =1
Answer :
Given function is,
fx,y,z)=x+y+z
_a, b c_
(I)(xsyaz)_ X+y+Z =1
= ayo=Lelel
b b x y z
The auxiliary function is,
_ a,b, c
F(x,y,z)fx+y+z+7\.[x+y+z—1] .. (D)

Differentiating equation (1) partially with respect to x, y, z and then equating the results to zero.

oF 0 d
§:$(x+y+z)+}»a_x [%-ﬁ-%-ﬁ—%—l]
_ —a
=1+2(=%)
L an
xz
_ X' —ak
x2
OF _ x’—ak
_— = . (2
> . ()
OF _ 9 dfa,b, c
g—g(x+y+z)+7\, ay[x-i-y-i-z_]
-b
e
[1] 7
Y
yz
_ v’ — b\
yZ
oF  y'— b\
e 2 e 3
dy y 3)
oF P} 9 (a b, c
_ —c
—1+}\(Zz)
L,
ZZ
_zZ—ch
ZZ
OF _ 2 —ch
or _ ek (4
0z z @
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Equating equations (2), (3) and (4) to zero,
X fzak 0. y —2b7L —0, £ fzck -0
X y z
= xX*-alh=0 =y’ -bA=0, = Z2-cA=0
= x*=al\, = y?=bA, = z2=cA
= x=+Jah, = y=+ybL = z==4ch
Substituting the values of x, y, z in the given constraint,
a b c_,
xX y z
e e
_ da b e
NI WY
_ Watibrie)
VA
= VA =(a+Vb+Ve)
Squaring on both sides,
A= (fa+ b+ ey
Substituting the value of A inx, y, z
x=+ JaW/a+/b+c)
y==Vb(a+yb+ic)
z== VeWa+yb+e)
The minimum value of x + y +z=—va(Ja +vVb+v¢) — Vb(Ja+Vb+yc)— Je(a+yb+c)
=—(a+Vb+ye) Wa+yb+yc)
== (a+yb+cy
Minimum value = — (\/; +vb+ \/;)2 .
(b) Examine for maximum and minimum values of the function,
f(x, y) = x* + 2x» — x2 + 3y
Answer :
Note: In the question f(x, y) = x* + 2x?y — x? + 3)? is misprinted as flx, y) = x* + 2x¥ — x
Given function is,
fx,y)=x*+2x% — x2 + 3y? .. ()
Differentiating equation (1) partially with respect to 'x'
% =4x3 + 4xy — 2x - (2)
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Differentiating equation (1) partially with respect to 'y,

% =2x+ 6y

Differentiating equation (2) partially with respect to 'x',
’f
ox’

Differentiating equation (2) partially with respect to 'y,

o
axoy TS

=12x*+4y-2=r

Differentiating equation (3) partially with respect to 'y,
o’f
9y’

The conditions for maximum or minimum value are,

of _ o 9of _
=0 £ 0.
From equation (2),
L/
ox

= 4+4xy-2x=0

=6=t

0

= 2x(2x*+2y-1)=0
= x=0,2x+2y—-1=0

From equation (3),

I
ay
= 22+6y=0

0

Solving equations (4) and (5),

V3 -1

XTELYT R

£ )

The stationary points are, [ 5

Consider,
rt—s*=(12x* + 4y — 2) (6) — (4x)*
=T72x2+24y—12-16 x*

=56x>+24y—12

i ﬁT -1
rt— 5| ) = 56 [ 5| +24 (T)—lz
_se (3)_ 24
=56 (3)- %12

=42-6-12
=24>0.

rt—s*>0,r>0

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

- (3)

(@

(5




(DECEMBER-2018) QUESTION PAPER WITH SOLUTIONS QP.17
3V, (-
e =127 ] +a(3) -2
_ 12x3
=712
=6>0
/ has minimum value at [@, 771] .
Minimum value is obtained by substituting x = 73 , V= :Tl in equation (1),
_ (3 4 ]
S, y)=f (TT
=[]l 2 (-9 (3
B [T =27 (3] - 17 +3(5)
-9 3 3.3
“16-8 4716
-3
8
-3 -1
rt—5* |25 1) = 56| =5 ] +24 () - 12
=24>0
~V3), (-]
e -l )
=6>0
fdoes not have any maximum value.
Q14. (a) Evaluate ffe“‘z*"’ dx dy by changing to polar coordinates.
0 0
Answer :
Note: In the question e dx dy is misprinted as e dx dy.
1 !
For answer refer Unit-1V, Q46, till equation (3).
(b) Find the volume of the unit sphere x2 + y2 + z2 =1,
Answer :
Given that,
X+yr+z2=1 .. (1)
= Z2=1-x>—)? .. (2)
= z=% /1-x"—y

= z=+yl-x= )" (or)z=— y1-x"— )’
e, — /l-x—3y' <z< J1-x"— ).
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Let, the projection of the sphere be xy plane (z = 0)

From equation (1), x> +)? =1

y=1-x
= y=+/1-¥
ie,— J/1-x <yp</l-x°
And—-1<x<1
Z-axis
A
1
- :.’:::::-_ > Veaxis
.1 _____
X-axis

Figure (i)

Volume of the unit sphere is given as,

V—ﬁyﬂ’

1 Va2 x/l—xzfyz
= f f f dz dy dx
= e Va2 =122
1 v/?
Y ]—xzfv2
= f f () 2 dydx
x=ol o2 ’
1 Vios?
- [ W) dvds
x=-1 Y= 1-x2
1 Via?
- [ [ vy aa
x=-l y=—y 12

x=-1

= fl[Z j//l-xzx/l—xz—yzdy]dx

y=—y 12

1 J12- 22
2 [| [ S|
-1 7x/127x2
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A

y=y1-%
////‘ X +y? =1
> X-axis

1\\\\~ T
y=—4y1-%X
Figure (ii)
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QP.19

2

sin"'(—1)

1 5 \/lzfx2
o [|1X 2 2 (WVI2-x?) .y Foa T BV e S o
"=y —x"+ sin x| a®—x“dx= a
1 2 2 \/12—X2 12_ 2 2
_ —y 17 —x
1 5 \/lzfx2
_ y 7 2 =X Y
=2 [ |5yl-x"—y"+ sin 5 dx
2 2 V1-x
~1 V12 2P
1
1-x2 5 1-x° 1-x?
:2/ 1—x?— (1= x2) + sin”!
-1 [ 2 \/ ( X) 2 ‘/1*x2
V1-x? 5 T T A
[— 5 JI-x o (C1- 2  + P v dx
.
1-x? 1-x? —J1-x2 1-x?
:2/ o - ]_[v o
al 5 Vx> —(1—x%)+ 5 sin (1) > Vi-x*—(1—x%)+ >
il 1-x? 1-x* (= 1-x* 1-x*(—n
— 2 P i | 2 2 -
2'1/4L2 \/1x1+x+2[2][ 2«/1x1+x+2[2]dx
1
[ o 2 _ 2 l_ 2 o 2
:2/ V1-x (0)+7t(1 x?) | vi-x (O)—nl N e
At 2 4 2
1
B (1-x?) (1-x?)
21/0+n 7] +0+7 1 dx
Yol - )
:2/ a dx
-1
4 1
T
_an 2
2 f(l x2)dx
1

-t
~{4]-%
_ 4n

3

Volume of the unit sphere is, V' = %n cc.

2
a” . 4(x
— x>+ —sin 1[]]
a

o
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Q15. Verify Green's theorem for _y{(xyz +2xy) dx + x’dy where C is the boundary of the region enclosing
y?=4x, x = 3. c

Answer :
Given integral is,
[ o+ 209 dv+x° dy ()
VP =4x,x=3
By Green's theorem,
[ max+Nay = [ %7%] dx dy Q)
X
Here, M=x)*+2xy, N=x

Then, *=4(3)

= y=12
= y= + «/E

y-axis

A
y? =4x
5 3 > X-axis
(3, -3.464 ¥
x=3
Figure
From figure,
[ Masx+ [ Nay = [ Max+Nay + [ Max+ Nay e

q )

(i) Along ¢ ie., y* =4x

2y.dy = 4dx
2y
= dx= —-.dy
y
= dx= %dy

f Mdx + Ndy = J(xy2 +2xy)dx +x* dy

G G
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- [ (w2 dalt dw[y Ja]

(_J2) - J—)+20((¢— J_)+80((/_ - (V12))
= g (V12) = (V12)) + o5 (<(/12) = (y12)) + g5 (-(/12) = (y12))

- 25O+ 55 (2120 )+g5 (- 2(/12))

L, (2 2y
10 40
18412
~184/12 .. (4)

f Mdx + Ndy
el

(i) Alongc,ie.,x=3
dx=0

f Mdx + Ndy f(xyz +2xy)dx + x> dy

Cz C2

Z (3y” +6y)(0) + 9dy

412
/ 0+9dy
-

J12
=9 f dy
12

=907
=9((y12) - (- V12))
=9(24/12)

=184/12

[ Max-+ Ny = 1812 .05

)
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Substituting equations (4) and (5) in equation (3),

/de+Ndy =_18y12 + 18412

=0

[ ©ds+Nay =0 . (6)

Consider R.H.S of equation (1),

/f(aN 8M)d dy 7_[/(3x (o) - ay(xy +2xy)]dxdy

f (2x — (2xy + 2x)) dx dy

V12

f f(Zx— 2xy — 2x) dx dy

122

I
\u
\
N
g
=
&

= 2 [x((V12) ~(-/12)) dx

- [x2-12)dr

2
pas
7

- jx(O) dx

=0

ff( ]d dy =0 ()

From equations (6) and (7),

[ bds+ Nay = ff[aNfaM]d dy

Hence, Green's theorem is verified.
Q16. (a) Find the circle of curvature of the curve xy =9 at the point (1, 9).
Answer :
Given curve is,
xy=9
SlA PUBLISHERS AND DISTRIBUTORS PVT. LTD.




(DECEMBER-2018) QUESTION PAPER WITH SOLUTIONS QP.23
Point, p(x, ) =(1,9)
= y=2 (D)
Differentiating equation (1) with respect to x,
& _d (9)
dx  dx \x
d (1
=94 (%)
_o(=L
B 9( X )
= == e

Differentiating equation (2) with respect to x,

o= )

x4

8

3

s

=1

—

9 (x*+81
()c6X18 b

_ (x*+81)
R

- 1*+381
xl(l.‘)): l + (2(1)3)

(82)
=1+

=1+41

=42

l+y12
hz

y=y+
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_ X
=y+ 3
3
1+x—1
x3
B (x*+81) ,
B x*.18
(@81
BT
o (148D
y|(m 9 18(1)
—9+ 532
_ 122
9
1477
+ 2
Radius of curvature (p) = %
2
_0\2)3
()]
S S O P
P 18
x3
811>
_ [1+ x“]
18
x3
(¢ +81)7
= 3 X
(x")2.18
@8
T I
(' +81)2
18
C(1f+81)?
Plo.sy = 181y
_ (82
BT
41482
Y

Equation of circle of curvature is,
G-+ -y =p
Substituting the corresponding values in the above equation,

Y- (448

= o427+ (y-13 N
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122)*_ 137842
= (X*42)2+(y—T] :T

Equation of circle of curvature is,

122 137842
R S e |

1
1-x-y

(b) Find the Taylor series expansion of the function f(x, y) = around (0, 0).
Answer :

Given function is,

fe ) = 15

A0,0)=7=—5=¢ =1

S y) = (Hyli_l)z £(0,0)=1

&= Gy oy S00= T =2

1 p) = (x+)1z——1)2 £0,0)=1

fyy (x, »)= ﬁ ’ Jj'y(o’o) - % =2

7,69= 3 (=)

_ -2
(xty-1)

-2 _
fw(oa 0)_ (_1)3 2

9= Gy iy SO0 = e =6

Sy () = Mi_l)zt £.,(0,0) = (_61)4 =6

6

) = Gy iy 00 = (e =6

- 6 -
fy.vy(x’y) - (x +y- 1)4 ’ f}yy =6.
Taylor's series at (0, 0) is given as,
1
S, 9) =f0,0)+x£.(0,0)+y £ (0,0) + 5 [ £.(0,0)+2xy £, (0,0) (0, 0)]

+ % [x* £, (0,0)+3x%y fxx_v (0,0)+3x* £ (0,0) +y3fw 0,0)]+.....

xyy
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Substituting the corresponding values in the above equation,

S y) =1+ [x(1) + (D] + % [x*(2) + 2xp(2) + ()] + % [x*(6) + 3x°0(6) + 3xy*(6) + y*(O)] +. . . ..

=l+x+y+ %(2}8 +4xy +2y%) + %.6(x3+3x2y+3xy2+y3)+ .....
=l+x+y+x2+2xy+)y*+ 3 +3xp(x +y) + )+

JOuy) =ldx+y+x2+)7+x0 +y + 20 + 3xy (x +).

2 2
Q17. (a) Evaluate //Zy’ sin xy dy dx by changing the order of integration.
0 x

Answer :

Given integral is,

2

/ijz sinxy dy dx .. (D)

0

The region of integration is bounded by the lines, x =0 to 2 and y = x to 2.
i.e., x varies from 0 to 2.
y varies from x to 2.
(@ y=x
Ifx=0,y=0,1.e.,(0,0)
Ifx=2,y=21e.,(2,2)
Changing the order of integration, y varies from 0 to 2.

y=x=>x=yie.,

x varies from 0 to y.

2 y 2 y
/f2y2sinxy dxdy = nyZ[f sinxy dx] dy
0 0 0 0

2
L —cosxy )’
Of 2y (7y )0 dy

2

= /— 2y(cosy(y) — cos y(0) dy

0

2

= [~ 2y(cosy’ 1) dy

0

2

= f (2y = 2y cosy’) dy

0
2 2
:2fydy—2/ycosy2dy
0 0
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Let, y» =1=>y= 41t

1
——dr
2/t

UL —» y=2,t=x*=4

= dy

LL - y=0,t=0°=0
—2[ ] —ZfﬁcostTdt

4
=025 [ costr
y=0

=(22- 0% - (sint);
=4—-0—(sin 4 —sin 0)
=4 —sin(4)+0

=4 —sin(4)

=4.75680.

2 2
[nyz sinxy dy dx=4.7568.
0 x

(b) Using Gauss divergence theorem, evaluate f/xdy dz + ydz dx + zdx dy . Where S is the surface
s

of the sphere (x —2)2 + (y — 2)? + (z — 2)? = 16.

Answer :
Given function is,
ffxdydz+ydzdx+zdxdy
And spShere is,
x=-2Y+@-2) +(Ez-2y=16

= -2+ (2P (z-2P=4

(1)

. (2)

Comparing equation (1) with f f (f dy dz+ ¢ dz dx +y dx dy)

fzx’q):y’\v_

From Gauss divergence theorem,

(fdvdz+ddzdx+wydxdy) = %+%+3_\V dx dy dz
/I G

Substituting the corresponding values in above equation,

(xdydz+ ydzdx+zdxdy) = 7+87y+g dx dy dz
// /f/ dy oz
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=/ff(l+1+1)dxdydz
=/] 3dxdydz
:3/ﬂdxdydz

=3 x volume of sphere

=3x Fr(y

=256m

v [ dydzt ydzde+zdedy) =256
N
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Code No. 11604/A/S
FACULTY OF ENGINEERING

B.E. I-Semester (Suppl.) Examination
May/June - 2019

MATHEMATICS - 1

Time: 3 Hours Max. Marks: 70

10.

11.

12.

13.

14.

Note: Answer all questions from Part-A and any five questions from Part-B.

Part - A (10 x 2 =20 Marks )

. N n .
Determine the nature of the series ), i . (Unit-)
n=1 n2 +1

CDY (unith
n

Determine the nature of the series Z 5
n=1

Find the coefficient of x* in the expansion of f(x) = e*sin x. (Unit-l)

Find the radius of curvature for the curve y> = x* + 8 at (-2, 0). (Unit-l)

Sh()W that the llllllt
(X,y) (0,0) X() 372

does not exist. (Unit-1ll)
dy .
If xy + y> — 3x — 3 = 0, then evaluate I at (-1, 1). (Unit-1l1)

n 1
Evaluate f f x cos xy dy dx. (Unit-IV)
0 0

6 1 3
Evaluate / / _/y sin z dx dy dz. (Unit-1V)
0 0 -2

If a is a constant vector and T = xi + yj+ zk then evaluate Curl (a x 1) . (Unit-V)

Evaluate f v.drwhere v =xi+ yj + zk and C is the line segment from A(1, 2, 2) to B(3, 6, 6). (Unit-V)

C
Part - B (5 x 10 =50 Marks)
1! 2! 3! . .
(a) Discuss the convergence of the series 1+ 5 X + ?x2 + FX3 R (Unit-l, Topic No. 1.3)

o) n
(b) Determine the nature of the series z (ﬁ) . (Unit-l, Topic No. 1.3)

n=1

(a) State and prove Lagrange's mean value theorem. (Unit-ll, Topic No. 2.1)

2 2
(b) Find the envelope of the family of curves % cos 0 — b7 sin 6 where 0 being the parameter. (Unit-l, Topic No. 2.4)

27 2
(a) Explain the method of Lagrange multipliers. Find the minimum value of the function f(x, y) = xy + % + 27

y
(Unit-11l, Topic No. 3.8)
(b) Find the first three terms of the Taylor series of the function f(x,y) = e* cos y around O(0,0). (Unit-lll, Topic No. 3.7)

1 yt4
2y +1 . .
Bvaluate | [ " dx by changing the order of integration. (UnitV, Topic No. 4.2)
y=0x=0
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15.  Verify Gauss divergence theorem for V = 2xyi + 6yzj + 3zxk and D is the region bounded by the coordinate planes and
the plane x +y + z= 2. (Unit-V, Topic No. 5.3)

16. (a) Find the extreme values of f(x, y) = x> + 3y? + 2y on the unit disk x> + y>= 1. (Unit-lll, Topic No. 3.8)

y2

2
(b) Find the evolute of the ellipse 5 + +5 = 1. (Wnit, Topic No. 2.5
a

2

141 —x
17.  (a) Evaluate f [ (x> +y’)dy dx by changing to polar coordinates. (Unit-IV, Topic No. 4.3)
0 0

(b) Find the angle between the surfaces x* +y? + 22 =9, z+ 3 = x>+ y? at (-2, 1, 2). (Unit-V, Topic No. 5.1)
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QP.3

'SOLUTIONS TO MAY/JUNE-2019, Q.P |

Part - A (20 Marks)
Vn

n2+1’

Q1. Determine the nature of the series Z
n=1
Answer :

Given series is,
> Vn
~p’+ ]

Vn

Let u =

n’+1
_ Highest power of 'n' in numerator
Vs~ Highest power of 'n' in denominator
_ ”]7
nZ
_ 1
=
n’.n?
-1
=3
nz
Consider,
/n
. u, . n+1
lim = lim i

n—oo n n—oc

n—oo nZ 1 _,’_1_2)

= lim —"—
")
1

lim
N

lim % — 40,

n—o0 vn
2u, and 2y, will both converge or diverge together.
By P-test, 2.v is convergent with p = % > 1.

2.v, is convergent, >u is also convergent.
> J/n
n*+1

n=1

is convergent.

& ()"
2

Q2. Determine the nature of the series
n=1
Answer :

For answer refer Unit-I, Page No. 1.34, Q.No. 61.

Q3. Find the coefficient of x? in the expansion of
f(x) = e*sin x.

Answer :

Given that,
flx) = e sinx .. ()
0)=¢%in0=0

Differentiating equation (1) with respect to x
1'(x) = e*(cosx) + sinx(e¥)

= f'(x) =e‘cosx t e'sinx .. (2)
1'(0) = €°%o0s(0) + €’sin0

= fO)=1(1)+10)=1

Differentiating equation (2) with respect to x,

f"(x) = e"(— sinx) + cosx(e’) + sinx(e*) + e (cosx)

= — ¢'sinx + e* cosx + e'sinx + e‘cosx

= 2e'cosx
f"(0) =2¢e%0s(0)

=2.1.(1)
£1(0) =2

The Maclaurins series is given as,
1 2
fx) = f0) +47/"(0) + 37./"(0) [ Upto x* term]
Substituting the corresponding values in above equation,
2
] f— i x_
e'siny =0+ (1) + ol 2)
=0+x+x?
=x+x°

The coefficient of x? is 1.

Q4. Find the radius of curvature for the curve
y2=x3+ 8 at (-2, 0).

Answer :
Given curve is,
yz =y’+8
Differentiating above equation with respect to x,

dy

Zy.az3x2+0
d
= 2y.?z:3x2
dy  3x?
== .. (1
= VT o @)

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.



QP.4 MATHEMATICS-I
Differentiating above equation with respect to x xy
2 Q5. Showthatthelimit lim —;——> does notexist.
dy dy dy 3 ) - 0,0 X +Y
. dx?  dx dx 2 (2x Answer :
dzy < dy )2 Given limit is,
=+ =) =3
= y 2 e X fim 6x3 y .
(6,)=(0,0) x” +
d*y 3 ( dy V
= Pl X — dx> Let,
[ .3
(2] i
dzy X » P1: ;:?)_x +y
- dx? - y M 3
5 Lt| Lt — 24 2]
3)(2 — y—0 »x—>0x +y
3x—| —
d’y ( y ) o
= — = - From Equation (1 L |22
P ’ [ q (D] _ ﬁo»oﬁwz]
9 4 _
2 3x - Lz 1 [ Oy
d’y _ 4y = 0| y?
- P y )
2 2 4 =0
d 12xy“ — 9x
= —d); = 7)}4 3 PIZO
. Y Let,
d?y _12(:2)(0*-9(2)* [y
dx? I2,0) 4(0) e H x6+y2:|
The expression for radius of curvature is given as, 2= 0 ,
X’y
3 Lt| L
[1 +[d_y]2:|% = ij _1r~50x6+y2]
_ dx ) -
P &'y )
dx’ = 0] x°+(0)?
Substituting the corresponding values in equation (2), - I (0)x*
PRvEES ol x°
(3
_ 2y =0
12xy* — 9x* . P,=0
4y°
Let,
ox b 3
[1+4y2 Py= Lt|:6xy2:|
= ——— yomx| x° +
12Xy2 —9x* x—0 Y
4y’ R
xXy
=L L
[ Pay Ht"[ﬁiu 4yt ]
(4y)7 (125 — 9x") .
_ x°mx
_ (4y2 + 9x4)%.4y3 B xl;>t0|:x6 +(mx)2 :|
8 (12xy” — 9x%)
4
3 mx
_ (@ 9% = 2,4, 2
= 21207 — 9% o X m)
2
(409D = |
Plero 2(12(=2) (0)*- 9 (-2)*) x=0 (x"+m”)
(0+144)° ~ m(0)?
= 2(0-144) 0+ m?
_ =0
=-0
Radius of curvature is 6. P, =0
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Let,

3
pP,= Lt 6x y2
4 yomi® | x +y
x=0

[ 3

X
= | Lu s
x—0 yﬁ)nxz X +y

[ .3 2
= L (;X(mxz)z
=0 X7+ (mx”)

[ 5

x’m
= Lt |————=
=0 X" (x"+m”)

xm
= Lt | ———
x~>0_(x2 +m2):|

0
B 0(2+)n,:12 -0

P,=0

Let,

3
P = Lt 75 J 5
5 yomd| X"+ y

x—0

3
Cu| o
x—)OLy—)mx X +y

[ .3 3
= Lt 6X(mx3)2
0] X7+ (mx”)

[ 6
)
=0l X (1+m”)

- I mz}
x4)0k1+m
[ m
Lt
P5= x—>0_1+m2:l

Since, the value of limit along path P, is independent of

x the limit does not exist.

Q6. Ifxy+y?—3x—3=0, then evaluate g—i at (-1, 1).

Answer :

Given equation is,
xy+3y?=3x-3=0

Differentiating above equation with respect to x,

4y +y>—3x-3)=0
dx

dy ] dy
—
= [x. x+y(l) + 2y. 3=0

dy dy
Ty 2y 3=
= xdx y ydx 3=0
dy dy
T+ 2y =3
= xdx ydx Y

d
= l[x+2y]=3—y
dx

d _
= _3-y
dx x+2y
al__3-1
dxlciy  —1+2(1)
2
)
1
@,
dx 1,1

T 1
Q7. Evaluate f f X cos xy dy dx.
Answer : 00

Given integral is,

o1
ffxcos xy dy dx
0 0

1

T 1 b
://xcosxydydx=/x /cosxydydx
0 0 0 0
b . 1
:/x smxy dx
0 o

b

f% (sinxy),dx

0

= [ (sinx(1) - sin x(0)) dv

= /(sinx—O) dx
0

T

= fsinxdx

0

T

= <—COSX>0

=—(cos T—cos 0)

=—(-1-1)
=2

T 1
//xcosxydydxzz
0 0

|

Q8. Evaluate /6/1 fay sin z dx dy dz.
(1] -2

0

Answer :

Given integral is,

fffysinzdxdydz
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QP.6 MATHEMATICS-I
% 1 3 . a 8
= fsinzfy[/ldx dy dz =i @[aly—azx]—g[agx—alz]
0 0 -2
x d d
; 1 j[[aly—azx]—[azz—a3y]
= fsinzfy[x]f2 dy dz ox 9z
0 0 +ki o)
z 1 ox [asx —a;z] - Ay [arz —a3y]
= fsinz Y3-(=2)]dy dz =ila, +a]—jl-a,—a,] +ka,+a,]
' . ' | =2ia, + 2ja, + 2ja, = 2[a i + aj + ak] = 2d
. 1 axr¥ = 2a
= fsmz v(S)dydz Curl axr = 2a
0 0 o . ~ ~ ~
. Q10. Evaluate fv.dr where v =xi+yj+zkandCis
6 1
c
=5 f sinz f ydy|dz the line segment from A(1, 2, 2) to B(3, 6, 6).
0 0
- Answer :
6 Rl .
=5 f sinz 7] dz Given that,
0 ' V=xi+yj+zk
3 s Points are, A(1, 2, 2) and B(3, 6, 6)
=3 [sinzr*-0°ldz = 5 [ sinz (1) dz r—at (b
OL ’ = r={+2+2k)+tBi+ 6 +6k)—(i+2+2k)
6
_ %fsinzdz _ %(70052)% = r=@{+2j+2k)+t(3i+6j+6k—i—2j—2k)
0
0 = r=({+2i+2k)+12i+4j+4k)
= f%<cos%f cos 0)
= r=(1+20)i + 2+40)j + 2 +40k ..(1)
_ i(ﬁl) _ 538 ' ’ :
L2\ 2 4 2 A 042)i+(0+4y+(0+ 4k
6 1 3 5‘/5 5 dt
ff/ysinzdxdydz:—T-l-E dar
S = E=2z+4j+4k
Q9. If aisaconstantvectorand r = xi +yj+zk then

evaluate Curl (@ xr).

Answer :
Given that,

a is a constant vector
Fo=xi+y+zk
Let, d=ayi +as) +ask
Consider,
ik
éxf =|a; ap aj
X y z
=ilaz—ayl—jlaz—ax]+kay—ax]
axr =ilaz—ayl—jlaz—ax]+klay—ax]
Consider,
i i k
d/ox d/dy d/0z
arzZ —aszy aszx —apz apy —dx

Curl (axr) =

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

Cfv.dr =6/1v.%.dt
1

= [ iyt k) Qi+ 4+ 4B di
0

1
= [ @+ap+an d
0

1
= [eu+am+a@+an+ae+dn) d
0

[.- From equation (1)]
1
= f(2+4t+8+16t+8+16t)dt
0

1
= [as+36nar
0

12 1
=118t+36—
2 0

=18(1) + 18(1)>— 18(0) — 18(0)* = 36
fv.dr =36

— (18¢+182),




(MAY/JUNE-2019) QUESTION PAPER WITH SOLUTIONS QP.7
Part - B (50 Marks ) Proof
Q11. (a) Discuss the convergence of the series Consider a function, ¢(x) defined in [a, b] by,
1 +‘2—’x+2—ix2+3—§x3+ ,,,,,,, 00 =) + Ax (D)

Answer : ! b(@ = ()

For answer refer Unit-1, Q52, Page No. 1.26. = fl@+da=jb) +4b

- = A(a) - A(b) = f(b) - fla)

(b) Determine the nature of the series Z(ﬁ) o _Ab-a) = fb)—fia)
Answer :

Given series s, = -4= % Q)

2050

n=1

n n
Let,u =
i, <3n+1>

Applying n™ root on both sides,
Vi, = V(5051
av
= (55 ))

= ur =
1 n
= ur =
3n+1

Applying limit on both sides

lim = tim (3,7
= lim —2 T
= al3g)

i 1
m 1
3+;

= lim
1
1. +
n 0 3 n

-. By Cauchy's n" root test, the given series is convergent.

°° n
Z:<3n+1

n=1

n
) is convergent.

Q12. (a) State and prove Lagrange's mean value
theorem.

Answer :
Statement
If f{x) is a function defined in [a, b] such that,
(1)  f{x) is continuous in [a, b]
(1)  f{x) is derivable in (a, b)

Then, there exists atleast one point ce(a, b) such that,

b) —
oy It 2_5@

Substituting equation (2) in equation (1),

f(b)—f(a)]
b—a

o) = fix) -

X,

(1) Since, f(x) is continuous in [a, b] and x is a polynomial,

¢(x) is also continuous in [a, b]

(i)  Since, f{x) is derivable in (@, b) and x is derivable
d(x) is also derivable in (a, b)
b) —
G o@ = - [ LOLD| 4= o) i
o) = i)~ [LO=LD] b o) - i
= ¢(a) =¢(b)
¢(x) satisfies all the conditions of Rolle's theorem.
Then, there exists at least one point ce(a, b) such that
¢'(c)=0
O'(x)=f"(x) +4
= ¢'()=0 = f(c)+4=0
= flo=-4
fic)= w [+ From equation (2)]
2
(b) Find the envelope of the family of curves aT
2
cos 0— b7 sin 6 where 0 being the parameter.
Answer :

Given curve is,
a’ b oo
X cosf — y sinf = ¢ .. (1)

Differentiating equation (1) with respect to '0',
a b _
. (—sin 0) — y (cos 0)=0
2 2

—a . b _
X sm@—? cos0=0

=

2 2
= %sin9+b7cose=0 .. (2)
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QP.8 MATHEMATICS-I
Squaring and adding equations (1) and (2), The conditions for maximum or minimum value are,
4 4 2.2 4 of af
a PN 2a"h” . a2 ——=0and == =0
— 0+ —sin“0 — 0 cosO+—sin“0
2 cos " sin o sin 0 cos 2 sin x ay
4 212 . 27 .
+ b—200529 i 2a”b sinBcos 0 =c2+0 ie. y-— ?= 0 [ From equation (2)]
y
27
4 4
. b . =—
= %(cosze+sm29)+7(sm29+cos29)=c2 - 7 x2 “)
X y
. 27 .
at MR ) ie. x——=0 [+ From equation (3)]
—, +—5 =c” is the required envelope. y
X y
27
Q13. (a) Explainthe method of Lagrange multipliers. = X= ? - (5)
Find the minimum value of the function o ) ) )
27 27 Substituting equation (5) in equation (4),
f(X,Y)=Xy+7+7 27
Answer : Y= (27/)/2 )2
Method of Lagrange's Multipliers e
. _ -
For answer refer Unit-11I, Page No. 3.38, Q61. = y 7% 27
Problem y4
Given function is, = VT 5
2 2
j(x,y):xy+77+77 . (1) = 27y—»'=0
. - . , . = yQ@7-y)=0
Differentiating equation (1) partially with respect to x,
of 1 = »y=0,27-»*=0
—— =y+27 <—> +0
9 2 = y=0,27=)
) 2
- ¥ 27 Q) = y=0,y=3
ox x2

Differentiating equation (1) partially with respect to y,

Y vo+27 (i)

dy ‘ »?
= % =x- % ..(3)
Differentiating equation (2) partially with respect to x,
2

Differentiating equation (2) partially with respect to y,

82
A =1-0
ox dy
*f
— =1
= ox 9y

Differentiating equation (3) partially with respect to y,

32 -2
—/: =0-27 (s)
dy y
82
L 54
8_)/2 y3
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Substituting y = 0 in equation (5),
=0 -
It is not possible.

X oo

Substituting y = 3 in equation (5),
x= i—z = x=3
Extreme point is (3, 3)
2 54
ach:(3,3)= 33 —270
d*f
oxay
d*f
o

(3,3)

34

6y 3’
In—m*=(2) (2)-(1)
= h-m*=4-1
= Ih-m*=3>0

In—m*>0and />0, fix,y) has minimum value at (3,3)

27 27
fx, »)=33) + ?+? =27

Minimum value = 27




(MAY/JUNE-2019) QUESTION PAPER WITH SOLUTIONS QP.9

(b) Find the first three terms of the Taylor series of the function f(x,y) = e* cos y around O(0,0).

Answer :
Given function is,

fix, y)=e"cosy
£0,0)=¢e"cos (0) =1(1)=1
fi(x, y)=e"cosy; £(0,0)=e"cos (0) =1
fx y)=—e'siny; f(0,0)=—¢"sin (0)=0
f.(xy)=e"cosy; f.(0,0)=e’cos (0)=1
fy=—esiny; f(0,0)=—¢"sin (0)=0
f,=—ecosy; f(0,0)=—e"cos (0)=-1
f.=ecosy; f (0,0)=e’cos(0)=1
S, =—esiny; f (0,0)=— e’sin (0)=0

xxy

f =—ecosy; f (0,0)=—€cos (0)=—1
Xy

xyy
f= €siny; f (0,0)=e’sin (0)=0

From Taylor's series,
1 1
1.66.»)=£0,0)+x£.(0,0)+/ (0,0)+ o1 [x*/..(0,0)+2xy, (0,0)+)7f, (0,0)]+[ gx**fm(o, 0)+3x%1,,(0,0)+3x°/ (0,0)+

Y1, (0,0)] + ..

Substituting the corresponding values in above equation,

fx, y)=1+x(1)+y(0) +2L! (1) + 2xy (0) +y*(-1)] + % [¥(1) + 3x2 (0) + 3xp*(=1) +»*(0)] + ...
=1 +x+0+%[x2+07yz] +%[x3+0—3xyz+0] + ..
~ Ll Pl 3

S ) =1+ S I8 P+ (- 30

1 y+4
2y +1
Q14. Evaluate f f y+1 dx by changing the order of integration.
y=0x=0 X
Answer :
1 yt4 J R
2y+1 2y+1
Note : In the question, / / Y dx dy is misprinted as / f Y dx
x+1 x+1
y=0x=0 y=0x=0
Given integral is,
+4
fl y/ v+l
x+1 t
y=0x=0

From above integral the limits of integration are, y varies from 0 to 1 and x varies from 0 to y + 4.
x=y+4
Ify=0,x=0+4=41i.e.(4,0)
Ify=1,x=1+4=51ie.(51)
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QP.10 MATHEMATICS-I

The region of integration is shown in figure below.

Y-axis
A

—X-axis 3 2 -1 0 4 5 6 Xaxis

From the figure, x varies from 0 to 4 and 4 to 5.
x=y+td=>y=x-4
y varies from 0 to 1 and x —4 to 1

Thus, the equivalent integral is obtained as,

f 2 e [ [ e

5

=/4xil /1(2y+1)dy dx + /xlTl j(2y+1)dy dx

0 0 4 x—4
:fl 2y2+ldx+/512y2+ Y d
x+1 L2 T ; x+1| 2 yx74 *
5

4
- [l [oglre] e

4

| P
+1[(1)2+1—(0)2—0]dx+4fx+1[(1)2+1—(x—4)2—(x—4)]dx

5
1 2
— + —(x*+16- —x+4
1[2 0] dx :‘[ 1[2 (x*+16—8x)—x+4]dx

5
?) dx+fL(27x2716+8xfx+4)dx

I
“—

x+l

:2/x+1 et f_x ;1+01+7x

2[log x4 1) ffm dx
4

x+1

3 2
+x—8x+
:2[1og(4+1)—1og(0+1)]—f%dx

4

5
+1)—8x+10
:2[10g5—10g1]—fx(x x)+1x dx

4
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(MAY/JUNE-2019) QUESTION PAPER WITH SOLUTIONS QP.11

5
+
=z[1og5—01—f(” D&, D )dx
4

x+1 x+1 x+1

8x 10
=21 - - +
og5 (x i1 x+1>dx

4
5 5
1
:210g5—/xdx+8f al dx—/ 0 dx
; J x+1 ; x+1

5 5 5
2
X x+1-1 1
—2log5(2)4+84 - dx—104f dx

x+1

dx —1010g(x+1>i

5 5
1 x+1 1
=21 - 2_42+ / B [
og5 2(5 ) 84 x+1dx 84 Tt 1

5
=210g57%(25716)+8/1dx 7810g<x+1)2710(10g(5+1) —log (4 + 1))
4

1

=210g5—5(9)+8(x)278 [log (5+ 1) —log (4 + 1)] — 10 [log 6 — log 5]
9

=2log5 - 5+8(5—4)—8[10g6—10g5] —101log 6 +10log 5
9

=210g573+8(1)7810g6+810g571010g6+1010g5

7
:2010g5—1810g6+5

1
y=0

Q15. Verify Gauss divergence theorem for V = 2xy i + 6yzj + 3zxk and D is the region bounded by the coordinate
planes and the plane x +y +z = 2.

4
2y+1

x+1

'\“::L

dxdy=201log 5+ % —181log 6

(=]

Answer :
Given that,
V' = 2xyi + 6yzj + 3zxk
Planesarex=0,y=0,z=0,x +y +z=2

The region of integration is shown in figure (1).

Y-axis
A

B(0,2)

0(0,0) (2,0) X-axis

Figure (1)
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QP.12 MATHEMATICS-I

By Gauss divergence theorem

ffV.nds—fo/v.Vdv

Xty+tz=2=z=2-x-y
z varies from0to2—x—y

In XY-plane, the straight line AB is given as,
2 2

= x+ty=2

= y=2-x
y varies from 0 to 2 —x
From figure (2), x varies from 0 to 2

ff V.7 dv
-1/

) ) )
— +— +—
o (2xy) o (6y2) . (3zx)> dx dy dz

22-x2-Xx-y 22-x|2-x-y
= f/ f (2y+6z+3x)dzdydx=ff / 2y + 6z +3x)dz | dy dx
0 0 0 0 0 0
2-x 2-x—y 22-x

2
2—-x—y
(2yz+6.%+3xz dydx=ff [2pz+322 430 " aya
0

(=]
(=]

/ [78y+xy+y2+1276x] dy dx

2 — x 2 2 — x
8y2 xyz y3 5 xy2 y3
= — ettt - = +=—+——+ -
) ) 3 12y — 6xy i dx 0/ —4y ) 3 12y — 6xy i dx
; x 2-x° <0>3
= f4(27x)2+5(27x)2+?+12(27x)76x(27x)+4(0)2 L) - —12(0) + 6x(0) |dx
0

2
1
=/[74(x2+474x)+§(4+x2f4x)+§(8fx3712x+6x2)+24712x712x+6x2+0707070+0]

4x 8 x* 12x  6x° )
= —16+ +—+— -+ — — +
Of —4x*—16+16x > 2 373 3 3 12x —12x + 6x
2
—fz x—3+2x —10x+3— dx = x—4+2i3—10x2+2x = x_4+2x —5x2 +£x
J\e6 3 24 3 2 37, 24 3 37,
24 2(2)° o4 2(0)3 16 16 64 22
=+ 52+ (2 +5(0)2 = =-(0) = -, ~20+—-0-0+0-0 = —
4 3 )"+ ( )— 3 ©0) ( ) 3 3 3

[fvra-2 n
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(MAY/JUNE-2019) QUESTION PAPER WITH SOLUTIONS

QP.13

Figure (2)

Calculating the value of 1/ v.nds over the four faces of the tetrahedran as shown in figure (2)

(i)  For the face BOC,x=0, n=—1i

/f V.ids = /2 f (2xyi + 6yzj + 3xzk) . (— i) dy dz
0 0

Sy

[ [ @©yi+6yz+30)zb). (- dy d

0

o

2

ffz(o +6y2j +0) . (i) dy d=

0 0

f/ V.ids =0

(i)  For the face AOC, y=0,n=—j

2 2 2 2
[[Vids = [ [ @uyi+6yzj+3xzhy. iy dndz= [ [ @x(0)i+6(0)zj + 3xzh). () dx diz

S2 0 0

(iii)  For the face AOB,z=0, n =—k

2 2
f f Vids= [ [ @xyi+6yzi+3xzk). (k) ddy
Ss 0 0

2

K

2 2
=f/(2xyi+0+0).(fk)dxdy
0

2
/ (2xyi + 6y(0)j +3(0)xk) .(—k) dx dy
0

Il
(=) S o

A Z-axis
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MATHEMATICS-I

(iv)  For the face ABC,z=2—-x—y, n=i+j+k

2 2-x
ff V.nds = ff (2xyi + 6yzj +3xzk). (i + j + k) dy dx
Sy 00

2 2-x

= ff (2xy + 6yz + 3zx) dy dx
0 0

=f/ 2xy+6y2—x—y)+3x2—-x—y))dydx

x

2-
f (2xy +12y — 6xy — 6y” + 6x — 3x* — 3xy))dy dx

I
T T T T

x

0

2-
[/ (-3x* = Txy + 12y + 6x — 6y°) dy dx
0

Txy*  12y° 6y’ I°*
= _ 2v2y, +—+ _
(- 3x%y 3 > 6xy 3], dx
7x 2 2-x
= (= 3x°y - 24 +6y° +6xy —2y°| dx
0

S— T —. S — S

= _6x2+3x3_77xs_22ﬁ+282x2
—j[%xs4x22x+8de
S ERGRE

= S0P 80) - 0 + 50+ (O - 80)

= %(16)—%(8)—4+16—0+0+0—0
22

3
[[Vids = [[ Vds+ [[ Vids+ [[ V.ads+ [[ V.ias
Sy S S3 S4
Substituting the corresponding values in above equation,

— . 22
_/]V'”dSZO+O+O+T

= ff V.ids = 22
3
From equations (1) and (2),

ffV.ﬁds=fo V.7.dv

Hence, Gauss divergence theorem is verified.
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- 3x2(2—x)—77x(2—x)2+6(2*x)2+6x (2*X)*Z(fo)3+3x2(0)+77x(0)2 —6(0)2—6x(0)+ 12(0)3]dx
—6x2+3x3—72—x(x2+4—4x)+6(x2+4—4x)+12x—6x2—2(—x3+8—12x+6x2)+0+0—0—0+0]dx

+6x7+ 24 — 24x + 12x — 6x* + 2x°— 16 + 24x — 12x7 ]dx
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(MAY/JUNE-2019) QUESTION PAPER WITH SOLUTIONS

Q16. (@) Find the extreme values of f(x, y) =
x2 + 3y2 + 2y on the unit disk x2 +y2=1.
Answer :

Given function is,
Sooy)=x*+3y*+2y
dlxy) =x+)* =1

= dxy)=x*+)y’ -1

(1)

. (2)

According to Lagrange's function,

Flxy)=fxy) + L d(x,y)
Where,

A - Lagrange's multiplier

. (3)

Substituting equations (1) and (2) in equation (3),
Fxy)=x*+3+2p+ L (x* +)y*— 1) .. (4)
Differentiating equation (4) partially with respect to x,

oF
— =2x+t0+0+A(2x+0-0)
ox
I
= 8—:2x+x2x .. (5
ox
Differentiating equation (4) partially with respect to y,
oF
— =0+6y+2+A(0+2y-0)
y
oF
= —— =6p+2+2\x .. (6)
dy
For maximum or minimum value, oF =0, o =0
ox ay

From equation (5),
2x+22x =0

= 2x(1+A)=0

= 2x=0,1+A=0

= x=0,A=-1

From equation (6),

6y+2+20y=0
= 3y+l+iy=0
= G+ap=-1
1
REEEEE
-1
= y= 3 A=
= y:7f1
2
Substituting x = 0 in equation (2),
xX2+y?—1=0
= 0+)y’=1
= y==I

o -1 . .
Substituting y = - in equation (2),
X*+y'—=1=0

=
= x-+ > 1=0

QP.15
= 2+L1l_1=0
4
= x@=3
4
= x=sl2

2
The extreme points are (0, ), (0, 1),(0,— 1),

-l

2
V3oL (3
272 272

feloz)-oea(3] 2 (3) -3

4

f(x,y)|(0,1) = 0°+3(12+2(1)=5

f(x,y)|(o,,1) = 02+ 3(1P+2(-1)=1

S =(@)2+3<1>2+2(1):L
’ 774;» ’2 , 2 2 2
Fe)| )=(Tﬁ 3 (—71)”(—2_1):%

Maximum value is 5 occurs at (0, 1) and minimum value

. -1
is e occurs at (0,7).

x? y?
(b) Find the evolute of the ellipse — + F =1.
Answer : a

For answer refer Unit-11, Q59, Page No. 2.30.

1\1—x2
Q17. (a) Evaluate/ f (x2 +y?)dy dx by changing
0 0
to polar coordinates.
Answer :
Given integral is,
v 1-x?

(x*+y?)dy dx
0 0

Letx=rcos6,y=rsin0and dx dy =r dr do

From the above limits, y varies from 0 to v/1— x? and x
varies from 0 to 1.

ie. y=y1-x?

= y=1-x

U

xX2+yr=1

(rcos 0)>+ (rsin 0)>=1
r?cos? 0+ r2sin? 6 =1
r* (cos? 0 +sin? Q) =1
P()=1

=1

L

= r=1
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The region of integration is the first quadrant of a circle
x> +3? =1 represented by the region OPQ as shown in figure

below.

The limits of 0 are 0 to x and limits of 7 are 0 to 1.

0

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

o=T
2
\
Qon— 2

(r,0)
(] 0=0

Y P(, 0)

Figure

1¢1-22

2

(x* +y")dy dx

0

n/2

= [ [r.rarao

141-2

@*+y)dy dx = u

0 0

8

(b) Find the angle between the surfaces x? +
y2+2z2=9,z+3=x2+y?at (-2, 1, 2).

Answer :

Given surfaces are,

9,
= ¢]
9,
= ¢2
Point p

:x2+y2+22:9
:x2+y2+2279
=z+3=x2+)"

=x’+)*—z-3
:(_27 1: 2)

Let n, and 7, be the normals to the surfaces at (—2, 1, 2)

Where,
n=vd,
_9 -9 —d -9 -9 -0
= ;__ 4+ — + f— . — Cd _
laxq)l Jay(bl kaz(bl oV 18x+]3y+k82
=i(2x)+ j(2y) + k(22)
n¢4m22—4ﬁ+y+4k
And n_2=V(|)2
-9 -0 —d
=i+ L,
e b2 Jay 02 3 ¢

"2,

=i(2x)+ j(2y) + k(-1)

y = 4tk

Angle between the surfaces is given as,

n . n2
Cose = =
|n1 || n2 |

_ (4it2j+4k) (—4i+2j k)

V16+4+16 V16 +4+1

16+4—4

6421
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